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PREFACE. 



The Aatbor's Complete School Algebra was written to meet the wants 
of our Common and High Schools and Academies, and to afford adequate prepara- 
tion for entering our best Colleges, Schools of Science, and Universities. 

The present volume is designed for use in these advanced courses of training. 
Thus, while it is thought that the former affords as extended a course in Algebra 
as is expedient for the preparatory schools, it is believed that this will be found 
to contain all that these higher schools require. 

It was deemed necessary to make the work a complete treatise, including the 
Elements, for purposes of reference, and for reviews, and also in consideration 
of the fact that our higher institutions have various standards of requirement 
for admission. In fact, there are few students of Higher Algebra who do not 
find it necessary to have the Elements at hand for occasional consultation., 

.This Elementary portion is embraced in the first 150 pages, and contains all 
the definitions, principles, rules, and demonstrations of the Complete School 
Algebra, with an abundant collection of New Examples ; but from it all ele- 
mentary illustrations, explanations, solutions, and suggestions, are omitted. 
The whole is so arranged as to secure readiness of reference and convenience 
of review by somewhat mature students. 

The subjects treated in Part III., which constitutes the Advanced Cour86 
proper, will be best seen by turning to the Table of Contents. In this place 
the author wishes merely to call attention to a few of the distinguishing fea- 
tures of this Part. 

1. The conception of Function and Variable is introduced at once, and is 
made familiar by such use of it as mathematicians are constantly making. No 
one needs to be told that this conception lies at the foundation of all higher 
algebraic discussion ; yet, strangely enough, the very terms are scarcely to be 
found in our conmion text-books, and the practical use of the conception is 
totally wanting. 
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2. The first chapter in the Advanced Courfle is given to an elementary and 
practical exposition of the Infinitesimal Analysis. The author knows from his 
own experience, and from that of many others, that this subject presents no 
peculiar difficulties to ordinary minds ; and everybody knows that it is only by 
this analysis that the development of functions, as in the Binomial Formula, 
Logarithmic' Series, etc., the general relation of function and variable, the 
evolution of many of the principles requisite in solving the Higher Equations, 
and many other subjects, are ever treated by mathematicians, except when they 
attempt to make Algebras. No mathematician thinks of using the clumsy 
and antiquated prooesses by which we have been accustomed to teach our pupils 
In algebra to demonstrate the Binomial Formula, produce the Logarithmic Series, 
deduce the law of derived polynomials, examine the relative rate of change of a 
function and its variable, etc., except when he is teaching the tyro. Wliy not, 
then, dismiss forever these processes, and let the pupil enter at once upon those 
elegant and productive methods of thinking which he will ever after use ? 

3. By the Introduction of a short chapter on Loci of Equations, which any 
one can read even without a knowledge of Elementary Geometry, and which 
In itself is always interesting to the pupil, and of fundamental use in the sub- 
sequent course, aU the more abstruse principles of the Theory of Equations are 
illustntted, and the student is thus enabled to see the truth, as well as to demon- 
strate it abstractly. How great an advantage this is, no experienced teacher 
needs to be told. 

4 In the treatment of the Higher Equations, while some things have been 
discarded which everybody knows to be worthless, but which have in some 
way found a place in our text-books, a far more full and clear discussion of 
practical principles and methods is given, than is found in any of the trea- 
tises In common use. 

5. The important but difficult subject of the Discussion of Equations has 
been reserved till late in the course, for several reasons. Thus, when the pupil 
reaches this topic, he has become familiar with most of the prin^pIeS to bo 
applied, and has become sufficiently imbued with the spirit of the algefbfUic 
analysis to be enabled to grasp it. To discuss an equation independently and 
well, is a high mathematical accomplishment, and should not be expected of the 
tyro. It is nothing else than to think in mathematical formulae, and hence is 
one of the later products of mathematical study. It is hoped that the position 
assigned to this subject in the course, and the manner of treating it, will insure 
better results than we have hitherto been able to obtain. 

6. In the selection of Subjects to he Presented, constant regard has been had 



Digitized by VjOOQ IC 



PRKFAOR V 

to tlie demands oi the sabMqaent mathematical oourae. Thifl ham led to the 
omission of a number ol theoremB and metlioda, which, though well enough 
in themselyes as mere matter ol theory, find no practiad application in a sub- 
sequent course, however extended ; and has, at the same time, led to th« 
introduction of not a few things which the advanced student always finds occa- 
sion to use, but for which he searches his Algebra in vain, if he has at hand 
nothing but our common American text-books. 

7. In Method of TrecUmerU the following principles have been kept constantly 
in mind : 1. That the view presented be in line with the mathematical thinking 
of to-day. 2. That everything be rigidly demonstrated and amply and clearly 
illustrated. 3. When long experience has shown that the majority of good 
students have difiQculty in comprehending a subject, special pains should be 
taken to elucidate it. 4. No principle is thoroughly learned by a pupil until he 
can apply it ; and nothing so fixes principles in the mind as the use of them. 
Hence an unusually large number of examples has been introduced. 5. It is 
often necessary to multiply examples in order to meet the requirements of the 
class-room. 

8. Answei^a, — The answers to examples are not generally annexed to them in 
the text. There are, however, two editions of the volume, one with the answers 
at the end, and the other without any answers, except an occasional one in the 
body of the book. 

9. Finally, the Order of Topics is such that a student requiring a less extended 
course than the entire volume presents, can stop at any point, and feel assured 
that what he has studied is of more elementary importance than what follows. 
Thus students who do not desire to study the Higher Equations can conclude 
their course with the first chapter of Part ILL; and a course which includes the 
first three chapters of this part will be found as extended as most of our 
Academies, and perhaps many of our Colleges, will find expedient. 

Such works as those of Serret, Ciroddb, Comberousse, Wood, Hymers, 
Hind, Todhunter, Toung, and most of our American treatises, have been at 
hand during the preparation of the entire volume. To Whitworth's charming 
little treatise on Choice and Chance, the author is indebted for a number of 
examples in the last section. 

The quick eye and cultivated taste of my friend, Mr. W. W. Beman, A.M.. 
Instructor of Mathematics in the University, have done me excellent service in 
reading the proof-sheets, and have, I trust, given the work a degree of typo- 
graphical accuracy not usually found in first issues of such treatises. 
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With these words of explanation as to what I hare attempted to do, I commit 
the volume to the hands of my fellow-laborers in the work of teachiug, assured 
from the generous and appreciative reception which they have given my previous 
efforts, that this will not fail of a candid consideration. 

EDWARD OLNEY. 

University of Mioittoan, 

Ann Arbot\ July, 1873. 
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INTRODUCTION. 



SECTION /. 
GENERAL DEFINITIONS, AND THE ALGEBRAIC NOTATION. 



BRANCHES OF PURE ItATHEMATICS. 

1. Fure Mathematics is a general term applied to several 
branches of science, which have for their object the investigation of 
the properties and relations of quantity^-comprehending number, 
and magnitude as the result of extension — and of form. 

^ 2. The Several Sranches of Pure Mathematics are Arith- 
metic, Algebra, Calculus, and Geometry. 

3. Arithmetic, Algebra, and Calculus treat of number, and Geo- 
metry treats of magnitude as the result of extension. 

^ 4. Quantity is the amount or extent of that which may be 
measured; it comprehends number and magnitude. 

The term quantity is also conventionally applied to symbols used 
to represent quantity. Thus 25, m, xi, etc., are called quantities, 
although, strictly speaking, they are only representatives of quantities. 

5. Number is quantity conceived as made up of parts, and 
answers to the question, " How many ? " 

\ 6. Number is of two kinds. Discontinuous and Continu- 
ous. 

^ 7. Discontinuous Number is number conceived as made 
up of finite parts ; or it is number which passes from one state of 
value to another by the successive additions or subtractions of finite 
units ; L e., units of appreciable magnitude. 

8. Continuous Number is number which is conceived as 
composed of infinitesimal parts ; or it is number which passes from 

1 

Digitized by VjOOQ IC 



2 INTBODUCnON. 

one state of value to another by passing through all intermediate 
values, or states. 

9. Arithmetic treats of Discontimwus NumbeVy — of 

its nature and properties, of the various methods of combining and 
resolving it, and of its application to practical affairs. 

^ 10* Algebra treats of the Equatiouy and is chiefly occupied in 
explaining its nature and the methods of transforming and reducing 
it, and in exhibiting the manner of using it as an instrument for 
mathematical investigation.* 

11. Calculus treats of Continuous Number, and is chiefly 
occupied in deducing the relations of the infinitesimal elements of 
such number from given relations between finite values, and the con- 
verse process, and also in pointing out the nature of such infinites- 
imals and the ipethod of using them in mathematical investigation. 

12. Geometry treats of magnitude and form as the result of 
extension and position. 



LOOICO-MATHEMATICAL TERMS. 

"^ 13. A Froposition is a statement of something to be con- 
sidered or done. 

14. Propositions are distinguished as Axioms, Theorems^ Lemmas, 
Corollaries, Postulates, and Problems. 

^ 15. An Axiom is a proposition which states a principle that 
is so simple, elementary, and evident as to require no proof. 

^ 16. A Theorem is a proposition which states a real or supposed 
fact, whose truth or falsity we are to determine by reasoning. 

^ 11. A Demonstration is the course of reasoning by means 
of which the truth or falsity of a theorem is made to appear. The 
term is also applied to a logical statement of the reasons for the 
processes of a rule. A solution tells liow a thing is done ; a demon- 
stration tells loliy it is so done. A demonstration is often called proof. 

* The common deAuition of Algebra, which m^kes its di8tin<?n!8bing features to be the literal 
notation^ and the use of the Hgns^ is entirely at fault. When Algebra first appeared in Europe, it 
possessed neither of these features I What was it then? On the otlier hand, the signs are 
common to all branches of mathematics, and the literal notation is as prominent in the Calculus 
as in Algebra, and is used, more or less, in common Arithmetic and Geometry. 
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LOGIOO-MATHEMATIOAL TEBlfS. 3 

18* A iJemma is a theorem demonstrated for the purpose of 
using it in the demonstration of another theorem. 

"^ 19» A Corollary is a subordinate theorem which is sug- 
gested, or the truth of which is made evident, in the course of the 
demonstration of a .more general theorem, or which is a direct 
inference from a proposition, v— v-cOvT "^ P v v\ ; ^ 

^i 20. A Postvlate is a proposition which states that something 
can be done, and which is so evidently true as to require no process 
of reasoning to show that it is possible to be done. We may or may 
not know how to perform the operation. 

^ 21. A Problem is a proposition to do some specified thing, 
and is stated with reference to developing the method of doing it 

^ 22. A Mule is a formal statement of the method of solving a 
general problem, and is designed for practical application in solving 
special examples of the same class. Of course a rule requires a 
demonstration. 

23. A Solution is the process of performing a problem or an 
example. It should usually be accompanied by a demonstration of 
the process. 

\ 24, A Scholium is a remark made at the close of a discussion, 
and designed to call attention to some particular feature or features 

OI it. '^<>v-~ajT,^aVs,s^ 
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PART i; 

LITERAL ARITHMETIC.t 



OHAPTEE I. 

FUNI>AMENTAL RULES. 



SECTION L 



NOTATION. 

25. A System of Notation is a system of symbols by means 
of which quantities, the relations between them, and the operations 
to be performed upon them, can be more concisely expressed than 
by the use of words. 

Symbols of Quai^tity. 

26. In Arithmetic, as usually studied, numbers are represented 
by the characters, 1, 2, 3, 4, 5, 6, 7, 8, 9, 0, called Arabic figures, or, 
simply, figures. 

27. In other departments of mathematics than Arithmetic, num- 
bers or quantities are more frequently represented by the common 
letters of the alphabet, a,h, Cy . . . myU^ . , . x, y, z. These letters 
may, however, be used in Arithmetic ; and the Arabic figures are 
used in all departments of mathematics. This method of represent- 

♦ Parts I. and 11. are a compend of the elements of the science, designed as a review for 
pupils who have studied some elementary treatise, or for the use of such teachers and classes as 
desire a text-book which contains a condensed treatment of the subject, to be filled out by them- 
selves. In the author's Complbtb School Algebra, the topics here presented will be found 
fully amplified, illustrated, and applied. All the elementary principles are here stated, and are 
usually demonstrated. There are also numeroas examples under every topic. The Key to the 
Complbtb School Algbbra will ftimi^h additional examples for use in connection with this part, 
t Part I. treats of the familiar operations of Addition, Subtraction, Multiplication, Division, 
Involution and Evolution, and the theory of Fractions. The only difference between the pro- 
cesses here developed and the corresponding ones in common Arithmetic grows out of the 
notation. 
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NOTATION. 6 

ing quantities by letters is often called the Algebraic method, and 
the method by the Arabic characters the Arithineticah It would be 
better to call the former the Literal method, and the latter the 
Decimal. 

28. The Literal NotaHon has some very great advantages 
over the decimal for purposes of mathematical reasoning. 1st, The 
symbols are more general in their signification ; and 2d, We are 
enabled to detect the same quantity anywhere in the process, and 
even in the result. Thus it happens that the processes become 
general /oriwwZfl5, or rules, instead of special solutions. 

29. In using the decimal notation certain laws are established, in 
accordance with which all numbers can be represented by the ten 
figures. Thus, it is agreed tliat when several figures stand together 
without any other mark, as 435, the right-hand figure shall signify 
units, the second to the left, tens, the third, hundreds, etc. ; also that 
the sum of the several values shall be taken. This number is, there- 
fore, 4 hundreds + 3 tens + 5 (units). 

In like manner, certain laws are observed in representing numbers 
by letters. 

First Law. 

"^ 30. Known Quantities^ that is such as are given in a prob- 
lem, are represented by letters taken from the first part of the 
alphabet; while Unknown Quantities, or quantities whose 
values are to be found, are represented by letters taken from the 
latter part of the alphabet. 

Accented letters, as a', a", a"\ a"'\ etc., (read " a prime," '* a sec- 
ond," "a third," etc.,) and letters with subscripts, as a^, a,, a,, at^, 
etc., (read "a sub 1," "a sub 2," etc.,) are sometimes used. This 
form of notation is used when there are several like quantities in the 
same problem, but which have different numerical values. Thus, in 
a problem in which several walls of different heights, breadths, and 
lengths are considered, we may represent the several heights by a\ 
a", a"\ etc., or a^, a^, «„ etc. ; the thicknesses by b', b", V'\ etc., or J^, 
J„ J,, etc., and the lengths by l\ I", l"\ etc., or /„ Z„ /„ etc. 

The Greek letters are also often used both for known and unknown 
quantities. 

Second Law. 

31, When letters are written in connection, without any sign 
between them, their product is signified. Thus abc signifies that the 
three numbers represented by a, by and c are to be multiplied together. 
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32. A character like a figure 8 placed horizontally, oo, is used to 
represent what is called Infiniiy, or a quantity larger than any 
assignable quantity. 

Symbols of Operation. 

33. The Symbols of Operation used in Algebra are the 
same as those used in Arithmetic, or in any other branch of mathe- 
matics, and need not be recapitulated here. 

, ExpoKEins. 

34. An jElxponent is a small figure, letter, or other symbol 
of number, written at the right and a little above another figure, 
letter, or symbol of number.* 

35. A Positive Integral Exponent signifies that the 
number affected by it is to be taken as a factor as many times as 
there are units in the exponent It is a kind of symbol of multipli- 
cation. 

36. A Positive Fractional Exponent indicates a power 
of a root, or a root of a power. The denominator specifies the root, 
and the numerator the power of the number to which the exponent 
is attached. 

37. The JRadical Sign^ \/, is also used to indicate the 
square root of a quantity. When any other than the square root is 
to be designated by this, a small figure specifying the root is placed 
in the sign. 

38. A Negative Exponent, i. «., one with the — sign before 
it, either integral or fractional, signifies the reciprocal of what the 
expression would be if the exponent were positive, i. e., had the 
+ sign, or no sign at all before it. 

Symbols of Relation. 

39. The Sign of Geometrical JRatio is two dots in the 
form of a colon, : . 

4:0. The Sign of Arithmetical JRatio is two dots placed 
horizontally, •• . 

41. The Sign of Equality is two parallel horizontal lines, 
= . The double colon, : : , is the sign of equality between ratios. 

* In giving this definition, be careftil and not add, " and indicates the potoer to which the 
namber ii to be raised." This is false : an exponent does not necessarily indicate a power. 
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42. The Sign of Variation is somewhat like a figure 8 
open at one end and placed horizontally, a . 

43. The Sign of Inequality is a character somewhat like 
a capital V placed on its side, < , the opening being towards the 
greater quantity. 

Symbols of Aggregation. 

^ 44. A Vinculum is a horizontal line placed over several 
terms, and indicates that they are to be taken together. The paren- 
thesis, ( ), the brackets, [ ], and the brace, i I , have the same 
signification. 

45. A vertical line after a column of quantities, each having its 
own sign, signifies that the aggregate of the column is to be taken 
as one quantity. Thus, + a 

-h 

+ c 



X is the same as (a — S + c)x. 



Symbols of CoimNUATioN. 

46. A series of dots, ., or of short dashes, -, 

written after a series of expressions, signifies **etc." Thus, a : ar 

:ar^ : ar^ ar" means that the series is to be extended 

from ar^ to ar*, whatever may be the value of n. 

Symbols of Deduction. 

47. Three dots, two being placed horizontally and the third 
above and between, .•. , signify therefore, or some analogous expres- 
sion. If the third dot is below the first two, •.* , the symbol is read 
"since,'' "because," or by some equivalent expression. 

^ Positive and Negative Quantities. 

48. Positive and Negative are terms primarily applied to 
concfrete quantities which are, by the conditions of a problem, 
opposed in character. 

III. — ^A man's property may be called positive, and his debts negative. Dis- 
tance up may be called positive, and distance down, negative. Time before 
a given period may be called positive, and after, negative. Degrees above on 
the thermometer scale are called positive, and below, negative. 

49. The signs + and — are used to indicate the character of 
quantities-as positive or negative, as well as for the purpose of indi- 
cating addition and subtraction. 



Digitized by VjOOQ IC 



8 LITERAL ARITHMETIO. 

50. In problems in which the distinction of positive and negative 
is made, each quantity in the formulm is to be considered as having 
a sign of character expressed or understood besides the phis or 
minus sign, which latter indicates that it is to be added or sub- 
tracted. The positive sign need not be written to indicate character, 
as it is customary to consider quantities whose character is not 
specified as positive. 

III. 1.— In the expression a6 + m — cx^ let the problem out of which it arose 
be such, that «, w, and x tend to a positive result, and h and c to an opposite, or 
a negative result. Giving these quantities their signs of character, we have 
( + o) X (— &) + (+w) — (— c) X ( + «), which may be read, "positive a mult^ 
plied by negative 6, plus positive m, minus negative c multipUed by positive a;." 
Suppressing the positive sign, this maybe written, o(-6) + m — (— c)*, by also 
omitting the unnecessary sign of multipUcation. 

III. 3. — As this subject is one of fundamental importance, let careful atten- 
tion be given to some further iUustratlons. We are to distinguish between dis- 
cussions of the relations between mere abstract quantities, and problems in which 
the quantities have some concrete signification. Thus, if it is desired to ascer- 
tain the sum or difference of 468, or my and 327, or n, as mere numbers, the 
question is one concerning the relation of abstract numbers, or quantities. No 
other idea is attached to the expressions than that each represents a certain num- 
ber of units. But, if we ask how far a man is from his starting point, who has 
gone, first, 468, or m miles directly east, and then 327, or n miles directly west ; 
or if we ask what is the difference in time between 468, or m years B. C, and 
327, or n years A. D., the numbers 468, or m, and 327, or n, take on, besides their 
primary signification as quantities, the additional thought of oppodtian in direc- 
tion. They therefore become, in this sense, concrete. 

Again, a company of 6 boys are trying to move a wagon. Three of the boys 
can pull 75, 85, and 100 pounds each ; and they exert their strength to move the 
wagon east. The other two boys can pull 90 and 110 pounds each ; and they 
exert their strength to move the wagon west. It is evident that the 75, 85, and 
100 are quantities of an opposite character, in their relation to the problem, 
from 90 and 110. Again, suppose a party rowing a boat up a river. Their 
united strength would propel the boat 8 miles per hour if there were no cur- 
rent ; but the force of the current is sufficient to carry the boat 2 miles per hour. 
The 8 and 2 are quantities of opposite character in their relation to the problem. 
Once more, in examining into a man's business, it is found that he has a farm 
worth m dollars, personal property worth n dollars, and accounts due him worth 
e dollars. There is a mortgage on his farm of b dollars, and he owes on account 
a dollars. The m, n, and c are quantities opposite in their nature to b and a. 
This opposition in cha/racter is indicated by caMing those quantities which con- 
tribute to one restUt positive, and those which contribute to the opposite result 
negative. 

51. Purely abstract quantities have, properly, no distinction as 
positive and negative; but, since in such problems the plus or 
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additive, and the minus or siibtractive terms stand in the same 
relation to each other as positive and negative quantities, it is cus- 
tomary to call them such. 

III. — In the expression 6ac — Zed + %xy — 2ad, thongh the quantities, a, c, ti, 
X and y be merely abstract, and have no proper signs of character of their own, 
the terTThs do stand in the same relation to each other and to the result, as do 
positive and negative quantities. Thus, 5ac and %xy tend, as we may say, to 
increase the result, while — dcd, and — 2<id tend to diminish it. Therefore the 
former may be called positive terms, and the latter negative. 

S2. ScH. — Less than zero. Negative quantities are frequently spoken of 
as **less than zero." Though this language is not philosophically correct, 
it is in such common use, and the thing signified fs so sharply defined and easily 
comprehended, that its use may possibly be allowed as a conventionalism. 
To illustrate its meaning, suppose, in speaking of a man's pecuniary affairs, 
it is said that he is worth '4ess than nothing; " it is simply meant that his 
debts exceed his assets. If this excess were $1000, it might be called nega- 
tive $1000, or —$1000. So, again, if a man were attempting to row a boat 
up a stream, but with all his effort the current bore him down, his progress 
might be said to be less than nothing, or negative. In short, in any case 
where quantities are reckoned both ways from zero, if we call those 
reckoned one way greater than zero, or positive, we may call those reckoned 
the other way **less than zero," or negative. 

S3. The value of a Negative Quantity is conceived to increase as 
its numerical value decreases. 

III. — Thus — 3 > —5, as a man who is in debt $3 is better off than one who is 
in debt $5, other things being equal. If a man is striving to row up stream, 
and at first is borne down 5 miles an hour, but by practice comes to row so well 
as only to be borne down 3 miles an hour, he is evidently gaining ; i. e., —3 is an 
increase upon —5. Finally, consider the thermometer scale. If the mercury 
stands at 20° below (marked —20°) at one hour, and at —10° the next hour, the 
temperature is increasing ; and, if it increase sufficiently, will become 0, passing 
which it will reach +1°, +2°, etc. In this iUiistration, the quantity passes from 
negative to positive by passing through 0. 

It appears in geometry, that a quantity may also change its sign in passing 
through infinity. Thus the tangent of an arc less than 90° is positive ; but if 
the arc continually increases, the tangent becomes infinity at 90°, passing which 
it becomes negative. 

Now, as we know of no other way in which a varying quantity can change its 
sign, it is assumed as a fundamental principle in mathematics that, if a vary- 
ing QUANTITY CHANGES ITS SIGN, IT PASSES THROUGH ZERO, OR INFINITY. 



^ NAMES OF DIFFERENT FORMS OF EXPRESSION, 

^(^ S4, A Polynomial is an expression composed of two or more 
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parts connected by the signs plus and minus, each of which parts is 
called a term. 

y^ 55. A Monomial is an expression consisting of one term ; a 
JBinomial has two terms ; a Trinomial has three terms, etc. 

^ 56. A Coefficient of a term is that factor which is considered 
as denoting the number of times the remainder of the term is taken. 
The numerical factor, or the product of the known factors in a term, 
is most commonly called the coefficient, though any factor, or the 
product of any number of factors in a term may be considered as 
coefficient to the other part of the term. 

'^57. Similar Terms are such as consist of the same letters 
affected with the same exponents. 



SECTION II. 

ADDITION. 



58. Addition is the process of combining several quantities, so 
that the result shall express the aggregate value in the fewest terms 
consistent with the notation. 

59. The Sum or Amount is the aggregate value of several 
quantities, expressed in the fewest terms consistent with the nota- 
tion. 

60. Frop. 1. Similar terms are united hy Addition into one. 

Dem. — Let it be required to add Aac, 5a<;, — %ac, and — 3ac. Now Aac is 4 
times ac, and 5ac is 5 times the same quantity {ac). But 4 times and 5 times the 
same quantity make 9 times that quantity. Hence, Aac added to ^ac make 9dM;. 
To add — ^tac to ^ac we have to consider that the negative quantity, — 2flkJ, is so 
opposed in its character to the positive, 9<WJ, as to tend to destroy it when com- 
bined (added) with it. Therefore, — 2ac destroys 2 of the 9 t'jnes ac^ and gives, 
when added to it, lac. In like manner, — Zac added to 7ac, gives Aclc. Thus the 
four similar terms, Aac, 5(zc, — ^aCy and — 3a«, have been combined (added) into 
one term, Aac ; and it is evident that any other group of simUar terms can be 
treated in the same manner. Q. E. D. 

61. CoR. 1. — In adding similar terms, if the terms are all posi- 
tive, the sum is positive ; if all negative, the sum. is negative ; if 
some are positive and some negative, the sum takes the sign of that 
kind {positive or negative) which is in excess. 

ScH. — The operation of adding positive and negative quantities may look 
to the pupil like Subtraction. For example, we say +5 and —3 added make 
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+ 2. This looks like Subtraction, and, in one view, it is Subtraction. But 
why call it Addition ? The reason is, because it is simply putting the quanti- 
ties together — aggregating them — not finding their difference. Thus, if one 
boy pulls on his sleigh 5 pounds in one direction, while another boy pulls 3 
pounds in the opposite direction, the combined (added) effect is 2 pounds in 
the direction in which the first pulls. If we call the direction in which the 
first pulls positive, and the opposite direction negative, we have +5 and —3 
to add. This gives, as illustrated, +2. Hence we see, that the sum of +5 
and —3 is +2. 

But the difference of + 6 and — 8 is 8, as will appear from the following 
illustration : Suppose one boy is trying to draw a sleigh in a certain direction, 
and another is holding back 3 lbs. If it takes 10 lbs. to move the sleigh, the 
first boy will have to pull 13 lbs. to get it on. But if, instead oi holding lack 
3 lbs., the second boy pushes 5 lbs., the first boy will have to pull only 6 lbs. 
Thus it appears, that the difference between pushing 5 lbs. (or + 5) and hold- 
ing back 3 lbs. (—3) is 8 lbs. 

In like manner the sum of $25 of property and $15 of debt, that is the 
aggregate value when they are combined, is $10. +25 and —16 are +10. 
But the difference between having $26 in pocket, and being $15 in debt, is 
$40. The difference between +26 and —15 is 40. 

62. Cor. 2. — The sum of two quantities, the one positive and the 
other negative^ is the numerical difference, with the sign of the greater 
prefixed, 

63. Cor. 3. — It appears that addition in mathematics does not al- 
ways imply increase. Whether a quantity is increased or diminished 
by adding another to it, depends upon the relative nature of the two 
quantities. If they both tend to the same end, the result is an increase 
in that direction. If they tend to ojjposite ends, the result is a dimi- 
nution of the greater by the less. 



64. Fropi 2. Dissimilar terms are not united into one by addi- 
tion, but the operation of adding is expressed by writing them in 
succession, with the positive terms preceded by the + sign, and the 
negative by the — sign. 

Dem. — Let it be required to add + 4cy*, + 3a6, — 2xy, and — mn. Acy* is 4 
times cy*f and Zab is 3 times db, a different quantity from cy^ ; the sum will, 
therefore, not be 7 times, nor, so far as we can tell, any number of times cy* or 
ab, or any other quantity, and we can only express the addition thus : Acy* + Zab. 
In like manner, to add to this sum — 2xy we can only express the addition, as 
4cy* + Zab + (— 2ajy). But since 2xy is negative, it tends to destroy the positive 
quantities and will take out of them 2xy. Hence the result will be 4cy* + Zab 
— 2ajy. The effect of — mn will be the same in kind as that of — 2a^, and 
hence the total sum will be 4cy* + 3a6 — 2ajy — mn. As a similar course 
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of reasoning can be applied to any case, the truth of the proposition ap- 
pears. 

ScH. — ^In such an expression as 4cy« + dab— 2xy — wn,the — sign before the 
mn does not signify that it is to be taken from the immediately preceding 
quantity ; nor is thjs the signification of any of the signs. But the quan- 
tities having the — sign are considered as operating to destroy any which 
may have the + sign, and mce verm, 

65. Cor. — Adding a negative quantity is the same as subtracting 
a numerically equal positive quantity ; that is^m + {— n) ism^ n, 
shown as above. 

Dem. — Since a negative quantity is one which tends to destroy a positive 
quantity, — n when added to m {i. e, + m) destroys n of the units in m, and 
hence gives as a result m — n. 



66. Prob. — To add polynomials. 

RULE. — Combine each set of similar terms into one 

TERM, AKD COKNECT THE RESULTS WITH THEIR OWN SIGNS. ThE 

polynomial thus found is the sum sought.* 

Dem. — The purpose of addition being to combine the quantities so as to 
express the aggregate (sum) in the fewest terms consistent with the notation, 
the correctness of the rule is evident, as only similar terms can be united into 
one (60, 64). 



67. Prop. 3. Literal terms, which are similar only with respect 
to part of their factors, may be united into one term with a polynomial 
coefficient 

Dem. — Let it be required to add 5«a?, — 2«», and 2maj. These terms are 
similar, only with respect to x, and we may say 5a times x and — 2c times x 
make (5a — 2(5) times «, or (5a — 2c)x. And then, 5o — 2c times x and 2m times 
X make (5a — 2c + 2w) times a?, or (5a — 2c + 2w)aj. Q. e. d. 



68. Prop. 4. Compound terms which have a common compound, 
or polynomial factor, may be regarded as similar and added with 
respect to that factor. 

Dem. 5(aj* — y*), 2{x* — y*) and — 3(a;* — y*) make, when added with re- 
spect to (x* — y*), 4(flj* — y*), for they are 5 + 2 — 3, or 4 times the same quan. 
tity (aj* — y*). In a similar manner we may reason on other cases. Q. E. D. 



SCH. 3. 



* This is the proficient's role, as exhibited on p^e 45 of the Coxpletb School Algebra, 
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ScH. —The object and process of addition, as now explained, will be 
Been to be identical with the same as the pupil has learned them in Arith- 
metic, except what grows out of the notation, and the consideration of 
positive and negative quantities. For example, in the decimal notation let 
it be required to add 248, 10506, 6003, 81, and 106. The units in the several 
numbers are similar terms, and hence are combined into one : so also of the 
tens, and of the hundreds. The process of carrying has no analogy in the 
literal notation, since the relative values of the terms are not supposed to be 
known. Again, there is nothing usually found in the decimal addition like 
positive and negative quantities. With these two exceptions the processes 
are essentially the same. The same may be said of addition of compound 
numbers. 



Examples. 

1. Find the sum of 2a —3a;', 5x* — 7a, — 3a + a;*, and a — 3aj*. ^ 

2. Find the sum of a* - b^ + 3aH - 5aJ«, 3a« - 4aH + 3^^ '-^^^^ > 

— 3ab*,a^ + J* + Sa^b, 2a^ - U^ - '6ab*y 6a^b + lOab*, and - 6a^ 

— 7a«J + 4aJ2 + 2^3. .^^; >_ j^ ^1 ^. ^^^^V- , ^ r • 

3. Find the sum of oca^x^ + 4:ba^x^ + mx^y^, and lOca^x^ 

— 2ba^x^ + 6vix^y^, 

4. Add 2x^ — 4a;^ + x^, bx^y — aS + o^^, ^^ — x^, and 2x^ - 3 

+ 2x\^^^' ^ ~ - - - ''Z: „J- " ~- - -^ 

5. Add \{x + y) and ^{x — y). 

6. Add ax+2by + cz, VS + Vy + V^, 3y^-2x^ + 3z^y ^cz - 3ax 

— 2by, and 2ax — 4Vy — 2 A 

7. Add cz — 2ay, 2az — Say, my — az, with respect to z and y. 

8. Add {a+i)Vx-{2-hvi)y/y,^y^-h(a + c)x^,3ny/y-{2d-e)x^y 
—2ny/x + 12a \/y, and {m-\-n)y^ + {b + 2c)y/x. 

9. Add x^ + xy -h y^, ax^ — axy + ay*, and — by^ + bxy + bx^» 

10. Add a{x + y) + b{x — y), m{x + y) — n{x — y). 

11. Add 3mVx — y + Gn-y/a; — y — 6Va; — y — 37iA/a; — y. 

12. Add 3aa;'t + 5y-^ — 2c, -4 - - + 8c, and - 6aa;~i^ — wiy^ 

"v/a; y 
-3c. 

13. Add iv^a« - a;S -f^/as - a;*, and y'a* - a;*. 
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and - 2«(a;2 — 1) t. ^ 

15. Add i(^^2 -- y-i + ;^-2), and |(a;l + y- - ^)- 

16. Add (« - >g» 4- >c) V^^"^, (a 4- J — \:) (x^ - 2^*)^, and 

17. Condense the polynomial 4aa;* — 3y* + 2c2j — 4tm^/x H-3wy« 
— 2aa:i^ + 6c2;, into 2(a — 2m^Va H-3(m — l)y^ + Scje. 



SECTION III. 
SUBTRACTION. 



69. Subtraction is, primarily, the process of taking a less 
quantity from a greater. In an enlarged sense, it cojnes to mean 
taking one quantity from another, irrespective of their magnitudes. 
It also comprehends all processes of finding the difference between 
quantities. In all cases the result is to be expressed in the fewest 
terms consistent with the notation used. 

70. l%e Difference between two quantities is, in its primary 
signification, the number of units which lie between them ; or, it is 
tohat must be added to one in order to produce the other. When it is 
required to take one quantity from another, the difference is what 
must be added to the Subtrahend in order to produce the Minuend. 

71* Prob. — To perform Subtraction. 

RULE, — Change the signs of each term in the subtra- 
hend FROM 4- TO — , OR FROM — TO +, OR CONCEIVE THEM TO 
BE CHANGED, AND ADD THE RESULT TO THE MINUEND. 

Dem. — Since the difference sought is what must be added to the subtrahend 
to produce the minuend, we may consider this difference as made up of two 
parts, one the subtrahend with its signs changed, and the other the minuend. 
When the sum of these two parts is added to the subtrahend, it is evident that 
the first part will destroy the subtrahend, and the other part, or minuend, will 
be the sum. 
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Tims, to perform the example : 
From (kix — Qb — Sd — 4m 

Take 2aaj + 26 t- 5d + 81 



Subtrahend with signs changed^ — 2ax — 2b -k- 5d — Sm 
Minuend, 6aa? — 66 — 3d — 4m 



If these three 
quantities are 
added together, 
the sum will 

Difference, Boa; — 86 + 2d— 12m evidently be the 

minuend. If, therefore, we add the second and third of them (that is, the sub- 
'trahend, with its signs changed, and the minuend) together, the sum will be 
what is necessary to be added to the subtrahend to produce the minuend, and 
hence is the difference sought, q. B. D. 

72, Cor. 1. — When a parenthesis, or any symbol of like significa- 
tion (44), occurs in a polynomial, preceded by a ^ sign, and the 
parenthesis or equivalent symbol is removed, the signs of all the terms 
which were within must be changed, since the — sign indicates that 
the quantity within the parenthesis is a subtrahend. 

73. Cor. 2. — Any quantity can be placed within a parenthesis, 
preceded by the — sign, by changing all the signs. The reason of 
this is evident, since by removing the parenthesis according to the 
preceding corollary, the expression would return to its original form. 



Examples. 

1. How much must be added to 8 to produce 12 ? What is the 
difference between 8 and 12 ? How much must be added to 3aa:* 
— 6y3 (the subtrahend) to produce 8aa;* -f 2^* ? 

Answer. — ^To 3aa;* we must add bax^ ; and to — 5y* we must 
add + 7y'. Hence in all we must add bax* 4- 7^'. 

2. From ^x^ — 2x^ — a; - 7 take 2x^ - 3a;8 + a; + 1. 

3. From a« -- x^ take a* + %ax + x*. 

4. From 1 + 3a;^ + 3a; + x^ take 1 — 3a;^ -f 3a; — x^. 

5. From ^ + "Hx^y^ + y^ take x^ — 2a;'^2/* 4- y^> 

6. From 7v^l + a;« - 3ay* take - 3^1 + x^ + 3ayi 

7. From ay* + lOv^take ay + x's/ab. 

8. From bx^ — ZVmn + 1 take b^x + {mny — 1. 

9. From a + i + Va—b take J + a — (a — ft) » + Vab. 
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10. Remove the parentheses from the following : 

a-{(b^c)''d}; 7a- j3a - [4a - (5a - 2a)]} ; 

2(a- J)-c + e^- {a-&— 2 (c-e^)}; 

3 (2a-b-c)-6 {a - {2b + c)} +2 {J-(c-a)}. 

11. Include within brackets the 3d, 4:th, and 6th terms of 3a} 
— x^ -hax" lOby + 50. Also the 4th and 5th. Also the 2d and 3d. 

Theory of Subtraction. — Subtraction is finding the difference between 
quantities, that is, finding what mast be added to one quantity to produce the 
other. This difference may always be considered as consisting of two parts, one 
of which destroys the subtrahend, and the other part is the minuend itself. 
Hence, to perform subtraction, we change the signs of the subtrahend to get 
that part of the difference which deetroys the subtrahend, and add this result to 
the minuend, which is the other part of the difference. 



'"vvv.C,'^^>^ SECTION IV. 



^^^K 



MULTIPLICATION. 

74. Multiplication is the process of finding the simplest ex- 
pression consistent with the notation^ used, for a quantity which 
shall be as many times a specified quantity, or such a part of that 
quantity, as is represented by a specified number. 

73* Cor. 1. — The multiplier must always be conceived as an ab- 
stract number^ since it shows how many times the multiplicand is 
to be taken. 

76. CoR. 2. — Tlie product is always of the same hind as the mul- 
tiplicand. 



77. Prop. 1. — The product of several factors is the same in 
whatever order they are taken. 

Dem. — 1st. ax 6, is a taken h times, or a + a + a + a + a to6 terms. 

Now, if we take 1 unit from each term (each a), we shaU get h units ; and this 
process can be repeated a times, giving a times &, or & x a. .*. a x & = & x a. 

2d. When there are more than two factors, as abc. We have shown that ab 
= ha. Now call this product w, whence abc = mc. But by part 1st, mc = cm, 
.'. abc = bac = cab = cba. In like manner we may show that the product of any 
number of factors is the same in whatever order they are taken. Q. B. D. 



78. Prop. 2. — When two factors have the same sign their prod- 
uct is positive : when they have different signs their product is tieg- 
ative. 
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Dem. — 1st. Let the factors be + a and + h. Considering a as the multiplier 
we are to take -f 6, « times, which gives + ab,a being considered as abstract in 
the operation, and the product, -f a6, being of the same kind as the multipli- 
cand ; that is, positive. Now, when the product, + ab, is taken in connection 
with other quantities, the sign + of the multiplier, a, shows that it is to be 
added; that is, written with its sign unchanged. .*. (+ 6) x (+ a) = -k- ab. 

2d. Let the factors be — a and — b. Considering a as the multiplier, we are 
tQ take —b.a times, which gives — db,a being considered as abstract in the 
operation, and the product, — ctb, being of the same kind as the multiplicand ; 
that is, negative. Now, when this product, — a&, is taken in connection with 
other quantities, the sign — of the multiplier shows that it is to be subtracted ; 
that is, written with its sign changed. .*. (— 6) x (— a) = + db. 

3d. Let the factors be — a and + b. Considering a as the multiplier, we are 
to take + b, a times, which gives -^ ab, a being considered as abstract in the 
operation, and the product, + db, being of the same kind as the multiplicand ; 
that is, positive. Now, when this product, + ab, is taken in connection with 
other quantities, the sign — of the multiplier shows that it is to be subtracted ; 
that is, written with its sign changed. .*. {■¥ b) x (— a) = — db. 

4th. Let the factors be + a and — b. Considering a as the multiplier, we are 
to take — &, a times, which gives — db,a being considered as abstract in the 
operation, and the product, — a5, being of the same kind as the multiplicand ; 
that is, negative. Now, when this product, — db, is taken in connection with 
other quantities, the sign -f- of the multiplier shows that it is to be added ; that 
Is, written with its own sign. .'. (— 6) x (+ a) = — oft. Q. B. D. 

79. Cor. 1. — The product of any number of positive factors is 
positive. 

80. Cor. 2. — The product of an even number of negative factors is 
positive. 

81. Cor. 3. — Tlie product of an odd number of negative factors is 
negative. 



82. Prop. 3. — The product of two or more factors consisting of 
the same quantity affected with exponents, is the common quantify 
with an exponent equal to the sum of the exponents of the factors. 
That is a"^ X a"" =^ a"*"*"" ; or a"*. a"« a* = a"''^*'^% etc., whether the expo- 
nents are integral or fractional, positive or negative. 

Dem. — 1st. When the exponents are positive integers. Let it be required to 

multiply d^ by a" and a', a"* = aaaa to m factors, a" = aaaaa to n 

factors, and a" — aaaaa to s factors. Hence the product, being composed 

of all the factors in the quantities to be multiplied together, contains m + w + « 
factors each a, and hence is expressed «"»+" + *. Since it is evident that this rea- 
soning can be extended to any number of factors, as a"» x a** x a* x a*", etc., 
etc., the proposition in this case is proved. 

2 
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2cL When^tfie exponents arep&nUvefracHans. Let it be reqnired to multiply 

me m 

a^ by a^ . Now a^ means m of the n equal factors into which a is conceived to 
be resolved. If each of these n factors be resolved into h factors, a will be re- 
in 
solved into hn factors. Then, since a** contains m of' the n equal factors of a, 
and each of these is resolved into h factors, m factors will contain hm of the hn 

m bm e 

equal factors of a. Hence a" = a^ . In like manner a^ may be shown equal to 

cit tn e btn en 

a^ ; and a* x a^ = a^ x a^. This now signifies that a is to be resolved into 
bn factors, and bm ■{- en oi them taken to form the product. .*. a» x a^ = a^ 

en bm+ en me 

X a'^ — a *" ,ora*» ^, which proves the proposition for positive fractional 
exponents, since the same reasoning can be extended to any number of factors, 

m £ e • 

asa** X a^ X a**, etc. 

3d. When the exponents a/re negative. Let it be required to multiply a-*" by 
a~*, m and n being either integral or fractional. By definition «-*" x «-* = 

— X — . Now, as fractions are multiplied by multiplying numerators together 

and denominators together, we have — x — = —— r- by part 1st of the demon- 
stration. But this is the same as »-<"»+ ■> or a- »»--". .*. «-"• x a-" = «-»»--* 



Examples. 

1. Prove as above that 81* X 81* = 81^ and that 81"^ =. 81* 

2. Prove that m'* X m^ = m*+\ 

3. Prove that 16"* x 16"* = 16"* 

4. Prove that 25"* X 25* is 1. 

5. Prove that or* X a^ is a. 

ScH. — ^The student must be careful to notice the difference between the 
signification of a fraction tised as an exponent, and its common signification. 
Thus I used as an exponent signifies that a number is resolved into 8 equal 
facto7% and the product of 2 of them taken ; whereas J used as a common 
fraction signifies that a quantity is to be separated into 3 equal parts, and 
the sum of two of them taken. 

83 • Prob. — To multiply monomials. 

RULE, — Multiply the numerical coefficients as in the 

DECIMAL NOTATION, AND TO THIS PRODUCT AFFIX THE LETTERS OF 
ALL THE FACTORS, AFFECTING EACH WITH AN EXPONENT EQUAL TO 
THE SUM OF ALL THE EXPONENTS OF THAT LETTER IN ALL THE 
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FACTORS. The sign of the product will be + EXCEPT WHEN 
THERE IS AN ODD NUMBER OF NEGATIVE FACTORS ; IN WHICH CASE 
IT WILL BE — . 

Dem. — This rule is but &n application of the preceding principles. Since the 
product is composed of all the factors of the given factors, and the order of ar- 
rangement of the factors in the product does not affect its value, we can write 
the product, putting the continued product of the numerical factors first, and 
then grouping the literal factors, so that like letters shall come together. 
Finally, performing the operations indicated, by multiplying the numerical 
factors as in the decimal notation, and the like literal factors by adding the ex- 
ponents, the product is completed. 



84:. Prob. — To multiply two factors together when one or both 
are polynomials. 

R ULE, — Multiply each term of the multiplicand by each 

TERM OF THE MULTIPLIER, AND ADD THE PRODUCTS. 

Dem. — Thus, if any quantity is to be multiplied by a + & — c, if we take it a 
times (t. e. multiply by a), then h times, and add the results, we have taken it 
a + & times. But this is taking it c too many times, as the multiplier required 
it to be taken a + h minus c times. Hence we must multiply by c, and subtract 
this product from the sum of the other two. Now to subtract this product is 
simply to add it with its signs changed {71)' But, regarding the — sign of c 
as we multiply, will change the signs of the product, and we can add the partial 
products as they stand, even without first adding the products by a and &. 
Q. E. D. ; 



8Sm Theo. — TTie square of the sum of two quantities is equal to 
the square of the flrst^ plies twice the product of the two, plus the 
square of the second. 

86. Theo. — The square of the difference of two quantities is 
equal to the square of the first, minics twice the product of the two, 
plus the square of the second, 

87. Theo. — The product of the sum and difference of two quan- 
tities is equal to the difference of their squares. 

The demonstration of these three theorems consists in multiplying 
jr + y by ic + y, ic — y by ic — y, and x -\- yhyx^-y. 
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Examples. 

1. Multiply together 3ax, — 3a*a;*, 4Jy, — y^, and 2x*y^, 

2. Multiply together Sx^y — maf, 2m*, a;"'', — 2, and 2a:**. 

3. Multiply together 40a;% a;^y and |a;*y*; also. 3a* J*, and 

"^ 4. Multiply m* by m *J a'*" by a",) a' J'* by a^b', m "bym'*, 
V^a by ;^5^ ^^3 by ^^. 

6. Multiply 3a - 2J by a + 4S. 

6. Multiply X* +xy + y^ by a;* — a;y + y«. 

7. Multiply m* + w* 4- 0* — m*7i* — m*o* — w*(?« by m* + w* 
+ (?«. 

8. Multiply a** — a" 4- a* by a"" — a. 

9. Multiply together z — a, z — b, z ^ c, z — d. 

10. Multiply together a; + y, x — y, x^ -\- xy + y* and a;* — a:y 

Sua. — Try the factors in different orders, and compare the labor required. 

"^ 11. Multiply a" 6" * - cf^'b' '• + 1 by a''"J"^ + 1. 
A 12. Multiply U^-'b^-'' + 3a— * J"* by 10a^--^+iJ"+i - baP-'^b"^. 
^ 13. Square the following by the theorems {85^ 86) : 
l+a, a; -2, 3/4-3^, a'^ — a'h^, x^-hx, j^-> x"' + y", 
fa^ - ^"i' bx-^y'n — ay'^x\ . 2a2J-^»-^> 4- ia;y^. 

N\ 14. Write the following products by (87) : 
(3m« 4- 671*) X (3m« - 6n*), {V^y^ + ^/^z^) X iV2y^ - {/s/), 
(1 4- |a) X (1 - fa), (99aa; 4- 9 Vo^) X (99aa; — 9a^a;^). 

15. Expand (a 4- * 4- c) (a 4- * — c) <a — J 4- c) (— a 4- A 4- c). 
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Multiplication by Detached Coefficients, i 

88» In cases in which the terms of both multiplicand and multi- 
plier contain the same letters, and can be so arranged that the ex- 
ponents of the same letters shall vary in the successive terms of 
each according to the same law, a similar law will hold good in the 
product, and the multiplication can be effected by using the co- 
efficients alone, in the first instance, and then writing the literal 
factors in the product according to the observed law. A few 
examples will make this clear : 

1. Multiply 2a» — Sa*x + 6ax^ — a;» by 2a» — aa; + 7xK 

operation. 

2-34- 5- 1 

2-1+7 



4 - 6 + 10 - 2 
-2+3-6+1 

+ 14-21+35-7 

4-8 + 27-28 + 36-7 



Prod., 4a6 - Sa^x + 27a^x* - 2Sa*x^ + 36aa;* - 7a;« 
2. Multiply a;» + 2a; — 4 by a;« — 1. 

SuQ. — ^By writing these polynomials thus, aj' + (te* + 2aj — 4, aj* + Oa; — 1, 
the law of the exponents in each case becomes evident. Hence we have. 

1+0+2-4 
1 + 0-1 



-::> 



1 +0+2-4 

-1-0-2 +4 

1 +0+1-4-2+4 

Prod., oj* + Oaj* + a?" — 4c* — 2aj + 4, or a?* + aj' — 4c* — 2a; + 4 

3. Multiply 3a« + 4aa; — 6x* by 2a« — 6ax + 4ic«. 

4. Multiply 2a3 - 3aJ« + SJ' by 2a« - 6b*. 

Sua— The detached coefllcients are 2 + — 3 + 5, and 2 + — 5. 

5. Multiply a^ + a^x + ax* + a;^ by a — a;. 

6. Multiply x^ - 3a;2 + 3a; - 1 by x* - 2x + 1. 

/^^ ^ Digitized by GoOglC 
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SECTION V. 

DIVISION. 

89. Division is the process of finding how many times one 
quantity is contained in another. 

QO. The problem of division maybe stated: Given the produ^st 
of two factors and one of the factors^ to find the other ; and the suffi- 
cient rea^son for any quotient iSj that multiplied hy the divisor it 
gives the dividend. 

91. Cor. 1. — Dividend and divisor may both be multiplied or 
both be divided by the same number without affecting the quotient, 

92. Cor. 2. — If the dividend be multiplied or divided by any 
number^ while the divisor remains the same^ the quotient is multiplied 
or divided by the same. 

93. CoR. 3. — Jf the divisor be muUiplied by any number while the 
dividend remains the same^ the quotient is divided by that number ; 
biU if the divisor be divided, the quotient is multiplied. 

94. CoR. 4. — The sum of the quotients of two or more quantities 
divided by a common divisor, is the same as the quotient of the sum 
of the quantities divided by the same divisor. 

95. CoR. 5. — The difference of the quotients of two quantities 
divided by a common divisor, is the same as the quotient of the dif- 
ference divided by the same divisor. 

These corollaries are direct consequences of the definition, and need no 
demonstration ; but they should be amply illustrated. 

96. Def. — Cancellation is the striking out of a factor common to both 
dividend and divisor, and does not affect the quotient, as appears from (91). 



97. Lemma 1. — When the dividend is positive, the quotient has 
the same sign as the divisor ; but when the dividend is negative, the 
quotient has an opposite sign to the divisor. 

98. Lemma 2. — When the dividend and divisor consist of the 
same quantity affected by exponents, the quotient is the common 
quantity with an exponent equal to the exponent in^ the dividend, 
mini6s that in the divisor. 
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These lemmas are immediate consequences of the law of the signs and 
exponents in multiplication. 

99. Cor. 1. — Ani/ quantity with an exponent Owl, since it may 
he considered as arising from dividing a quantity by itself. 

Thus, X representing any quantity, and m any exponent, of* -i- af» = iB° = 1. 

100. Cob. 2. — Negative eoeponents arise from division when 
there are more factors of any number in the divisor than in the divi- 
dend. 

101. Cor. 3. — A factor may be transferred from dividend to 
divisor {or from numerator to denominator of a fraction^ which is 
the sam^ thing)^ and vice versa^ by changing the sign of its exponent. 



102. JPvob. 1. — To divide one monomial by another. 

RULE. — Divide the numerical coefficient of the divi- 
dend BY that of the divisor AND TO THE QUOTIENT ANNEX THE 
LITERAL FACTORS, AFFECTING EACH WITH AN EXPOl^NT EQUAL TO 
ITS EXPONENT IN THE DIVIDEND MINUS THAT IN THE DIVISOR, AND 
SUPPRESSING ALL FACTORS WHOSE EXPONENTS ARE 0. ThE SIGN 
OF THE QUOTIENT WILL BE + WHEN DIVIDEND AND DIVISOR HAVE 
LIKE SIGNS, AND — WHEN THEY HAVE UNLIKE SIGNS. 

Dbm. — ^The dividend being the product of divisor and quotient, contains all 
the factors of both ; hence the quotient consists of all the factors which are 
found in the dividend and not in the divisor. 



103. Pvob. 2. — To divide a polynomial by a monomial. 
RULE. — Divide each term of the polynomial dividend by 

THE MONOMIAL DIVISOR, AND WRITE THE RESULTS IN CONNECTION 
WITH THEIR OWN SIGNS. 

Dem. — ^This rule is simply an application of the corollaries (94, 95). 



104, Dbf. — ^A polynomial is said to be arranged with reference to a certain 
letter when the term containing the highest exponent of that letter is placed first 
at the left or right, the term containing the next highest exponent next, etc., etc. 
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105. Prob. 3. — 2"o perform division token both dividend and 
divisor are polynomials, 

BULK — Having arbakged dividend and divisor with 

REFERENCE TO THE SAME LETTER, DIVIDE THE FIRST TERM OF THE 
DIVIDEND BY THE FIRST TERM OF THE DIVISOR FOR THE FIRST 
TERM OF THE QUOTIENT. ThEN SUBTRACT FROM THE DIVIDEND 
THE PRODUCT OF THE DIVISOR INTO THIS TERM OF THE QUOTIENT, 
AND BRING DOWN AS MANY TERMS TO THE REMAINDER AS MAY 
BE NECESSARY TO FORM A NEW DIVIDEND. DiVIDE AS BEFORE, 
AND CONTINUE THE PROCESS TILL THE WORK IS COMPLETE. 

Dem. — The arrangement of dividend and divisor according to the same letter 
enables us to find the term in the quotient containing the highest (or lowest if 
we put the lowest power of the letter first in our arrangement) power of the 
same letter, and so on for each succeeding term. 

The other steps of the process are founded on the principle, that the product 
of the divisor into the several parts of the quotient is equal to the dividend. 
Now by the operation, the product of the divisor into the first term of the 
quotient is subtracted from the dividend ; then the product of the divisor into the 
second term of the quotient ; and so on, till the product of the divisor into each 
term of the quotient, that is, the product of the divisor into the wTiole quotient, 
is taken from the dividend. If there is no remainder, it is evident that this 
product is equal to the dividend. If there is a remainder, the product of the 
divisor and quotient is equal to the whole of the dividend except the remainder. 
And this remainder is not included in the parts subtracted from the dividend, by 
operating according to the rule. 

ScH. — ^This process of division is strictly analogous to **Long Division" 
in common arithmetic. The arrangement of the terms corresponds to the 
regular order of succession of the thousands, hundreds, tens, units, etc., 
while the other processes are precisely the same in both. 

Examples. 

1. Divide m^ by m^ ^" by n'^, (aJ)*"* by {aby , a^ by a*, a~* 
by a*, x'i by a;~*, x'* by ic s. 

„ ^ a-H^ 2a~K''K , 5cd-'^bx-^ ^ ^ 

2. Free -rr-^j o « -^ « > and -r-rr — ^j— from negative expo- 

nents, and explain the process. 

3. Divide 15ay« by day, Sa^b^c^d by 4a«J2c«, daH^ by aH^, 
—S5aHx^hj'7a^bx,—20ahh by -40aJ*c, y by y^, -y- by y-^ 
Ua^b^-'^g by -Ha-'b^^-^g-^ -4aVic« by - 12a~hc*'% a?'"'+^b''"c^ 

m H 

by a*-*+iJ''+'c8, and a^y^ by xr>y^. 
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4. Divide 9a»*« - 12rt«*»+3a«*» by 3ak, llx^y^aH + 121x^y^ 

— 4Ax^i/'ab* by lla:'y*, 15ax^ — 16a^x + 3aa; by — 5ax, 4ai®m* 

— 12a-i«m8 + 5280 by - 12a-i% 209a;^y"» — 247a;y^* by 19a;y, 
y* + 3a«y* - 2y* by y^, (V+* - **+'• - &*+'" - &*+*" by J'V aa;- 

— 2ax'^'^ + 3flw; by aaf^K 

5. Divide 4ic« - 2Sxy + 49y« by 2a; - 7y. 

6. Divide 6a;* — Idax^ + 13a«a;«— ISa^a;— 5a* by 2a;»-3ew;— a«. 

7. Divide a;* + y' + 3a;y — 1 by a; 4- y — 1. 

8. Divide a«Ji« - 64 by aJ« - 2, a; — 4aHy a;^ - 2a^. 

9. Divide a;y - « by x^y^ — a^, 243a« + 1024 by 4 + 3a. 

10. Divide y» - |^* + iiy^ - |y« - i^^ + | by ^« - 1 + 5. ;' 

11. Divide 1 + 2a;« — 7a;* - 16a;« by 1 + 2a; + 3a;« + 4a;V 

12. Divide (a;« - y«)' by:(a; - y)', a» + J-» by a + ft-^ 

13. Divide y* 4 1^7 y • 

14. Divide 1 by 1 — a;«, also by 1 + a;*, 1 + a;, and by 1 — a;. 

15. Divide a*+* + oTh + aJ" + J'+" by a" + ^". 

f 

16. Divide Va"^-'"y''c — a""'+*-'J*-V 4- a'^b-'c"^ + a" *»-"*•"+ V 

17. Divide m'^^* + amw"" 4- nrn^ + aw"""*"* by m + w. 

• 18. Divide mn{x^ 4-l) + (n« + /w«) (a;* + a;)4-(n«+2wm) (a;»4-a;«) 
by wa;* + ?wa; + n. 

19. Divide Z^fe* + 2(A - jfc)a;» - (7i« + 4 - i«)a;« + 2 (A + i)a; 
^ hk by ia;* — A 4- 2a;. 

20. Divide a; 4- y + « — S\/xyz by a; » 4- y^ 4- z*. 



Division by Detached Coefficients. 

106» Division by detached coefficients can be eflFected in the same 
cases as multiplication (88). The student will be able to trace the 
process and see the reason from an example. 
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1. Divide 10a* — 27a^x + 34a«a;« — ISax^ - Sx^ by 2a» - dax 
+ 4a;«. 

OPERA.TION. 

2-3 + 4)10-27 + 84-18-81 5 -6 -2 

10-15 + 20 1 5a' -Qax- 2x* Quot 



-12 + 14- 

-12 + 18- 


18 
24 




- 4 + 

- 4 + 


6- 
6- 


-8 
-8 



2. Divide x^ — 3ax^ - Sa^x* + ISa^x — 8«* by a;« + 2ax — 2a«. 

3. Divide 6a* - 96 by 3a - 6. 

SUQ.— The detached coefficients are 6 + + + — 96 and 3—6. 

(\ 

4. Divide 3^^ 4- 3a;y* -- ^x^y — 4a;^ by a; + y. v 

6. Divide x'^ -^ y'^ hj x + y; also a;* — y* by a;* — y*. 



Synthetic Divi&iok. 

107* When division by detached coeflScients is practicable, as in 
the examples in the last article, the operation may be very much 
condensed by an arrangement of terms first proposed by W. G. Hor- 
ner, Esq., of Bath, Eng., which is hence called Horner's method of 
synthetic division. A careful inspection of the operation under 
Ex. 1, in the last article, will acquaint the student with the process. 

Explanation op Operation. — Arrange the 
coefficients of the divisor in a vertical column 
at the left of the dividend, changing the signs of 
all after the jBrst. Draw a line underneath the 
whole under which to write the coefficients of 
the quotient. 

The first coefficient of the quotient is found 
evidently by dividing the first of the dividend by the first of the divisor, 
and in this case is 5. As the first term of the dividend is always destroyed by 
this operation, we need give it (10) no farther consideration. Now, multiplying 
the other coefficients after the first (i. e. + H and — 4) loitk tJieir signs cTianged, 
by 5, we have + 15 and — 20, which are to be added (?) to — 27 and + 34. Hence 
we write the former under the latter. The first term* of the second partial divi- 
dend can be formed mentally by adding (?) + 15 to — 27, and the next term of 
the quotient by dividing this sum (— 12) by 2. Hence — 6 is the second term of 

* Strictly, the "■ coefficient of; '* but tUiti form is used for brevity. 
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OPERATION. 


2 


10-27 + 84-18-8 


+ 8 


+ 15-20 + 24 + 8 


-4 


-18-6 




5 -6 -2 


5a*-ikix-2x\ Quot. 



SYNTHETIC DIVISION. 



27 



the quotient. (We did not add (?) — 20 to + 34, because there is more to be 
taken in before the first term of the next partial dividend is formed.) 

Having found the second term of the quotient (— 6), we multiply the terms 
of the divisor, except the first, (with their signs changed) by — 6, and write the 
results, — 18 and + 24, under the third and fourth of the dividend, to which 
they are to be added (?). Now we have all that is to be added* to + 34 (viz., 

— 20 and — 18) in order to obtain the first term of the next partial dividend. 
Hence, adding, we get — 4. which divided by 2 gives — 2 as the next term of 
the quotient. Multiplying all the terms of the divisor except the first, as before, 
we have — 6 and + 8, which fall under — 18 and — 8. Now adding + 24 and 

— 6 to — 18, nothing remains. So also +8 — 8 = 0, and the work is complete, 
as far as the coefilcients of the quotient are concerned. 



2. Divide a;« — 6x^ + 15a;* — 24a;» + 27a;« — 13a; + 5 by a;* - 2x^ 
+ 4a;8 - 2a; 4- 1. 



Q^ot, 





OPERATION. 


1 


l-5 + 15_24+27-13 + 5 


+ 2 


+ 2-4+ 2- 1 + 3-5 


-4 


- 6 + 12 - 6 + 10 


+ 2 


+ 10-20 


-1 






1-3+5 00 



3a; + 5 



3. Divide 4y« - 24^* + 60y* - 80^8 + QOyt _ 24y + 4 by 2y« 
-4y + 2. 
4 Divide a;** — y** by a; — y ; also 1 by 1 — a^ 

6. Will a; + 2 divide a^ -^ 2af ^ W - 20a; + 12 without a re^ 
mainder? Willa;-3? 

6. Will a; + 3, or a; — 3, divide a;* — 6a;' — 16a; + 21 without a re- 
mainder ? Will a; + 7, or a; — 7 ? 

* The stadent will not &il to e>ee that this addition is equivalent to the ordinary subtraction 
since the signs of the terms have been changed. 
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CHAPTER n. 

FACTORING. 



SECTION I. 

FUNDAMENTAL PROPOSITIONS. 

108. The Factors of a number are those numbers which mul- 
tiplied together produce it. A Factor is, therefore, a Divisor, A 
Factor is also frequently called a measure^ a term arising in Geome- 
try. 

109. A Common Divisor is a common integral factor of 
two or more numbers. The Greatest Common Divisor of two or 
more numbers is the greatest common integral factor, or the product 
of all the common integral factors. Common Measure and Com- 
mon Divisor are equivalent terms. 

110. A Common Multiple of two or more numbers is an 
integral number which contains each of them as a factor, or which 
is divisible by each of them. The JOeast Common Multiple of two 
or more numbers is the least integral number which is divisible by 
each of them. 

111. A Composite Number is one which is composed of 
integral factors different from itself and unity. 

112. A Prime Number is one which has no integral factor 
other than itself and unity. 

113. Numbers are said to be Prime to each o^A^r when they have 
no common integral factor other than unity. 

ScH. 1. — ^The above definitions and distinctions have come into use from 
considering Decimal Numbers. They are applicable to literal numbers only 
in an accommodated sense. Thus, in the general view which the literal no- 
tation requires, all numbers are composite in the sense that they can be fac- 
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tored ; but as to whether the factors are greater or less than unity, integral 
or fractional, we cannot affirm. 



114:. Frop. 1, — A monomial may he resolved into literal fac- 
tors by separating its letters into any number of groups^ so that the 
sum of all the exponents of each letter shall make the eoiy>onent of 
that letter in the given monomial. 



lis* Fvop. 2» — Any factor which occurs in every term of a 
.polynomial can be removed by dividing ea^ term of the polynomial 
by it. 

116. Prop. 3. — If two terms of a trinomial are positive and 
the third term is twice the product of the square roots of these twOy 
and POSITIVE, the trinomial is the square of the sum of these square 
roots. If the third term is negative, the trinomial is the square of 
the difference of the two roots. 



117. JPvop. 4. — 77ie difference between two quantities is equal 
to the product of the sum and difference of their square roots. 



118. JPvop. S. — When one of the factors of a qitantity is gvven^ 
to find the other ^ divide the given quantity by the given factory and 
the qitotient toUl be the other. 



' >^ 119^ Prop. 6.—77ie difference between any two quantities is a 



V 



>j divisor of the difference between the same powers of the quan- 
y titles. 

j< The sum of two quantities is a divisor of the difference of the 
y^ same EVEN powers^ and the SUM* of the same odd powers of the quan- 
y tities. „.^,«r* 



Dem. — Let X and y be any two quantities and n any positive integer. Mr%t, 
x — y divides aj* — y*. Second^ if n is eveUt x + y divides aj* — y*. T/ivrd, if n is 
odd, X + y divides aj* + y». 
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FIBST. 

Taking the first case, we proceed in form with the division, till lour 
of the ^ 

terms of the x — y)s^ — y* ix*-^-\-x''-^y + x^*yi + g^*y3 -j- etc. 

quotient (enough to «||_— _«^*2^ 

determine the law) are a?*- V — y* 

found. We find that each a^ -'y — a^-»y8 

remainder consists of two terms, x^-^yi — y^ 

the second of which, — y", is the x*--^2 — x^-*yz 

second term of the dividend constantly a?*- "ys _ y* 

brought down unchanged; and the first a^-*y3 — aj""*y* 

contains x with an exponent decreasing by a:«-*y4 — y» 

unity in each successive remainder, and y with an 

exponent increasing at the same rate that the exponent of x decreases. At this 
rate the exponent of a; in the nth remainder becomes 0, and that of y, n. Hence 
the wth remainder is y" — y* or ; and the division is exact. 

SECOND AND THIRD. 

X + y)aj" ± y" (a;*-' — r'-^y 4- a^-'y8 — x^-*y^ , etc. 
X* + a^~V 

— af»-V ± y" 

— xf^-^y — x^-^yz 

x^~'^y2 ± y* 
Taking oj + y a^-*y8 + aj"-*y5 

for a divisor, we — aj»-*y3 ± y" 

observe that the exponent _. a;n-»^3 _ a;«- 4y4 

of X in the successive re- x*-*y^ ± y" 

mainders decreases, and that of y increases 

the same as before. But now we observe that the first term of the remainder is 
— in the odd remainders, as the 1st, 3d, 5th, etc., and + in the even ones, as the 
2d, 4th, 6th, etc. Hence if ti is ^ven, and the second term of the dividend is — y*, 
the nth remainder is y^ —y^ or 0, and the division is exact. Again, if ti is odd, 
and the second term of the dividend is + y* , the nth remainder is — y" + y* , 
or 0, and the division is exact. Q. B. D. 

120. Con.— The last proposition applies equally to cases involv- 
ing fractional or negative exponents. 

Dbm. — Thus, aj*— y* divides Qr—y^, since the latter is the difEerence between 
the 4th powers of a;* and y*. So in general «"» — y ^ divides x »* — y ' , a 

n 

being any positive integer. This becomes evident by putting x «= t>, and 

— £ _a« _a« 

y" r = w\ whence x « = !>•, and y~ »• = t^. But «• — tc* is divisible by «— tr, 
hence x" '» — y~ ^ is divisible by a; «» — y~ ' . 
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121. Frop. 7. — A trinomial can be resolved into two binomial 
factors^ when one of its term^ is the product of the square root of 
one of the other twOy into the sum of the factors of the remaining term. 
The two factors are respectively the algebraic sum of this square rooty 
and ea^ch of the factors of the third term. 

III. — ^Thns, in oj* + 7a; + 10, we notice that Ix is the product of the square 
root of «*, and 2 + 5 (the sum of the factors of 10). The factors of x* + 7x 
+ 10 are x + 2 and aj + 5. Again, a?* — 8aj — 10, has for its factors a? + 2 and 
a; — 5, — 8a; being the product of the square root of x* (or x), and the sum of 
— 5 and 2, (or — 8), which are factors of — 10. Still again, x* +8 a; — 10 
= (a; — 2) (a; + 5), determined in the same manner. 

Dem. — The truth of this proposition appears from considering the product of 
a; + a by a; + 6, which is -a;* + (a + b) x + ab. In this product, considered as a 
trinomial, we notice that the term (a + b)x is the product of Vx^ and a + b, the 
sum of the factors of ab. In like manner (x + a){x — b)=x* + (a— 6)a; — ab, 
and {x — a) (a; — 5) = a;* — (a + 6)aj -i- ab, both of which results correspond to the 
enunciation. Q. E. D. 

[Note. — In application, this proposition requires the solution of the problem : 
Given the sum and product of two numbers to find the numbers, the complete 
solution of which cannot be given at this stage of the pupil's progress. It will 
be best for him to rely, at present, simply upon inspection.] 



122. JProp. 8» — We can often detect a factor by separating 
a polynomial into parts. 

Ex. Factor x^ -f- 12a; — 28. 

Solution. — The form of this polynomial suggests that there may be a bino- 
mial factor in it, or in a part of it Now a;* — 4a; + 4 is the square of a; — 2, 
and («« - 4fl; + 4) + (16a;-33) makes a;« + 12a; - 28. But (a;«-4a;+4)+(16a;-32) 
"^=(a;- 2)(a;-2) + (a; - 2)16 = (a; - 2) (a; - 2 + 16) = (a; - 2) (a; + 14). Whence 
a; — 2, and a; + 14 are seen to be the factors of a;* + 12a; — 28. 



Miscellaneous Examples. 

1. Factor 7fg^Jj - 28pgi/^ + 42/3^y, 4:X^y^ - 7x^y^ 4- 12xy«. 

2. Factor m* - 7i^, 1 - 2V'^c + x, 256a* -f 6Ua^ + 289, 1 - c\ 

3. Factor .^^ - a: - 72, y « - z^, a^-{-b^, ~ + K "'^' ^^ "^ "^^^ "^ ^^- 

it 

4. Factor ^ •-—+ 1^, c» - dS c* - d'^ c« - d'^. 

m« mx^ ic* 
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32 LTTEBAL ABITHMETIO. 

5. Factor a^ - w* 4:X^ - 5^"*, ^-b^^x^ -f 22a: - 7623. 

G. Factor a;" - 1, 507/m* + IS^Gm^vi^ -|- 867?i^ Va - VZ'. 

7. Factorf a;2 — 2aa; — a^*^± 4i*\/aV^ + 4Z>86'"*, x^ + \/^+2a^. 

8. Factor ^a*"* - ^a'^b^'^^ + ir^'"^*, da + db - 6Vad. 

9. Eesolve x into two equal factors ; also two unequal factors. 

10. Resolve dSx^y^z* — dVy^z into two factors of which one is 
2y*Vz. 

11. Eesolve 121a^J^c* into two equal factors ; also into four equal 
factors. 

12. Eemove the factor 7(a*3)i from S^a^k^. 

, ^ m* 7^-2 49d» 

13. Remove the factor — r + rfrom m^/j-® — -^-7- 

14. Remove the factor a^ — a^b + a^^s _ ^js _^ j4 from a • 
+ *». 

15. Factor 15a + 5aa; — a; — 3, 21abcd-'2Scdxy + 16abmn'-20mnxy, 
^21a;« + 23a;y - 20yV 12a«a;* - 12a2a;i + 3a«. 

16. Factor 3a:3 _ l2a;3y« - 4y» + 1, 72cd^m^ - 84crf8w» 
+ 96c2^«m2. 

17. The terms of a trinomial are SOab, 9a^ and 25b^. What sign 
must be given to each that the trinomial may be factored ? 

18. The terms of a trinomial are — 9^, 12 V a and 4. What must 
rbe the signs of the last two terms that the trinomial may be 

factored ? 

19. Is a * — J*" exactly divisible by a^ — i or a^ 4- J ? 

20. Is m^ — n^ exactly divisible by Vm — Vw ? by Vvi. -f \1i ? 

21. Is a;ioi + yioi exactly divisible by a; -f v/ ? by .r — y ? 

22. Is a;2 0'»9 4. y80T9 exactly divisible by x'^ - y"^ ? by x'^ + y'^ ? 

23. What is the quotient of {ky^ + mz^) -i- {k^ Vy + y/m^) ? 
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24. What is the quotient of {xh-h t^ -^ {x^ 4- y^) ? 

25. Write the following quotients: (a® -f d^) -¥■ (a* -f b*) ; 
(a;»- _ s^rn^^ ^ ^x-z); (a:'"» - 2'-) ^ {x -h z) ; (x""+* -f ^'^') 
■i- (x -{- z), m being a positive integer. 

1 100 

26. Factor x^ + ax -h x + a^ 1 — a, 1 4- a, ^ — ^77^ and 

x9 ^x — 9900. 



27. 



Factor 10ar|^+ ~] - 20^, 4a; + 4a;^^ 4- 1 and 36a- - 5b\ 
28. a;3 - a;2 - 2a; + 2, 6a;» - 7ax^ - 20a«a;, a;- 4- 31af - 3S. 

SECT/ON /I. 

GREATEST OR HIGHEST COMMON DIVISOR. 

123» Dbp. — It is scarcely proper to apply the term Greatest Common Divisor 
to literal quantities, for the values of the letters not being fixed, or specific, 
great or small cannot be affirmed of them. Thus, whether a* is greater than a, 
depends upon whether a is, greater or less than 1, to say nothing of its character 
as positive or negative. So, also, we cannot with propriety call a^ — y^ greater 
than a — y. If a = i, and y = i, a* — y' = -^4, and a — y = J ; .-, in this case 
a^ ^y'i^a — y. Again, if a and y are both greater than 1, but aKy^a^ — y^ 
though nuTnericaUy greater than a — y is absolutely less, since it is a greater 
negative. 

Instead of speaking of G. C. D. in case of literal quantities, we should speak 
of the Highest Common Divisor, since what is meant is the divisor which is of 
the highest degree with reference to the letter of arrangement. 

[Note. — The general rule for finding the Greatest or Highest Common 
Divisor is founded upon the four following lemmas.] 

124. Lemma 1. — The Greatest or Highest C, 2>. of two or more 
numbers is the product of their common prime factors. 

Dem, — Since a factor and a divisor are the same thing, all the comnion fac- 
tors are all the common divisors. And, since the product of any number of fac- 
tors of a number is a divisor of that number, the product of aU the common prime 
factors of two or more numbers is a common divisor of those numbers. More- 
over, this product is the Chreatest or Mghest C. D., since no other factor can be in- 
troduced into it without preventing its measuring (dividing), at least, one of the 
given numbers. Q. B. D. 3 
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Examples. 

1. What is the G. C. D. of 72, 84, and 180 ? 

Solution. — Resolve the numbers into their prime factors, and take the pro- 
duct of those which are common to all. 

2. Find the G. C. D. of 48, 204, and 228. 

3. Find the G. C. D. of 81, 123, and 315. 

4. Find the Highest C. D. of Sx^yz^ and 15a;«y. 

Solution. — Here we see that x, x, and y are all the literal factors com- 
mon to both ; and since 8 and 15 have no common factor, x x x x y is the 
Highest C. D. 

5. Find the H. C. D. of UkH^m^ and dOkH^m^n^. 

6. Find the H. C. D. of SaHc, ISaH^, and 26a^b^mn. 

7. Find the H. C. D. of 7x^y~^xr and 4rry~«;2"+*. 

8. Find the H. C. D. of ba'^x^y — Wax^y + 5aa;*yUndi 3a«a;«y 

- 3rr2y2.) 

9. Find the H. C. D. of rr« - a; - 12 and a;^ - a;^ - 9a; + 9. 

Solution.— <»* — a? — 12 = (a? - 4) (aj -i- 3) (121). a;^ — a;* — 9a; -i- 9 = x^(x — 1) 

- 9(a; — 1) = (a;* — 9) (a; — 1) = (a; — 3) (a? + 3) (a; — 1). Now we see that a; +3 is 
a conmion divisor of the two polynomials, and since it is the ordy divisor com- 
mon to both, it is the H. C. D. 

"^^ 10. Find the H.C.D.of 4J)^x^ - 12J«a;» + 12S«a; - 4*« and 4S«a;3 

- 8J«a;« - ^h^x + 8J«. 

125. ScH. — The diflSculty of factoring renders this process impracticable 
in many cases. There is a more general method. But, in order to demon- 
strate the rule, we require three additional lemmas. 

126. Lemma 2. — A polynomial of the form Ax" + Bx"""* 

-f Cx" "■ ' Ex + F, which has no common factor in every 

termy has no divisor of its own degree except itself 

Dem. — 1st. Such a polynomial cannot have one factor of the wth degree — its 
0wn — with reference to the letter of arrangement, and another which contains 
the letter of arrangement, for the product of two mch factors would be of a 
higher (or different) degree from the given polynomial. 

2d. It cannot have a factor of the nth. degree with reference to the letter of 
arrangement, and another factor which does not contain that letter, for this last 
factor would appear as a conmion factor in every term, which is contrary to the 
hypothesis. Q. B. D. 
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127* Lemma 3. — A divisor of any number is a divisor of any 
multiple of that number, 

III. — This is an axiom. If a goes into b, q times, it is evident that it goes 
into n times 5, or nb, n times g, or nq times. 

128m Lemma 4. — A common divisor of two numbers is a divisor 
of their sum and also of their difference. 

Dem. — ^Let a be a C. D. of m and n, going into m, p times, and into n, q times. 
Then {m ± n) + a=p ± q, Q. B. d. 

129* Prob. — To find the H. C. D, of two polynomials without 
the necessity of resolving them into their prime factors, 

RULE. — 1st. Arranging the polynomials with reference 

TO THE SAME LETTER, AND UNITING INTO SINGLE TERMS THE LIKE 
POWERS OF THAT LETTER, REMOVE ANY COMMON FACTOR OR FACTORS 
WHICH MAY APPEAR IN ALL THE TERMS OF BOTH POLYNOMIALS, RE- 
SERVING THEM AS FACTORS OF THE H. C. D. 

2d. EeJECT FROM EACH POLYNOMIAL ALL OTHER FACTORS WHICH 
APPEAR IN EACH TERM OF EITHER. 

3d. Taking the polynomials, thus reduced, divide the one 

WITH THE greatest EXPONENT OF THE LETTER OF ARRANGEMENT, 
BY THE OTHER, CONTINUING THE DIVISION TILL THE EXPONENT OF 
THE LETTER OF ARRANGEMENT IS LESS IN THE REMAINDER THAN IN 
THE DIVISOR. 

4th. EeJECT any FACTOR WHICH OCCURS IN EVERY TERM OF THIS 
REMAINDER, AND DIVIDE THE DIVISOR BY THE REMAINDER AS THUS 
REDUCED, TREATING THE REMAINDER AND LAST DIVISOR AS THE 
FORMER POLYNOMIALS WERE. CONTINUE THIS PROCESS OF REJECT- 
ING FACTORS FROM EACH TERM OF THE REMAINDER, AND DIVIDING 
THE LAST DIVISOR BY THE LAST REMAINDER TILL NOTHING RE- 
MAINS. 

If, at any time, a fraction would occur in the quotient, 
multiply the dividend by any number which will avoid the 
fraction. 

' The LAST DIVISOR MULTIPLIED BY ALL THE FIRST RESERVED COM- 
MON FACTORS OF THE GIVEN POLYNOMIALS, WILL BE THE H. C. D. 
SOUGHT. 
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Dbjm. — ^Let A and B reprosent any two polynomials whose H. C. D. is 
sought, 

1st. Arranging A and B with reference to the same letter, for convenience in 
dividing, and also to render common factors more readily discernible, if any 
common factors appear, they can be removed and reserved as factors of the H. 

C. D., since the H. C. D. consists of all the common factors of A and B. 

2d. Having removed these common factors, call the remaining factors C and 

D. We are now to ascertain what common factors there are in C and D, or to 
find their H. C. D. As this H. C. D. consists of only the common factors, we can 
r^ect from each of the polynomials, C and D, any factors which are not conmion. 
Having done this, call the remaining factors E and F. 

3d. Suppose polynomial E to be of lower degree with respect to the letter of 
arrangement than F. (If E and F are of the same degree, it is immaterial which 
is made the divisor in the subsequent process.) Now, as E is its own only divisor 
of its own degree (Lem. 2), if it divides F, it is the H, C. D. of the two. If, in 
attempting to divide F by E to ascertain whether it is a divisor, fractions arise, 
F can be multiplied by any number not a factor in E (and E has no monomial 
factor), since the common factors of E and F would not be affected by the opera- 
tion. Call such a multiple of F, if necessary, F'. Then the H. C. D. of E and 
F, is the H. C. D. of E and F. If, now, E divides F, it is the H. C. D. of E and 
F. Trying it, suppose it goes Q times, with a remainder, B. 

4th. Any divisor of E and F' is a divisor of R, since F' — QE = R, and any 
divisor of a number divides any multiple of that number (Lem. 3), and a divisor 
of two numbers divides their difference. The H. C. D. divides E, hence it di- 
vides QE, and, as it also divides F', it divides the difference between F' and QE, 
or K Therefore the H. G. D. of E and F, is also a divisor of E and B, and can- 
not be of higher degree than R. 

5th. We now repeat the reasoning of the 8d and 4th paragraphs concerning 
E and F, with reference to E and R. Thus, R is by hypothesis of lower degree 
than E j hence, dividing E by it, rejecting any factor not common to both, or in- 
troducing any one into E, which may be necessary to avoid fractions, we ascer- 
tain whether R is a divisor of E, If it is, it divides F, since F = R + QE (Lem. 
3, 4), and hence is the H. C. D. of E and F. 

6th. Proceeding thus, till two numbers are found, one of which divides the 
other, the last divisor is the H. C. D. of E and F, since at every step we show 
that the H. C. D. is a divisor qf the two numbers compared, and the last divisor 
is its own H. D. 

7th. Finally, we have thus found all the common factors of A and B, the pro- 
duct of which is their H. C. D. q. B. D, 



Examples. 

1. Find the H.C.D.of 12a^b^ + Sb^y^ - 16ab^y + Ua^by + Sby^ 

- 15aby^, and 6aH^ - QaH^y - 2b^y^ -}-2ab^y* + eaHy - 6««%« 

- 2by^ + 2aby^. 
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OPHRATIQIf. 

12a«6* + Sb'y* - 15ab*y + 12a*by + Zby^ - 15aby* - - {A). 

6a*6* - Qa^b^y - 2b^y^ + 2ab^y* + Qa^by - 6a*by^ - 2by* + 2aby^ - - (B). 

4a*b + by* — 6aby + 4a*y + y^ - 5ay* (C). 

Sa'^b - Sa^by - by' + dby* + 3a^y -- Sa^y* -y* + ay^ (2>). 

(4Jb + 4y)a*-{5by + by^)a + {py* + y') {E), 

(36 + dy)a^ - (36y -t- 3y«)a« + (by* -t- y^) a - (6y» -t- y^) (F). 

iCf) (H) 

4a* — 5ya + y*) 3a' — 8ya* + y*a — y» 

4 





. - - - 12a' - 12ya« + 4y»a - 4y»(3a 
- - - - 12a' — 15ya* + Sy'a 




(i) ■ 


- - 3ya* + y'a - 4y'» 

4 




(N) 


12ya* + 4y'a-16yM3y 

- ^ - - - - - 12ya«-15y«a+ 3y' 




(0) 


- ^ Reject 19y* - - - 19y'a-19y' 




^----------c* y) 1C* ^y(* "t" if \ *** if* 

4a* — 4ya 






— ya + y* 

— ya + y* 




.-. 


Thd H. C. D. of (A) and (B) is (6) (& +y) (a — y) = a6* + a6y — b*y - 


'by*, 



ScH. — ^It often occurs that one or more of the above steps are not required, 
especially the removing of a compound factor from the ^ven polynomials. 

2. Find the H. C. D., with respect to Xy of x^ — Sx^ + 21«« — 20a; 
-f 4, and 2x^ - 12a;2 + 21a; - 10. 





OPBKATION. 


2aj«-12aj«+21aj- 


10)aj* - 8a;' + 21aj« - 2(te + 4 

2 


^r'\ 


- 2r* Iftr* 4- /la^** 4IVr 4. ft^ri* Q 


\y) 


3a.4 _ I2aj3 + 21«« - lOa? 




- 4c' + 21a;* - 30a; + 8 




- 4»' + 24a;* - 42a; + 20 


(D) Reject - 3 - 


- 3a;* + 12a; - 12 


(1i!\ 


a>» jLt ^ A. 


\-^) 




aj«-.4c + 4)2a;'- 


12a;« + 21a;-10(2a;-4 


2a;»- 


8a;* + 8a; 


— 


4a;* + 13a; - 10 


— 


4x* + 16a; - 16 


(iO - Reject -3 


. - 3a; + 6 (E) 


(GO - .... - 


- - - a; — 2)a;* — 4a; + 4(a;-2 




a;* -2a; 




-2a; + 4 




-2a; + 4 



Hence a; — 2 is the H. C. D. 
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3. Find the H. C. D. of^i^x^ + 5 - Sx + x^\ and^42£« + 30 - 72a;. ' 

4. Find" the H. C. D. of 2ax^ + 2a + 4aa;, and 7J + Ubx 4- 7^>a;M- 
+ 14Sa;«. Ox. ?' 

5. Find the H. C. D. of 6a^ + 7aa^ - 3i^«, aM Ga^ -f llaa; + 3x*. 

6. Find the H. C. D. of 4^3 — 4a« - aJ» + b^, and 4a«^+ 2ad- 

7. Find the H. C. D. of 12a:* - 24:X^y 4- 12a;«yS and Sic^y* 

- 24:X^y^ 4- 24a;y* — 8y«. 

8. Find the H. C. D. of 62ax^ - 24aa;* - 44aa;« - 12a 4- 8aa;» 
4- 60ax, and 14a«J 4- QOaHx^ - lea^Ja;^ 4- 2a«Ja;» - 74a»Ja: 

- 2aHx^. 



130. Probm — Tofiiid the H. (7. D. of three or more polynomicUs. 

R ULE. — Find the H. C. D. of any two of the given poly- 
nomials BY ONE OF THE FOREGOING METHODS, AND THEN FIND 
THE H. C. D. OF THIS H. C. D. AND ONE OF THE REMAINING POLY- 
NOMIALS, AND THEN AGAIN COMPARE THIS LAST H. C. D. WITH 
ANOTHER OF THE POLYNOMIALS, AND FIND THEIR H. C. D. CON- 
TINUE THIS PROCESS TILL ALL THE POLYNOMIALS HAVE BEEN 
USED. 

Dbm. — ^For brevity, call the several polynomials. A, B, C, D, etc. Let the H. C. 
D. of A and B be represented by P, whence P contains all the factors common 
to A and B. Finding the H. C. D. of P and C, let it be called P'. P', therefore, 
contains all the common factors of P and G ; and as P contains all that are 
common to A and B, P' contains all that are common to A, B, and C. In like 
manner if P" is the H. C. D. of P' and D, it contains all the common factors of 
A, B, C, and D, etc. Q. E. D. - ^ ^ ^ 

Examples. — ' > .^- ■•' ' 

1. Find the H. C. D. of a;« 4- 11a; 4- 30, 2x^ 4- 21a; 4- 54, and 9x^ 
4- 6Sx^ - 9a; — 18. The H. C. D.i^x -\- 6. - 

2. What is the H. C. D. of 10a;« -f lOx^y^ 4- 20a;*y, llx^ 4- 2y8, 
and 4^/* 4- 12a;8y2 ^ /^x^y ^ i^xy^ ? 

1 ■ 
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SE0TI0N III. 

LOWEST OB LEAST COMMON MULTIPLE. 

13 !• Dbf. — In speaking of decimal numbers, the term Least Comnum 
MuUi/ple is correct, but not in speaking of literal numbers. For example, the 
numbers (a + 6)* and (a* — 6*) are both contained in {a + 6)* x (a — 6), and in 
any multiple of this product, as m{a + 6)* (a — b). But whether m{a+by (a—b) 
is greater or less than {a + 6)* (a — b) depends upon whether a is greater or less 
than &, and also whether m is greater or less than unity. In speaking of literal 
numbers, we should say Lowest Common Multiple, meaning the multiple of low- 
est degree with respect to some specified letter. 



132 » Prob. — To find the L, O. M, of two or more numbers. 
RULE. — Take the literal number of the highest degree, 

OR the LARGEST DECIMAL NUMBER, AND MULTIPLY IT BY ALL THE 

factors found in the next lower which are not in it. 
Again, multiply this product by all the factors pound in 

THE next lower NUMBER AND NOT IN IT, AND SO CONTINUE 
TILL ALL THE NUMBERS ARE USED. ThE PRODUCT THUS OBTAINED 
IS THE L. C. M. 

Dem. — Let A, B, C, D, etc., represent any numbers arranged in the order of 
Jheir degrees, or values. Now, as A is its own L. M., the L. C. M. of all the 
numbers must contain it as a factor. But, in order to contain B, the L. C. M. 
must contain all the factors of B. Hence, if there are any factors in B which are 
not found in A, these must be introduced. So, also, if contains factors not 
found in A and B, they must be introduced, in order that the product may con- 
tain C, etc., etc. Now it is evident that the product so obtained, is the L. C. M. 
of the several numbers, since it contains all the factors of any one of them, and 
hence can be divided by any one of them, and if any factor were removed it 
would cease to be a multiple of some one or more of the numbers. Q. B. D. 

1. Find the L. C. M. of {x^ - 1), {x^ - 1), and {x + 1). 

Solution. — The L. C. M. must contain x^ — 1, and as it is its own L. M., if it 
contains all the factors of the other two, it is the required L. C. M. The factors 
of x^ — 1 are (x — !)(«* + a? + 1). But this product does not contain the factors 
of («• — 1), which are (x + 1) (a; — 1). Hence, we must introduce the factor 
(x + 1), giving («' — \){x + 1), as the L. C. M. of a;* — 1 and «* — 1. Now, as 
this product contains the third quantity, it is the L. C. M. of the three. 

2. Find the L. C. M. of {a + S)S «« - *«, {a - by, and a^ 4- 3a«ft 
+ 3a^ + J8. 
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3. Find the L. C. M. of {x^ - 4), {x^ + 2), and («« - 2). 

4. Find the L. C. M. of (a* - 2a« + 1), (1 + a), {a - 1), and 4 

5. Find the L. C. M. of da^b^x^, bHax^ 87y3, and 9a^b^. 

6. Find the L. C. M. of (1 - 18a 4- Sla^), {dJ + 1) (1 - 3\/a), 

and (27a* - 9a ^ BVa 4- 1). 

ScH. — ^In applymg this rule, if the common factors of the two numbers are 
not readily discerned, apply the method of finding the H. C. D., in order to 
discover them. 

7. Find the L. C. M. of x^ -2aa;« + 4a«a5 — 8a», x^ + 2aa;« + 4a«a5 
+ 8a3, and x^ — 4a». 

Solution. — ^The L. C. M. of these numbers must contain «' — 2ax* + 4a*x 
— 8a' ; and as it is its own L. M., if it contains aU the factors of x^ + 2ax* 
+ 4a*x + Sa^, it is the L. C. M. of these two polynomials. But as the common 
factors of these numbers, if they have any, are not readily discerned, we apply 
the method of H. C. D., and find that x* + 4a* is the H. C. D. of the two. Since, 
then, x^ — 2ax^ + 4a^x — 8a "* contains the factor «* + 4a* of the second number, 
it is only necessary to introduce the other factor in order to have the L. C. M. of 
the two. Now, («* + 2aa;* + 4a*aj + 8a') -f- {«* + 4a*)=aj+2a. Hence, («'— 2aa:* 
+ 4a*« — 8a') (x + 2a) or x* — 16a* is the L. C. M. of the first two numbers, 
since it contains all the factors of each, and no more. Now, to find whether 
a?* — 16a* is a multiple of the remaining number, a?* — 4a*, or, if it is not, what 
factors must be introduced to make it so, we proceed in the same way as with 
the first two numbers. But our first step (or 117) shows us that x* —16a* is a 
multiple of a?* — 4a*. .*. x* — 16a* is the L. C. M. of the three given numbers. 



8. Find the L. C. M. of a;« - 3a: - 70 and x^ - 39a; + 70. 

9. Find the L. C. M. of a;8+ ic - 2, x^- a; - 6, and a;^ - 4a; 



+ 3.^ 



10. Find the L. C. M. of a^- ^a^h + 9a52- lOJ^ and a^+ 2a^b 
-3a52+ 20^3. - - 

11. Find the L. C. M. of a;^- 9a;»+ 26a; -24, x^- 10a;2+ 31a; 
— 30, and a;3 - lla;2 H- 38a; - 40. 

12. Find the L. C. M. of(a;4 -lOa;^ + 9j(a;* + lOa;^ +20a;» - 10a;-2l) 
and^* + 4a;3 - 22a;8 - 4a; + 21.) \ . ^.\ 
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CHAPTEE m. 

FRACTIONS. 



DEFINITIONS AND FUNDAMENTAL PRINCIPLES. 

133. A Fraction^ in the literal notation, is to be considered 
as an indicated operation in Division. 

134. ScH. — ^In the literal notation it becomes impracticable to consider 
the denominator as indicating the number of equal parts into which unity is 
divided, and the numerator as indicating the number of those parts repre- 
sented by the fraction, since the very genius of this notation requires that 

d 
the letters be not restricted in their signification. Thus in =r-, it will not d* 

to say, h represents the number of equal parts into which unity is divided, 
since the notation requires that whatever conception we take of these 
quantities should be sufficiently comprehensive to include all values. 
Hence I may be a mixed number. Now suppose ft = 4 J. It is absurd to 
speak of unity as divided into 4| equal parts. 

135. Cor. 1. — Since numerator is dividend and denominator 
divisor, it follows from {91 ^ 92 ^ 93) that dividing or multiply- 
ing both terms of a fraction does not alter its value ; thai, multi- 
plying or dividing the numerator multiplies or divides the value of 
the fraction ; and that multiplying or dividing the denominator 
divides or multiplies the fraction. 

136. Cor. 2. — A fraction is multiplied by its denominator by 
simply removing it. 

137* The terms Integer or Entire Number, Mixed Number, 
Proper and Improper, are applied to literal numbers, but not with 
strict propriety. 

Whether m + nia B.n integer, a mixed number, or a fraction, depends upon 
the values of m and n, whicb the genius of the literal notation requires to be 
understood as perfectly general, until some restriction is imposed. 

As a matter of convenience, we adopt the following definitions : 
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138. A number not having the fractional /onu is said to have 
the Integral Form; as m + w, 2c^d — ^a-^x + ^x^y^, 

139. A polynomial having part of its terms in the fractional 
and part in the integral form, is called a Mixed Number. 

140. A Proper Fraction^ in the literal notation, is an ex- 
pression wholly in the fractional form, and which cannot be expressed 
ill the integral form without negative exponents. 

By calling such an expression a proper fraction, we do not assert anything 

a 
with reference to its value as compared with unity. Thus -r- is a proper frac- 
tion, though it may be greater or less than unity. It may also be written 
ab-K 

141. An Improper Fraction is an expression in the frac- 
tional form, but which can be expressed iu the integral or mixed 
form without the use of negative exponents. 

142. A Simple Fraction is a single fraction with both 
terms in the integral form. 

143. A Compound Fraction is two or more fractions con- 
nected by the word of. 

This term is not generally applicable in the literal notation. Thus we may 

2 8 am 

write -^ of J with propriety, but not -r- of —, unless a and 6 are integral, so 

a 2 

that the fraction -r- may be considered as representing equal parts of unity, as o- 

does. If the word of is considered as simply an equivalent for x , the notation 
is of course, always admissible. But it is scarcely a simple equivalent. 

144. A Complex Fraction is a fraction having in one or 
both its terms an expression of the fractional form. 

145. A fraction is in its Lowest Terms when there is no com- 
mon integral factor in both its terms. 

146. The Lowe8t Common Denominator is the num- 
ber of lowest degree, which can form the denominator of several 
given fractions, giving fractions of the same values respectively, 
while the numerators retain the integral form. 

147» Reduction^ in mathematics, is changing the form of an 

expression without changing its value. 



Digitized by VjOOQ IC 



FRACJnONS. 43 

Eeductions. 
14:8. There are five principal reductions required in operating 
with fractions, viz. : To Lowest Terms, — From Improper Fractions 
to Integral or Mixed Forms, — From Integral or Mixed Forms to Im- 
proper Fractions, — To Forms having a Common De^iominator, — 
and from the Complex to tJie Simple Form. 

14:9 • Probm 1» — To rediece a fraction to its lowest terms, 
RULE. — Reject all common factors from both terms; or 

DIVIDE both terms BY THEIR H. C. D. 

Dem. — Since the numerator is the dividend and the denominator the divisor, 
rejecting the same factors from each does not alter the value of the fraction 
(01), Having rejected aU the common factors, or, what is the same thing, the 
H. C. D. (which contains all the common factors), the fraction is in its lowest 
terms (145). 

ScH. 1. — Since the H. C. D. is the product of all the common factors 
(109), the above process is equivalent to dividing both terms of the frac- 
tion by their H. C. D. Whenever the common factors of the terms are not 
readily discernible, the process for finding their H. C. D. (129) may be 
resorted to. 

ScH. 2. — The opposite process is sometimes serviceable, viz. : the intro- 
duction of a factor into both terms of a fraction, which will give it a more 
convenient form. It requires no special ingenuity to solve such problems, 
since, if the factor does not readily appear, it can be found by dividing a 
term of one fraction by the corresponding term of the other. 



y^ ^^an/. /^/ 



150. JProb* 2. — To reduce a fraction from an improper to an 
integral or mixed form. 

72 CTX^.— Perform the division indicated {133). 

151. Cor. — By means of negative indices {exponents) any 
fraction can he expressed in the integral form. 



1S2. Pvob. 8. — To reduce numbers from the integral or mixed 
to the fractional form. 

RULE. — Multiply the integral part by the given de- 
nominator, AND ANNEXING THE NUMERATOR OF THE FRAC- 
TIONAL PART, IF ANY, WRITE THE SUM OVER THE GIVEN DE- 
NOMINATOR. 
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Dbm. — In the case of a number in the integral form, the process consists of 
multiplying the given number by the given denominator and indicating the 
division of the product by the same number, and hence is equivalent to multi- 
plying and dividing by the same quantity, which does not change the value of 
the number. The same is true as far as relates to the integral part of a mixed 
form, after which the two fractional parts are to be added together. As they 
have the same divisors, the dividends can be added upon the principle that the 
sum of the quotients equals the quotient of the sum (94:). 



1S3» Prob. 4:.— To reduce fractions having different denomi- 
nators to equivalent fractions having a common denominator. 

RULE, — Multiply both terms of each eractiok by the 

DENOMINATORS OF ALL THE OTHER FRACTIONS. 

Dem. — ^This gives a common denominator, because each denominator is the 
product of all the denominators of the several fractions. The value of any (me 
of the fractions is not changed, because both numerator and denominator are 
multiplied by the same number (135). 

IS 4:. Cor. — To reduce fractions to equivalent ones having the 
Lowest Common Denominator^ find the L, C, M, of aU the denomi- 
nators for the new denominator. Then multiply both terms of each 
fraction by the quotient of that L, C, M, divided by the denominator 
of that fraction. 

ISS. Prob* S. — To reduce complex fractions to the form of 
simple fractions. 

R TILE. — Multiply numerator and denominator of the com- 
plex FRACTION BY THE PRODUCT OF ALL THE DENOMINATORS OF 
THE PARTIAL FRACTIONS FOUND IN THEM; OR, MULTIPLY BY THE 
L. C. M. OF THE DENOMINATORS OF THE PARTIAL FRACTIONS.* 

Dem. — This process removes the partial denominators, since each fraction is 
multiplied by its own denominator, at least, and this is done by dropping the 
denominator. It does not alter the value of the fraction, since it is multiplying 
dividend and divisor by the same quantity. 



Addition. 
156. Frob. — To add fractions. 

R TILE. — Eeduce them to forms having a common denomina- 
tor, IF they have not such forms, and then add the numera- 
tors, AND WRITE THE SUM OVER THE COMMON DENOMINATOR. 

* The papil is Bnppoped to have obtained sufficient knowledge of fractions in common arith- 
metic to perform these operations. 
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Dbm. — ^The Induction of the several fractions to forms haying a common denomi- 
nator, if they have not such forms, does not alter their values (135), and hence 
does not alter the sum. Then, when they have a common denominator (divisor), 
the sum. of the several quotients is equal to the quotient of the sum of the sev- 
eral dividends divided by the common divisor, or dencuninator (94). 

157 • Cor. — Mcpressions in the mixed form may either be reduced 
to the improper form and then added, or the integral parts may he 
added into one sum^ and the fractional into another^ and these results 



Subtraction. 
IS 8. Prob. — To subtract fractions. 
RULE, — Eeduce the fractions to forms having a common 

DENOMINATOR, IF THEY HAVE NOT SUCH FORMS, AND SUBTRACT THE 
NUMERATOR OF THE SUBTRAHEND FROM THE NUMERATOR OF THE 
MINUEND, AND PLACE THE REMAINDER OVER THE COMMON DENOMI- 
NATOR. 

Dem. — The value of the fractions not being altered by the reduction, their dif- 
ference is not altered. After this reduction, we have the difference of two quo- 
tients arising from dividing two numbers (the numerators) by the same divisor 
(the common denominator). But this is the same as the quotient arising from 
dividing the difference between the numbers by the common divisor (95). 

lS9m Cor. — Mixed numbers may be subtracted by annexing the 
subtrahend with its signs changed^ to the minuend, and then combining 
the terms as much as may be desired. The reason for the change of 
signs is the same as in whole numbers (71)* 



Multiplication. 

160. Frob. 1. — To multiply a fraction by an integer. 

RULE. — Multiply the numerator or divide the denomi- 
nator. 

Dem. — Since numerator is dividend and denominator divisor, and the value of 
the fraction is the quotient, this rule is a direct consequence of {^2^ 93). 

161m JProb. 2. — To multiply by a fraction. 

RULE. — Multiply by the numerator and divide by the 
denominator.* 

* It is aBsnmed that the pupil knows how to divide a firaction by an integer, from his study 
of arithmetic Nevertheless the problem will be lutroduced hereafter for the purpose of famil- 
iarUing the pupil with the literal operatioue. 
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Dem. — Let it be required to multiply m, which is either an integer or a frao< 
tion, by -. 

1st. Suppose a and h are both integers. Multiplying mhj a gives a product 
h times too large, since we were to multiply by only a 6th part of a ; hence we 

divide the product, am, by 6, and have -r-. 

2d. When either a or 6, or both, are fractions. Let c be the factor by which 

d Of 

numerator and denominator of r must be multiplied to make ^ a simple frac- 

ac 
he 

and the multiplication is effected as in Case 1st, giving -^— . This reduced by 

dividing both terms by c gives -v-. Hence we see that in any case, to multiply 

by a fraction, we have only to multiply the multiplicand by the numerator of 
the multiplier, and divide this product by the denominator. It is also to be ob- 
served that this reasoning applies equally well whether the mvXtiplicand is inte- 
gral or fractional. 

162. Cob. — To mvUiply mixed numbers^ first reduce them to im- 
proper fractions. 

Division. 

« 

163. JPvob. 1. — To divide a fraction by an integer. 

RULE. — Divide the numerator or multiply the denomi- 
nator. 

Dem. — Since numerator is dividend, and denominator divisor, and the value 
of the fraction the quotient, this rule is a direct consequence of {92, 93). 

164. Prob. 2. — To divide by a fraction, 

R ULE. — Divide by the numerator and multiply the quo- 
tient BY THE denominator. Or, WHAT IS THE SAME THING, 
invert the terms of the DIVISOR AND PROCEED AS IN MULTIPLI- 
CATION. 

Dem. — The correctness of the first process appears from the fact that division 
is the reverse of multiplication, and, hence, as we multiply by the numerator 
and divide by the denominator in order to multiply by a fraction, to divide by 
one we must dimde by the numerator and multiply by the denominator. 

The process of inverting the divisor and then multiplying by it is seen to be 
the same as the other, since this multiplies the dividend by the denominator of 
the divisor and divides by the nunaerator. 

Again, tliis process may be demonstrated thus : Inverting the divisor shows 
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how many timea it is contained in 1. Then if the given divisor is contained so 
many times in l,it will be contained in 5, 5 times as many times ; in }, f as many 
times ; in aoi^, ax' times as many times ; or in any dividend as many times the 
number of times it is contained in 1, as is expressed by that dividend, whether 
it be integral, fractional, or mixed. (The author prefers this demonstration.) 

ScH. 1. — Since to multiply one fraction by another we may multiply the 
numerators together for the numerator and the denominators for the denomi- 
nator, and since division is the reverse, we may perform division by dividing 
the numerator of the dividend by the numerator of the divisor, and the de- 
nominator of the dividend by the denominator of the divisor. 

This method will coincide with the others when tJiey are worked by per- 
forming the operations by division as far as practicable, and this is worked 
by performing the multiplications equivalent to the divisions when the latter 
are not practicable. 

16S. Cor. — The reciprocal of a quantity being 1 divided by that 
quantity, the reciprocal of a fraction is thefractiorh inverted. 

Gbnekal Scholium. — In both multiplication and division of fractions, or by 
fractions, all operations which can be performed by dividing should be so per- 
formed, in order that the result may be in its lowest terms. 



Signs of a Fraction. 

166. In considering the signs of a fraction, we have to notice 
three things, viz. : the sign of the numerator, the sign of the denomi- 
nator, and the sign before the fraction as a whole. This latter sign 
does not belong to either the numerator or denominator separately, 
but to the whole expression. 

A/T .^ Red 
Thus, in the expression — j-^, in the numerator the sign of 4a is +, 

and of 5cd is — . In the denominator, the sign of 2a; is +, and of 4y* + also. 
The sign of the fraction is — . These are the signs of operation (50). 

167 • The essential character of a fraction, ei.^ positive or 
negative, can be determined only when the essential character of all 
the numbers entering into it is known. It may then be determined 
by principles already given (78, 97). 
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Examples. 
1. Reduce the following fractions to their lowest terms : 

1210a3*8y*' bba^af 2^ab^(r ' ^ "* ^*' 12m*n* + 24mw3 + 12w*' 
a;~4 _ y-4 ^ gg} — j < g* — 33? — 4 ^ 3a -f 3gy 1 3g» -f 12a; + 9 ' ^ 

aj-i — y"i' 1 + aV^' x* — 4x — 6' U^^U^n^' a;» + 5a;3 + 6 ' 

// N>;X '32 1 y 

6a;g-3a;-45 (1 fa;)' fl^p-<?+'^r^.^f J2^3^3 + 2 3a;«-f 2a;g-8a; -v 

6a;8 + 19a;4:10' (1-^^"' ^.p+xj,+,^^'|a^^^^ ^^ 

2a;^- a;^- 9:gg ^ lSx-5 \ 2ab^ + ah^ - Sab+6a a;»- 8a;» +21a;--18 
7a;3-19a;2+17a;-6 /^l 7b^-12b^+bb ' 3a;3-16a;«H-21a; ' 
16a;* - 53a;« + 45a; + 6 V : ^^ ^^ 



8a;* - 30a;3 + 31a;8 - 12 

/ 

2. What factor will change -^^—^ to '^, _ ^^ ? 

a* + a^x+ a^x^ + aa ;» + x^ a^ — x^ ^ x^ + jx^ + fa; 4- 1 , 

ST^: ^""^^^^^ ix^-i ^1^^^ 

4£«_--^J-_4 ^ 6jf?* - 12;py« - ^p^q + 12(7* ^^ gP/^^ ~ ^^'1 -y^ ^^^ 

/ > ' ' ) ) 

^ , 1 a;* + 14a;8 + 27 ^ wi» + w« + 2m7^ ^ x — y ^ 

3. Eeduce ^ , r-— j ^, ^ , ^ -y 

1—x a;* + 4 w + w 

l^^io 2 g* + 4gga; + 6a«a;g + 4ga;a + a;* >fc xr ^ 
TTT' 2^' . a3 -h 3a«a; + 3aa;2 + a;3 ' l-a;"' 

-^j-- to integral or mixed forms. 

a'^^ + tm ° 

4. Express ^^3^,. (n + m)-' FW^' ^^^ a;--(a - 6)^ 
in the integral form. 

X 

5. Reduce the following mixed to fractional forms : 1 + ^-— - 

, ^ , ^ 14a«ft + 12a^b^ - 3a5 / , , ^ 4a; - 4 '^ 
1 + 7« ^ 6a5 ^ , 1 + 2a; ~, 

, Sa^b 4- 2^52 -b^ ^ 5« + c8 - a2 , . 1 - a; . 

^-^ + a^ - ^2 ' '^ 2^; '^^^^-^-IT^- 



X 

x' 
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6. Reduce ||, ^, g, ^, and ^| to forms having a C. D. 

7. Eeduce , , and —z to forms hayinff a C. D. 

X a a* + a;* ° 

8. Reduce , -y-| jtt, , and to equivalent 

fractions having the L. C. D. 

9. Reduce , z r^, and 7 — to equivalent frac- 

tions having the L. C. D. 

1 -4- a;* (1 x)^ 

10. Reduce 77-- — r^ and ^ ^ to forms having the L. C. D. 

11. Reduce — ^, — r, — j— ; — -, and —r- z to forms havmg the 

L.O.D. 

12. Reduce ~, - — — -., and r-5 — ^ to forms having the L. C. D. 

dx dx + 4 9a;« — 16 ^ 

13. Reduce the following complex fractious to simple ones : 
- J "x a c m^ + n* 

a . |a» - ^t ,3 b^d ^ n ~^ . 

x^y f^h 



c 



-iA Ajj^ ^^ j» X'—l j7 — a; 1 , 1 

14. Add -, -, rj, and :-r ; —f^ and -7^.-- ; ^ -5 and 



^,g, ^, «,x.^^^, ^ ..X... ^jj 'l-a;« l + a;«' 

a + h ^ a — h — 2c'^ 2 -" , ■ 3 

-o— aii^ n ; ^a . ^2 . ^ ■ -, and 



2 '^ . a;3 + a;8 + X + 1 a;^ _ a;^ + a; — 1 ' 

a — b c — a , t — g ^ 1 a: + 1 , x^ -f a; + 1 1 

"W "^' ^^^ ""^^ iT3' a;8-3a; + 9' ^^"^ "^^ + 27 ^ a ^b' 

1 ^ 2a 

— --T, and r Ti- 4 

a 4- a a» — i* 
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16. Add -, — 7 -, and — , . ^ ; ^r- ; — r and = ; — r ; 

17. Add 7 — ; — r-7 — --jr and 7 — ; — r-7 — ; — x ; 5 — =§ and 

(a + c) (a -h d) (u •¥ c) {a -^ e)' Smy^ — x 

y - ^mpy^ . a; y ^^^ ^' v^ ^ e^ ^ ^ ' 

(3wy2 — x)« ' y* a; + y' x^ + xy ' ^ 

18. Add ^,,^.,-g- 'and ^'^ -/>* +/f " -)'; (^^ - ^. 

(a — b\b — cj(c — aO (a — ^) (^ — c) {c — a) 

19. From -^ take -^; from ^±±P^ take ^^^ ; 

ic — 3 X + Z ah ah ^ 

from s take 



X - 7 a; - 3* 



/^--- '^ 



20. From 7a: - ^^^^ take x - ^^ from ^^^±4^ take 

da 

21. From -rr^. - ..."^ ,. take ^^ 



2 (a; + 1) 10 (a; - 1) 5 (2a; + 3)' 

00 HT IX. 1 4a: + 12 , 14« a:^ - J« a:^ -f Z'^ a-h 

22. Multiply-^- by 3^-^; ^^-^^ by -^— ^s ^^^ 

, a + 6y a — aj.a + y ^.t.^.I a^2_^2a:— 3, 

4^g - 12:(: - 40 
Wx'^ -TSt 4- 15* 
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23. Multiply 551^ by 4c; -^ar' hj ix»; -glj by 
-mi-' r^^byl-aa^ + a..; ^ ^^ -^^-^ jpr by 1=^.. 

o4 TIT u- 1 «* - 2a;* + 1 x^ -1 o- + J' - 2c" , ,, 

24. Multiply -J J J by — ; a'-/^-' ^^ ^^'^ 

r + r + r + 1 r - 1 

reciprocal of ?^lp#^; (^ + !)(/.+ ^^) by (i - |j; ^-J+i 

^ (a;« - y*)* + (a;« + y*)* ' (« + !)« ^ («« - a)*' 

25. Multiply together --7 — > — r^> a^id 1 + 1 • 

^•^ ° 1 + y X -\- X* I —X 

r 

26. Multiply a;« — a; + 1 by a;-« + a;-^ + 1 ; 1 ^ by 

a — 
27.Dmde^by_; _j-jbym%«; -^ by m-n"* ; ^ 
by^.= ^ 




28. Divide by llm»7i *y V ; ^ _ ,^^^ by 1 + 9a* ; 



i 

29. Divide —- — by X — a\ — --^ by ^ ^ „, ; ( J by 

l + ^v-'V^ a.-+2^ -^Sfl^-fB^' Va x) ^ 

{a + x)* ^ f a;^ ^ 1 — a; \ / a; l^a^ \. (c—b c ^—l^ \ 

ax ' \l-¥x^ a;y^U + a; x ) ' \c^-b c^ -{-b^J 

30. Divide m*- n-* by m + 1; ^ ".f,^ by -=^; a«-^« 

•^a + i-c'Vx + y yJ ^ \ y x + yj 
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31, Divide i2-±li 

•Zxy 



1 + 



{^-y) 




32. Divide '^^Ll^l^ti^ by ^ 



^:,V^^ «*+^*\a^^^..\ 



33. 



^^^^^« 3^+ *V+ f- ^""'^T v^i-J + F J- 



K-y^ 



34. Free , , , , — r^^— , , ^ > \.^ . ,,-0 and a-»J 
4- b-^a of negative exponents. 'jz-i -v 

35. What is the reciprocal of — = — -, 1 17=7 I > r 9 and 



3 (m — w)"* 



36. Is the fraction — ^-r — j^ essentially positive, or negative, 
when a, 7n, x, and y are each negative ? 

Solution. — Since (— a)* = a*, 4a* is essentially positive. Since (— mX— a;) 
= »7iaj, the term Qmx, in itself, is positive, and the numerator becomes 4a* 

— (+ 2mx), or 4a* — ^mx (72)» Now, whether 4a* — dmx gives a + or a — 
result, depends upon the numerical values of a, m, and x. If 4a* > Smx, 4a* 

— 3wm; is + ; but, if 4a* < Smx, 4a* — Smx is — . Again, since (— a;)* = — a?"*, 
the first term of the denominator, 2x'^, is essentially negative. And since 
(— y)* = y*, the term 4y* is essentially positive and the denominator becomes 

— 2a;' + ( + 4y*), or —2a;' + 4y*. Whether this is + or — , depends upon the 
relative values of x and y. If we suppose 4a* > dmx the numerator becomes +, 

and if 2a;' be greater than 4y* the denominator becomes — , and we have , 

which gives a positive result. 

37. What is the essential sign of r-^ 7-5 when a= —1, J=2, 

^ abxy — 4 

X = —3, and y = — 4? 

38. What is the essential sign of ^ __ T^ ^, when a = — 3, 

J = — 8, m = — 1, and y = 1 ? 
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39. What is the essential sign of ^^ — ^, when a= -32, 

— am' — 5i*«i* 
h = —2,m= -8, andz=— 2? 

40. Simplify L_ ^ _L_ _ 1 

a - a; g - y (a - a;)' {n - y)» O-k-jj^ cu (a- a/ 

T- !'^-^-(Oc-x] 

,. _ „ ,„ -.,. ,„ _ „. (. _.,^g^_ ^^^^t^,^^j ^^ 



l + i^i a + *-c 

Jc ca a* ^ ^ cx C- ^ 

^ (»c — 



a + 



^ -^ V 



• * f k^"- - -^^ '-- /^i?5-- 1 ■ "«!' 



o — 



{a* - b*). 



0M-.43.T:l 



-J 



Ol. -t-. 






a 



o>-- 



4- 



/•- 












o< 



^"; 



O^ i a. ^ + .^- 



- C3U "^-^ ;;,. L .. L 



i 



CC 



-h fr 



X ^ 






(X- 









N-t 













r. 
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OHAPTEB IV. 

JPOWEBS ANn BOOTS. 



SECTION I. 

INVOLUTION. 



Definitions. 

168. A Power is k product arising from multiplying a number 
by itself. The Degree of the power is indicated by the number 
of factors taken. 

ScH. — ^It will be seen that a power is a species of composite number in 
which the component factors are equal. 

169. A Root is one of the equal factors into which a number is 
conceived to be resolved. The Degree of the root is indicated 
by the number of required factors. 

170. An jEJxponent or Index is a number written a little 
to the right and above another number, and 

Isi If a Positive Integer, it indicates a Pmaer of the number; 

2d. If a Positive Fraction, the numerator indicates a Power, and 
the denominator a Root of the number ; 

Si. If a Negative Integer or Fraction, it indicates the Reciprocal 
of what it would signify if positive. 

ScH. — ^It is obviously incorrect to read 4* **the f power of 4." There is 
no such thing as a 2-fifths power, as will be seen by considering the defini- 

m m 

tion of a power. Read 4% ** 4 exponent | ; " also a*, **a exponent ^ ; " o " , 

**a exponent — ^." These are abbreviated forms for, **o with an exponent 

— ^," etc. In this way any exponent, however complicated, is read without 
difficu^cy. 
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171* A Rddical Number is an indicated root of a number. 
If the root can be extracted exactly, the quantity is called Eatiojuil; 
if the root cannot be extracted exactly, the expression is called Irra- 
tionaly or Surd. 

172. A Root is indicated either by the denominator of a frac- 
tional exponent, or by the Radioed Higriyy/. This sign used 
alone signifies square root. Any other root is indicated by writing 
its index in the opening of the v part of the sign. 

173. An Imaginary Quantity is an indicated even root 
of a negative quantity, and is so called because no number, in the 
ordinary sense, can be found, which, taken an even number of times 
as a factor, produces a negative quantity. 

Thus V — 4 is imaginary, because we cannot find any factor, in the ordinary 
sense, which multiplied by itself once produces — 4. Neither + 2 nor — 2 pro- 
duces — 4 when squared. For a like reason V — 3a*, V — 5a?, or ^— 140xy* 
are imaginaries. 

174. All quantities not imaginary are called Real 

175. Similar Radicals are like roots of like quantities. 
Thus 4\^5a, 3icv/5a, and (a* — x*Wba are similar radicals. 

176. To Rationalize an expression is to free it from radicals. 

177. To affect a number with an Exponent is to per- 
form upon it the operations indicated by that exponent. 

178. Involution is the process of raising numbers to required 
powers. 

179. Evolution is the process of extracting roots of numbers. 

180. Calculus of Radicals treats of the processes of re- 
ducing, adding, subtracting, or performing any of the common 
arithmetical operations upon radical quantities. 



Involution. 

181. Frob. 1. — To raise a number to any required power, 
RULE. — Multiply the number by itself as many times, less 

ONE, AS THERE ARE UNITS IN THE DEGREE OF THE POWER. 

182. Cor. — Since any number of positive factors gives a positive 
product, oM powers of positive monomial are positive, Again^ 
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since an even number of negative factors gives a positive product^ 
and an odd number gives a negative product, it follows that even 
powers of negative numbers are positive, and odd powers negative. 

183. JProh. 2. — To affect a monomial with any exponent, 
RULE. — Perform upon the coefficient the operations 

INDICATED BY THE EXPONENT, AND MULTIPLY THE EXPONENTS OF 
THE LETTERS BY THE GIVEN EXPONENT. 

Dms.. — Ist. When the exponent by which the monomial is to be affected is a positive 

n 

integer. Let it be required to affect 4a"'6^ x- ' with the exponent p; or in other 
words raise it to the pth power, p being a positive integer. The pth. power of 

4a**b^ X-' IB 4a'^V X-' x 4a^b^ x-' x 4a^b^ x-' to p factors. But as 

the order of the arrangement of the factors does not affect the product (77), 
this product may be considered as, p factors each 4, into p fkctors each a", into p 

factors each ft*", into p factors each a?-*. Now p factors each 4 give 4? by definition. 
p factors each a™ are expressed a^'^, since «'» is m factors each a, and p factors con 
taining m factors each, make in the whole pm factors, or oP"^. Again, p factors 

each b^ are expressed b^^ since b^iBn factors each b^^ and p factors, containing 7% 

i €? 1 11 

factors each, are pn factors each 6*", or b ^ . And since aj-«= — ,i) factors, or — x -• 

Of iff Xi 

X -; - - - to p factors make -— , as fractions are multiplied by multiplying 
numerators together for a new numerator and denominators for a new denomi- 
nator, and of X x^ X of - - ' top factors are x^*. But — = a;-*»». Hence collect- 
or 
? €? 

ing the factors we find that (4a'"&'^a?-')^ = 4paP^b^ x-'*, Q. b. d. 

2d. When the escponent is a positive fraction. Let it be required to affect- 

« n 

r" P — 

4a^b a?-*, with the exponent — . This means that 4a^b^x-' is to be resolved 
into q equal factors and p of them taken. Now, if we separate each of the f ac- 

n 

tors of 4a7^b^ X-' into q equal factors, and then take p of each of these, we shall 

have done what is signified by the exponent ^. 

Q 
1 . 

By definition, 4 " represents one of the q equal factors of 4. 

To obtain one of the q equal factors of a»», we take one of the q equal factors 
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of a from, each of the m factors represented. But one of the q equal factors of 

1 m 

a is represented by a ' , and m of these is a* by definition. 

n • 

To separate b^ into q equal factors, we notice that b^ is n of the r equal fac- 
tors of b. Now, if we resolve each of these r factors into q equal factors, b is 
resolved into rq equal factors ; doing the same with each of the n factors repre- 
sented, and taking one from each set, we have b resolved into rq equal factors 

— * 

and n of them taken ; that is 5*^ is one of the q equal factors of & "^ , 

To resolve aj-»= — into q equal factors, we consider that a fraction is 

resolved by resolving its numerator and denominator separately. But one of the 

« 
q equal factors of 1 is 1 ; and one of the q equal factors olafiBS^SLB seen in the re- 

1 1 -- 
solution of a*. Hence one of the q equal factors of «-• or JL ia~l = x ' . 

a?' 

« 

Collecting these factors we find that one of the q equal factors of 4a«6'"«-» is 

4«a«6«'"2j «. And finally p of these being obtained according to Case 1st, gives 

4« flfi 59»vj. g ^ as the expression for 4a^^ «-* affected with the exponent P; which 

q 
result agrees with the enunciation of the rule. 

8d. When the exponent m negative and either integral or fractional. Let 

n 

it be required to afi^ect ia'^b^x-* with the exponent — f. This by the definition 
of negative exponents, signifies that we are to take the reciprocal of what the 

j» 
expression would be if ^ were positive. But 4a*6*'aj-» affected with the exponent 

in 

t (positive) is 4:*a^yx-^ by the preceding cases, whether t is integral or frac- 
tional. The reciprocal of this is ^ . But since these factors can be 

4:W^bVx-^ 
transferred to the numerator by changing the signs of their exponents, we have 

-'* - 

^-tfj^-tmjf" rjjrf*^ as the result of affecting ia'^b^x^* with the exponent —t, which 

result agrees with the enunciation of the rule. 



18 4, Frob. 3. — To ea^nd a binomial affected with anyexpo- 
nent, 

RULE. — This bulb is best stated in a fobmula. Thus, 
LET a, J, AND m be any numbebs whateveb, positivb oa 
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NEGATIVE, INTEGRAL OR FRACTIONAL, THEN WILL (a + J)* REPRE- 
SENT ANY BINOMIAL, AFFECTED WITH ANY EXPONENT, AND 



{a + hY = a" + mar-^h + "^^^^ J^ oT 

1 • 4 

+ 1 • 2 • 3 "* ^ 



-2J2 



m(m^l){m-%){m^Z) 
■^ 1 • 2 • 3 • 4 ^ ^ 

fn(m~l)(m~2)(m~3)(m~4) 
-r- 1-2-3-4-5 ««^, 4-etc. 

This is the celebrated Binomial Formula, or Theorem. Its demonstra- 
tion will be found in the subsequent part of the work. At this stage of his 
progress the student should learn the formula and become expert in applying it. 

185. Cor. 1. — The expansion of a binomial terminates only when 
the exponent is a positive integer^ since only when m. is a positive 
integer will a factor of the form m(m — 1) (m — 2) (m — 3), etc.^ 
become 0, as is evident by inspection, 

186. Cor. 2. — When m is a positive integer^ that is when a bino- 
mial is raised to any power, there is one mo)'e term i7i the develop- 
ment than units in the exponent. 



Since the first coefficient is 1 ; the 2d, m ; the 3d, '"^" ^ ; the 4th, 

•w(m--l)(m — 2) ^, erxi. wi(m — 1) (m — 2) (w — 3) , ^. \, ^ ^, 

'-^— jr — '-^^ ' ; the 5th, —^ — k- ^ — -^ -. etc., we notice that the 

last factor is m — (the number of the term — 2) ; and the number of the term, 
therefore, which has m — m as a factor is the (m + 2)th term. But this is 0. 
Hence the (m + l)th term is the last. 

187. Cor. 3. — When m is a positive integer ^ the coefficients equally 
distant from the extremes are equal. 

Thus (a + 6)* = (6 + a)"; the former of which gives a" + wa"*-*6 + 
m{m-l) ^^_^^^ ^^^^ ^^ ^^^ j^^^^ 5-.^.,,i5«-Ja4.^?(^Zll)5«-8«8^.^etc. 

Whence it appears that the first half of the terms and the last half are exactly 
symmetrical. 

188. Cor. 4. — The sum of the eaponents in each term is the same 
as the expo7ient of the power. 

ScH. — ^The last two corollaries apply to the form (x + y)*, and not to such 
forms as (2a' — 35*)*, after the latter is fully expanded. 
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189. Cor. 5. — A convenient rule for toritinff out tJie powers of 
binomials may be thus stated: 

1st, There is one more term in the development than there are 
iinits in the exponent of the power, 

2d. The first contains only the first letter of t/ie binomial^ and the 
last term only the second^ while all the other terms contain both the 
letters. 

Sd. The exponent of the first letter of the binomial in the first term 
of the development is the same as the exponent of the required power 
and DIMINISHES by unity to the right, while the exponent of the 
second letter begins at unity in tJie second term of the expansion and 
INCREASES by unity to the right^ becoming^ irt the last term^ the same 
as the exponent of the power. 

Uh. The coefficient of the first term of the expansion is unity ; of 
the second, the exponent of the required power ; a^idthat of any other 
term m,ay be found by midtiplying the coefficient of the preceding 
term by the exponent of the first letter in that term, and dividing i 
product by the exponent of the second letter + 1. 



*eced%ng 
ling th^ 



190. Cor. 6. — If the sign between the terms of the binomial is 
minus, as {^ — b)", the odd terms of the expansion are + and the 
even ones —. This arises from the fact that the odd terms involve 
even powers of the second or negative term of the binomial, and the 
even terms involve the odd powers of the same. 



■f 



Examples. 

1. What is the square of Sa^ ? Of -^a^z ? Of |a;~i ? Of -^^x ? 
Of2iVa;? OfiV2? Of - ^ ? 

2. What is the square of 1 — a; + a;^ ? Of 2a — 3a;3 ? 

3. Expand the following: {Z—^x—x^) , {^x^—\) , {x—y-{-z) , 
{l-x^)\ {x^-y^). 

4. Affect ^a^2^ with the exponent 4 ; ^a^x^ with the exponent 2; 

a^x with the exponent — m, with the exponent ^, |; bx^y with the 
exponent f , ^, — 3. 
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5. Perform the following operations and explain each as a process 
of factoring, according to (Dem.I«3): (125a%3)t (64a«a;)* 

6. Expand the following by the Binomial Formula: (x + yy, 
{x-yY, (3a»~a:)3, {x + yY\ {x-yY^, (5 + 2:«)* {x^-a^)^, 
(1.,.)., V^TZOT, _2_^, _4_, (,.+ ,,.)i 

77^ree results. 

^•4 2*4*6 ' 

. • = (1 - ^^y^ = 1 4- ia:« +|aJ* + -fjiX^ + ^tc8 +, etc. 

V 1 — x^ 

7. Write out by Cor's. 5 and 6, the expansions of the follow- 
ing: (a + J)«,(a-J)%(a«-62)8, (a;*-«^*)S (a«+y«)«, (a;"*-y-)*. 

^ , ' :.. ^^ SECTION II. 

EVOLUTION. 

Jf9i. Proh. 1. — ^0 extract any root of a perfect power of that 
degree. 

BULK — Eesolvb the number into its prime factors, and 

SEPARATE THESE INTO AS MANY EQUAL GROUPS AS THERE ARE 
units IN THE DEGREE OF THE ROOT REQUIRED; THE PRODUCT OF 
ONE OF THESE GROUPS IS THE ROOT SOUGHT. 

192» ScH. — The sign of an even root of a positive number is ambiguous 
(that is + or — ), since an even number of factors gives the same product 
whether they are positive or negative (79, 80), The sign of an odd root is 
the same as that of the number itself, since an odd number of positive factors 
gives a positive product and an odd number of negative factors gives a 
negative product (80, 81), 

193. CoR. 1. — TTie roots of monomials can he extracted hy 
extracting the required root of the coefficient and dividing the expo- 
nent of each letter hy the index of the root^ since to extract the squaft 
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root is to affect a number with the eaponerU ^^ the cube root \^ the Jith 
root 1, etc. {183). 

194:. Cor. "Z^—Ths root of the product of several numbers is the 
same as the^product of the roots. 

Thus, Wdbcx — Va • Vd • Vc • V«^ since to extract the iwth root of abcxD 

we have but to divide the exponent of each letter bj m, which gives, 

J. L i 1 _ _ __ 

a^lf»(^jm^ or Va • Vd • Vc • Vaj. 

195. Cor. 3. — The root of the quotient of two numbers is the same 
as the quotient of the roots. 

Thus, i/ — is the same as —, since to extract the rth root of — we have 

but to extract the rth root of numerator and denominator, which operation 

1 



is performed by dividing their exponents by r. Hence >*/ — t 



»7 'v^ 



Examples. 

1. Extract the square root of each of the following numbers by 
resolving them into their factors, i. e. by (191) : 222784 ; 21316 ; 
and 5499025. 

2. Extract the square root of each of the following, as above: 
81a*a;-V« , a^c^ +2aHc^ +a^b^c^, m^-2m^x-\-m^x*. 



3. Extract as above: V25a*^, y 64a"«a;^, y 49iry% Vl44a*m«, 



4/^^' V^^^ ^y^y V'laSm'a;!*, ^I7282;«y*, ^/-^32a^^y'K 

4 Solve exercises 2 and 3 also by (193)- 
. 5. Show as in (194) that ^8 x 27 = ^^x^27; also that 
V^= ^C^- X f 6-. ^ __ ^^ ,y , 

6. Is Va±T= V^±V^? Is j/|=4? Is V^=VaVb? 

Why does the reasoning in the cases which are fcrue not apply to the 
others ? State the true propositions ; also the false assumption. 

ScH. — ^The extraction of roots by resolving numbers into their factors 
according to this rule, is limited in its application for several reasons. In 
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the case of decimal numbers we can always find the prime factors by trial, 
and hence if the number is an exact power, can get its root. But in case 
the number is not an exact power of the degree required, we have no method 
of approximating to its exact root by this rule, as we have by the common 
method already learned in arithmetic. In case of literal numbers the diffi- 
culty of detecting the polynomial factors of a polynomial is usually insuper- 
able. Hence we seek general rules which will not be subject to these 
objections. 



196. Proh. 2. — To extract roots whose indices are composed of 
tJie factors 2 and 3. 

Solution. — To extract the 4th root, extract the square root of the square root. 
Since the 4th root; is one of the 4 equal factors into which a number is conceived 
to be resolved, if we first resolve a number into 2 equal factors (that is, extract 
the square root) and then resolve one of these factors into 2 equal factors (that 
is, extract its square root) one of the last factors is one of the 4 equal factors 
which compose the original number, and hence the 4th root. In like manner 
the 6th root is the cube root of the square root, etc. 



191 • Prob* 3. — To extract the vath {any) root of a number. 

Solution. — Instead of giving in detail the demonstrations of the processes for 
the extraction of roots, we assume that the student is familiar with the subject 
as presented in common arithmetic,* and propose here to show him how to see 
a rule for the extraction of any root of a decimal number, and of a polynomial, 
in the expansion of a binomial. Thus 

For the 

Square root {a + &)* =a* + (2a + h)b gives the rule ; 

Cube " (a+&)»=a3 + (3a«+3«6 + &«)6 " " " 

Fourth " (a + &)*=a* + (4a» + 6a«& + 4a6«+63)& " " " 

Fifth " {a + by =a« + (5a* + XQa^h + 10a«6« + Sod^ + 6*)& " " " 

etc., etc., etc. • 

In all cases a represents the part of the root already found, and h the next 
figure or term of the root ; observing that in decimal numbers, a is tens with 
reference to h. 

The method of pointing off decimal numbers into periods, and the reason, 
are shown for the square and cube root in common arithmetic ; and the same 
reasoning extends to other roots. 

A polynomial must be arranged as for division, since this is the form which 
a power takes when the root is similarly arranged. 

The solution of a few examples will familiarize the student with this method. 
* The whole Bubject is folly presented in the Complstb School Algebua. 
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Examples. 
1. Extract the square root of 7284601. 



SOLUTION. 

The formula is {a + 6)* — a* + (2a + h)h. 
At first a* = the greatest square m 7. /. a = 2. 



2a = 2(20) = the Trial Divisor 40 

/. 328 -s- 40 = 8 is the probable* second root figure. 

(2a + &) = 40 + 8 is the True Divisor if 8 is the second root 
figure. But 48 X 8 = 384. :•. 8 is too large. We will try 
6 as the second root figure _6 

Whence (2a + &) = the True Divisor 46 



276 



Naw, 2a = 2(260) = the Trial Divisor 520 

.*. 5246 -i- 520 = the probable next root figure 9 

(2a + &) = 520 + 9 = the True Divisor 529 



5246 



4761 



Again, 2a = 2(2690) = the Trial Divisor 5380 1 48501 

.'. 48501 -+■ 5380 = the probable next root figure 9 i 

(2a + &) = 5380 + 9 = the TV^e Divisor 5389148501 



2. Extract the cube root of 99252847. 

SOLUTION. 

The formula is (a + b)^ = a^ + (3a* + 3a6 + b*)b. 



At first a' = the greatest cube in 99. 



. a 



= 4. 
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8a* = 3(40)* = the Trial Divisor 4800 

/. 35252 -+■ 4800 = 7, the probable next root figure. 
(3a* + 3a6 + 6*) = 4800 + 840 + 49 = 5689, the True Divisor 
if 7 is the next root figure. But, as this does not go 7 
times in 35252, 7 is too large ; and we try 6. 
How, the corrections to be added to the trial divisor to make 

the true divisor, are dab = S (40) 6 = 720 

and &*=(6)* = 36 



Hence the true divisor is 5556 



35252 



New Trial Divisor, 3a* = 3(460)* = 634800 

_, _ \3ai = 3(460)3 = 4140 

Corrections: -j ^g^^gj J ^ ^ 

True Divisor 638949 



1916847 



1916847 



* The new root figure cannot be larger than this qnotiont. It is often not so large, and the 
probability of its being considerably less increases with the degree of the root we are extracting. 
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3. Extract the 5th root of 36936242722357. 

SOLUTION. 

Formula : {a + hy = a» + 5a*6 + 10a=^&« + 10a«5» + 5aft* + h'' 

= a« + [5a* + \()a'h + 10a«6« + 5a6' + &*]*. 

At first «• = the greatest 5th power in 3693. /. a = 5. 

TWoi Divisor: 5a* = 5(50)*= 81250000 



8125 



66862437 



384 
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5. Extract the square root of each of the following numbers : 7225, 
9801, 553536, 5764801, 345642, 2, .5, 3, 50, 1.25, 1.6. 

6. Extract the cube root of each of the following numbers : 74088, 
122097755681, 2936.493568, 61234, 12.5, .64, .08, 2, 5. 

7. Extract the 4th root of 52764813. (See 196.) 

8. Extract the 6th root of 2985984. (See 196.) 

9. Extract the 8fch root of 1679616. (See 196.) 

10. Extract the 5th root of 5. \^= 1.37974 -. 

11. Extract the 7th root of 2. v^ = 1.104 +. 

12. Extract the square root of 492;«y« — 30a;'y + 16y*— 24ay» 
+ 25a;*. 

SOLUTION. 






Formula : (a + b)* =o« + (2a + b)b. 
25aj*-30aj«y+49ajV-24a3^' + 16y* | 5a?«~3ay+4y « 



2a= Trial Div. = 10a?« 
.*. True Div.=10aj*— a»2/ 



2a= Trial Div.=: IQx* —Qxy 



-30a;»y + 49a;V 
--30a;^y+ 9a?*y« 






CONDENSED SOLUTION. 

25aj*-8(te3y+49ajV-24fl^' + l%* |5a;«- 3ay+4y« 
25aj* 



10aj«--3a?y 



-30a;»y+49ajV 
-30a;^y+ 9a;«y« 



lOaj*— 6ajy+4y« 



40ajV -2433^^ 4-1%* 
40a;«y«-24ty«-fl6y* 
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15. Extract the cube root of each of the following :* a» — 8J* 
+ VZab^ - 6a«*>5a;3 -1 - 3x5 + a:« - 3xy\6x^ + 1 - 63a;»- 9a; 
+ 8a;« - 36a;«^+/^33a:«r'60c«a;*V 48e^«^ 27c« V 108c«a;'^ 906'*a:« ' ^ 
+^8^^>-806-3a:3^'204c*^ -'^44c«a: + 8a;« -'^Gca;*- 171c»2;« +646« 

^ + 102c«a;S^7a: -8a;* -^36 +^36a:* +'l2a;-' -*54a;* -f e*"* + 27a:* 

+ ar*- 6a: "^v/ ^vv^-^^^-^^ 

16. What is the 4th root of 16a* - 96a»a: + 216a«x« - 216aa:» 
+ 81a:* ? 

17. What is the 6th root of 729 - 2916a:« + 4860a;* - 4320a:« 
+ 2160a;8-576a:*«+ 64a:i«? 

[NOTB.— Solve the 16th and 17th both by (197) and {196)]. 

18. Find the fifth root of 32a:6-. 80a:* + 80a:8- 40a:« + iQa; - 1 ; 
also of a:-" + 15a:-"-5a:-" + 90a:-"-60a:-" + 280a:-''-270a:-«+495a:-* 
- 550a;-«+ 513 - 465a:« + 275a:*- 90a:8 + iSa:*- x^\ 

19. Find the 6th root of a«- 6a«* + 15a*i»- 20a»J»+ 15a«6* 
-6aJ«+J«by(196). 

-V ^^ ^ o. ^^ 

SECTION III. 

CALCULUS OF RADICALS. 




Eeduction. 
198. Proh. !• — To simplify a radical by removing a factor. 
BULB. — Resolve the number under the radical sign into 

TWO FACTORS, ONE OF WHICH SHALL BE A PERFECT POWER OF THE 
DEGREE OF THE RADICAL. EXTRACT THE REQUIRED ROOT OF THIS 
FACTOR AND PLACE IT BEFORE THE RADICAL SIGN AS A COEFFICIENT 
TO THE OTHER FACTOR UNDER THE SIGN. 

Dbh. — ^This process is simply an application of Cor., Art. 194m 

199 » Cor. — The denominator of a surd fraction can always he 
removed from under a radical sign by multiplying both terms of th£ 
fraction by somefact<yr which wiU make the denominator a perfect 
power of the degree required. 
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ScH. — A surd fraction is conceived to be in its simplest form when the 
smallest possible whole number is left under the radical sign. 



200. Prob. 2. — To simplify a radical^ or reduce it to its lowest 
terms, when the index is a composite number ^ and the number under 
the radical sign is a perfect power of the degree indicated by one of 
the factors of the index, 

RULE. — Extract that root of the number which corre- 
sponds TO ONE OF the FACTORS OF THE INDEX, AND WRITE THIS 
root as a surd of THE DEGREE OF THE OTHER FACTOR OF THE 
GIVEN INDEX. 

Dem. — The mwth root is one of the mn equal factors of a number. If, now, 
the number is resolved first into m equal factors, and then one of these m factors 
is again resolved into n other equal factors, one of the latter is the mnXln root of 
the number. 



201. Prob. 3. — To redtcce any number to the form of a radical 
of a given degree. 

RULE, — Eaise the number to a power of the same degree 
AS the radical, and place this power under the radical sign 

WITH THE required INDEX, OR INDICATE THE SAME THING BY A 
FRACTIONAL EXPONENT. 

Dem. — That this process does not change the value of the expression is evi- 
dent, since the number is first involved to a given power, and then the corre- 
sponding root of this power is indicated, the latter^or indicated operation, being 
just the reverse of the former. 

202. Cor. — To introdtcce the coefficient of a radical under the 
radical sign, it is necessary to raise it to a power of the same degree 
as the radical; for the coefficient being reduced to the same form as 
the radical by the last rule, we have the product of two like roots, 
which is equal to the root of the product. 



203. Frob. 4. — To reduce radicals of different degrees to equiv- 
alent ones having a common index, 

R ULE, — Express the numbers by means of fractional in- 
dices. Eeduce the indices to a common denominator. Per- 
form UPON THE NUMBERS THE OPERATIONS REPRESENTED BY THE 
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3STJMERAT0ES, AKD INDICATE THE OPERATION SIGNIFIED BY THE 
DENOMINATOR. 

Dem. — ^The only point in this rule needing further demonstration is, that mul- 
tiplying numerator and denominator of a fractional index by the same number 

a ma a 

does not change the value of the expression, i. e., that x^= af**. Now, a^ signi- 
fies the product of a of the b equal factors into which x is conceived to be re- 
solved. If we now resolve each of these b equal factors into m equal factors, a 
of them will include ma of the rrib equal factors into which x is conceived to be 
resolved. Hence ma of the mb equal factors of x equals a of the b equal factors. 

[The student should notice the analogy between this explanation and that 
usually given in Arithmetic for reducing fractions to equivalent ones having a 
common denominator. It is not an identUy.] 



204. Frob* 5* — To reduce a fraction having a monomial radi- 
cal denominator^ or a monomial rascal factor in its denomincUor^ 
to a form having a rational denominator. 

BULB, — Multiply both terms of the fraction by the radi- 
cal IN THE DENOMINATOR WITH AN INDEX WHICH ADDED TO THE 
GIVEN INDEX MAKES IT INTEGRAL. 



203. Prob. 6. — To rationalize the denominator of a fraction 
when it consists of a binomial^ one or both of whose terms are radi- 
cals of the second degree. 

RULE. — Multiply both terms of the fraction by the de- 
nominator WITH ONE OF ITS SIGNS CHANGED. 

Dem. — In the last two cases the student should be able to show, 1st. That 
the operation does not change the value of the expression ^ and, 2d. That it 
produces the required form. [This is the substance of all demonstrations in Re- 
dtu^ions.] 

206. Prop. 1. — A factor may be found which will rationalize 
any binomial radical. 

Dem. — ^If the binomial radical is of the form V(a + &)*», or (a + ft)*, the fac- 

% — m 

tor is (a + 6) * , according to {204). 

— 1. 1 

If the binomial is of the form Va» + V&^ or a" -f- 6». Let a"* = x, and 
1 LI 

b*=y; whence a^=z os^ , and &» = y** . Also let p be the least common multiple 

8p rp 

of m and n, whence aj*" and y^ are rational. But a^ = a", and ^p = b*. If 
now we can find a factor which will render aj» -i- y*", x^ ± y^, this will be a f ao- 
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tor which will render »"*+&*, a"*± 6* which is rational. To find the factor 
which multiplied by aj» + y*" gives af ± y^, we have only to divide the latter by 

the former. Now — =-2^ = af^p-^) — xKp-s) yr ^ x^p-*) y9r ^g^ip-A) ^r ^ 
aj* + y* 

— ± yKF— (^), the + sign of the last term to be taken whenp is odd, and 

the — sign when it is even (119). Therefore qb^p—') — a^i»— «)y»- + ajKp-«)y»r_ 

^j»-«yr ^ ^ y^"-*), is a factor which will render Va»"+ Vibrational, 

• r 

«* being understood to be a^, and y^ = b*, and p the L. C. M. of m and n. 

If the binomial is V^ — Vi^ , the factor is found in a similar manner, and is 



207. Prop. 2* — A trinomialof the form V^ + Vb + V~c 
may be trajisfonned into an expression with but one radical term by 
multiplying it by itself with one of the signs changed, as V^ + V b 

— v^ Theprodmt thus arising may then be treated as a binomial 
radical by considering the sum of the rational terms as one term^ 
and the radical term as ths other. 

Thus, {y/~a +y/T-^y/'c) (y/a + y/~b—fT) = a + & — c + 2\/o6. Again, 
[(a + 5 - c) + 3Va3] X [(a + J - c) - 3>/a6] = a«+ft^ + c''~2a6-2dc 

— 2ac, a rational result. 




-><r'^\v'T^ 7V -j\Txv^ 



(ar^-y" )•, 7V3Gdx7j^ ' {a - J) [(«« - S«) (a - i)]^, 5 VToJ^f 



V X Reduce the following to their simplest fOTjjs (see Sch. 199) : ^ 

V a;3 -^ f /3 / ;ifg + 6a;y 4 
x + 'fy Hx^ - y 



2 
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3. Eeduce till 



Vl^5( 




Vl35a*a; - 405a^x* + 405a«a;3 - ISbaxK '^^A-V) VV^Tx 



; 4 Reduce 5ax^ to the form of the square root ; also 7xy; also J; 
also 3a — 2. Eeduce 2x^y^ to the form of the 3d root, — to the form 

of the 5th root Reduce -r- to the form of the 4th root, — to the 



f#rm tf the cube rot RMlm«t V^ t# the ftnn tf the cube rot, — 
to the form of the 4th root 

5. Introduce under the radical signs the coefficients in the follow- 
ing expressicj^^ ^Aro ^^| /^ ^n^ \^[y^'- ,i 

2vT. fVy, i\/3", tv^, 2a;V^3, {x-\-y)\/x^ -^3x^y + 3xy* -y^ 
{x-^yW^^y, ^'^/l2E^, a3('i_^j* 

6. Reduce to equivalent forms having a common radical index, 

^/2 and \/3 ; also VS, v^; also ^/2x, V3^*) V^> and ^2x^ ; also 

2a/^, 3\^, and |^\/5 ; also 3\/5aS, 2v'^^, v^ToJ; also x — y and 

(^ + y) ' Explain each operation upon the principles of factoring 
as in {203). 

7. Prove upon the principles of factoring that V2 = a/8; also 
that \^= \/2E; also that V3 = V^7. 

8. Reduce the following to "felqtTivalent forms having rational de- 

. , 2aV6'x^^M %^Va Vx V^ 1 1 

nommators: — 7s=-» / — ;=; —;=9 -T7=y T7= > ~~F=y T^k ^ 
^3x f^Va^ Vb ^/y Vy V2 V^ 

_3__ V2 v5 V^ 

V^5' V3^ \^V^-^'^^ ^ 

9 Reduce the following to equivalent forms having rational de- 

. , Vx^ ^ XV ^ y^ 2x X ^/x— Vy 

nominators: -^ — , — 3. > T=y -;= 7^, 

^/x — y 3 V3 — .^* a: + V 2^ V a: + V ;/ 

3 3 2 VI2- ViO 3 -4-2\/2 

\/5 + \/l' V3 4- V^' v^s'-v^' V6 + \/5 ' VS'-VS' 
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^ ^ ^ 

X Vx» + 1 — a? Va; - 1 -f ya: + 1 ^ 

Va* 4-a;«— ic* Va;« + 1 + a:' Va:— 1 — Va; + l' 

Va:* + a; + 1 + Va;» + a; - 1 8 ^2 

-, and 



Vx^TxlTl - Vx* + a; - l' V3 +\/2 + l' V5 +a/3-V^* 

10. What factor will rationalize y^— ^^y? What \^^—\^? 
What \/8 + a/3 + V6? 

11. By what must numerator and denominator of be 

•' X 

multiplied to reduce it to the form of a simple fraction ? By what 



(^^%y 



x^ 

12. Introduce the coefficients of each of the following into the 
parentheses: 8 (a* — a;*)», a^{a + a*a;)* and a:^(l — a;^)*. 

13. Show that . = : also 

a-bx + Va^ + b^x^ bx 

that '^^ '^ ^ /Vx-Va 






SECT/ON IV, ... 

COMBINATIONS OF RADICALS. 



Addition and Subtraction. 
208. Frob. 1. — To add or subtract radicals, 
R ULE, — If the radicals are similar, the rules already 

GIVEN (66, 71) ARE SUFFICIENT. If THEY ARE NOT SIMILAR, MAKE 
THEM 80 BY {198^ 203), AND COMBINE AS BEFORE. If THEY CAN- 
NOT BE MADE SIMILAR, THE COMBINATIONS CAN ONLY BE INDICATED 
BY CONNECTING THEM WITH THE PROPER SIGNS. 

[Note. — The student is presumed to be able to give the demonstrations of 
the problems and propositions in this section, as thej are but a recapitulation of 
what has preceded.] 
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Multiplication. 

209. JProp. 1. — The product of the same root of two or more 
qitantitiesy equals the like root of their prodttct. (See 194.) 

210. JProp. 2. — Radicals of the same degree are multiplied by 
multiplying the quantities under the radical sign and writing the 
product under the common sign. 

Similar radicals are multiplied by indicating the root by fractional 
indices^ and, for the product^ taking the common number with an 
index equal to the sum of the indices of the factors. (See 82.) 

211. Prob. 2. — To midtiply radicals. 

RULE. — If the factors have not the same index, reduce 

THEM TO A COMMON INDEX, AND THEN MULTIPLY THE NUMBERS 
UNDER THE RADICAL SIGN, AND WRITE THE PRODUCT UNDER THE 
COMMON SIGN. 



Division. 

212. Prop. — TTie quotient of the same root of two quantities 
equals the like root of their quotient. 

213. Prob. 3. — To divide radicals. 

RULE. — If the radicals are of the same degree, divide 
the number under the sign in the dividend by that under 
the sign in the divisor, and affect the quotient with the 
common radical sign. 

If the radicals are of different degrees, reduce them to 
the same degree before dividing. 



V_ Involution. 

214. Prob. 4. — To raise a radical to any power. 

RULE. — Involve the coefficient to the required power, 

AND ALSO THE QUANTITY UNDER THE RADICAL SIGN, WRITING THE 
LATTER UNDER THE GIVEN SIGN. 

215. Cor. — To raise a radical to a power whose index is the in* 
dex of the rooty is simply to drop the radical sign. 



Digitized by VjOOQ IC --^ 



\ 

\ 



74 PTERAXi ABITHMETIO. 

Evolution. 

2t0. JProb* S. — To extract any required root of a monomial 
radical. 

BULB. — ^Extract the BBQxnBED boot of the coefficient,. 
AND of tq^ quantity undbb t^e badical siqn sbpabately, 

AFFECTING THE LATTER WITH THE GIVEN BADIC^L SIGN. EeDUCE 
THE RESULT TO ITS SIMPLEST FORM. 



[Note. — This problem should not be tftken till after Quadratic Equations.] 

217* JProb. 6. — To extract the square root of a binomial^ one 
or both of whose terms are radicals of the second degree. 

Solution. — Such binomials have either the form a ± nVb or mVa ± nVh, 
Now observing that (a? ± yY = «* ± 2xy + y*, we see that if we can separate 
either term of any such binomial surd into two parts, the square root of the pro. 
duct of which shall be i the other term, these two parts may be made the first 
and third terms oi a trinomial (corresponding to a* ± %a^ + y*)> Mid the middle 
term being the second term of the given binomial, the square root will be the 
sum or difference of the square roots of the parts into which the first term is 
separated. 

[Note. — This process requires the solution of a quadratic equation. Thus to 
extract the square tioQi of 12 — VlAQ. Letting x and y represent the terms of 
the binomial root, we have x^ + y* = 12, and 2xy = — Vi40. Whence aj = 4^ 5 
or Vlf and y = V7 or 1^5, and the root is VS — Vl. The sign between the terms 
being determined bj the sign of the surd in the given binomial. On this ac- 
count this subject should be reserved until after the student has studied" quad- 
ratic equations, or the solution effected by inspection. Thus, in this example 
Vi^ = 2 V35. Now V35 = V5 x Vl, and since the quqi of the squajres of these 
factors is 12, we have Vl2 - ^140 = V5 — V7.} 



Examples. ^.\ \-^\' 



1. Add V50 and V98. Add V^^^ab^ and V252aJ«i. Add 
V^1372a*2;« and ^OOas^. Add V^^and Va^j\ AddVll83 
and-Vl008lMAdd5\^| andP2>v/24. Add Vf anJf ^^240. Add 
Vh Vi and iV^^ %dd V^^a^b^, \^MaH^ and ^l^aHx^. J ^ , . . . 

2. Showtliata^y 1 + (|) 4.^y l-f (?) = (a;*+y*) (y*+a;*)i • 
Show that|/ ^3+3,^+^. +^ a^-tax^x^- =n^^^)^* ' 
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Add ^ and ;^=_; al8o ^^ + V^^^ ^d 

Va-hx—Va—x 

3. From 3 V| take 2V%. From v'195 take \/U. Fkmu VA liV^^^ 
take Vf From iV| take -|Vi. From v'o^ take. v'ipV- F«>m 
•v'a^ take \/baf'. 



4. Show that j/M -j/j^ = ttV6: 



-2ad«+^>3 4a^>V^ 



5. Show that Y -^rzMTW " y a^+Ub-^b^ ^ a^^b^ 

6. Multiply \/3 hy V2.* Multiply \^ by ^^3! Multiply 
Vi by 'V^, 'v^2ai' by v^», 2V^ by 3v^^, Vl 4- ic* by 
V^rr^, vTby-v^, 2V^by3v^2; 2 v^ by 3^5, v^by6v^ 

7. Multiply 9 + 2VT0 by 9 - 2a/I0, v^« - \^xy + v^« by 1 
\^+\/^y 3V5 + 2\/6-2 by 2^5 + 18^/6", 'V^-2v^6"by 
3v^^V^. 

8. Divide rV5 byi\/2, 8^9 by 2 v^, \/6by v^, iVFbyiVlO. 
"^ 9. Diyide 2^32 + 3^2" + 4 by 4.VS, 4V? by 2^, 
6 + 2V3 - v^by Ve, Va^^ic - b^cx by Va^ /i/| ^7 >i/|-, 
(a + *)V'a2-l by {a - J) V(a + I)*, a -h b - c -h 2Vab by 
V^+ Vi-- V^ \ ?!±^^ -. -'-f^^ I by V^EZ. 

* It is of the Qtmost importance that the pnpil be able to give a complete analysis of snch 
ezamp]e& Thas, V 2 = \^ since the fonner is on« of the two equal fiictors of 2, and the 
latter is three of the six eqnal factors of 2. In like manner V 3 =V^. Consequently 
y/^ X \/3= Vs X \/9. Now since the product of the same root of two numbers is eqnal to 
the like root of the product, Vs x V 9= V72. 
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10. Eaise d\/2x* to the second power. Raise i^/2ax^ to the 6th 
power. Cube — iVf Square \/3 — V2. Cube SVa—x. Cube 
A/a — V^- 

11. Extract the square root of 27v^l35a;«y*; the cube root of 
^^•Vy; the4throotof 25i*Vy; the 5th root of 224^^3^; the 

cube root of (1— a;)VT--a;; the cube root of ^i/-; the square 

V^root of Ia/I. ^-i_ _^^T- ^ zyc^ -U^y - /Z.U^^ 



12. Extract the square root of 49+12V5; of 67+12Vl5"; of 
(See 217.) 



(a«+a)a;-2aa;Va; a?-2Vic-l; of Vl8"-4; of -^+-|Va«- (?«. 



SECTION V. 
IMAGINARY QUANTITIES. 

2 J8. -4n Imaginary Quantity is an indicated even root 
of a negative quantity, or any expression, taken as a whole, which 
contains such a form either as a factor or a term. 

Thus V^, V-y*, 5v^-a;*, S+v^^, V^, 8- V^, etc., are imaginary 
quantities. 

219. ScH. 1. — ^It is a mistake to suppose that such expressions are in any 
proper sense more unreal than other symbols. The term Impossible Quantities 
should not be applied to them : it conveys a wrong impression. The ques- 
tion is not whether the symbols are symbols of real or unreal (imaginary) 
quantities or operations, but what interpretation to put upon them, and how 
to operate with them when they occur. 

220. ScH. 2. — A curious property of these symbols, and one which for 
some time puzzled mathematicians, appears when we attempt to multiply 

vAT^ byv/— «. Now the square root of any quantity multiplied by itself 
should, by definition, be the quantity itself ; hence yZ—xx >/ ^x— —x. 
But if we apply the process of multiplying the quantities under the radicals, 
we have>/^ x\/^=v'5*= + a? as well as — aj. What then is the pro- 
duct of x/^xV'^? Is it — aj, or is it both +a? and — a; ? The true 
product is —x ; and the explanation is, that \/«* is, in gerveral^ +x and —x. 
But when we know what factors were multiplied together to produce a;*, and 
the nature of our discussion limits us to these, the sign of v/a;* is no longer 
ambiguous : it is the same as was its root. 
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221. Prop. — Eoety^imagiruiry monomial can be reduced to the 

form m V — 1> *^ which m is recU {not imaginary), m mat/ be 
rational or surd. 

Dem. X V—y, p being an even number, i8 the general STmbol for an imagin- 
ary monomial. Now Mpiatk power of 2, we ma/ write at once p = 2*, whence 

T V-y = X V^ = X Vy(-1) =x Vy V^ = m V^. If p contains other 
factors than 2, let r represent their product, and 2* the product of all the factors 
of 2 contained in p ; whence p = r2", in which r is odd, since the product of an/ 

p r«? r«* 

number of odd factors is odd. We then have x y — y = x V—y = x Vyi—l) 
= a? Vy V-l = a; Vy f/ y-l = » Vy V-1, since any odd root of - 1 
is — 1. Putting X Vy = m, this becomes m V^. 

JS^J?^. ScH. — When w=l, i. 6., when there is but one factor of 2 in the 
index of the root, the form becomes m V^. This form is called an imagin- 
ary of the second degree ; m V—1 is of the fourth degree, etc. In this dis- 
cussion we shall confine our attention mainly to imaginaries of the second 
degree. 

223. Proh. — To add and subtract imaginary monomials of the 
secoiid degree^ or such as may be reduced to this degree. 

RULE. — Reduce them to the fobm mV— 1, and thek com- 
bine THEM, CONSIDEBIKO THE SYMBOL V—1 AS A SYMBOL OF 
CHABACTEB.* 

Examples. 
1. Add V"^^ and ^/^^. 

Opebation. V^ = V4(-l) = 2V'^,and V^ = SV^. 
.-. 4/34 + 4/39 = 2 V^^l + 8 V^l. = 6 V^^l. 

ScH. — The last operation should not be looked upon as taking the sum of 
2 times a certain quantity (represented by V—l) and 3 times the same 
quantity, but as 2 ^ a certain character added to 8 of the same character. 

* See (4^, 49 f SO). We mean to nay that, as a qwmtUy (cousidered numerically), m and 
m i^— 1, are exactly the same, just as is the case in the expresBions + m and — m ; but that the 
Bymbol i^ — 1 gives some peculiar or oomcreU significance to m, as does the sign +, or — , or $. 
WuU this concrete significance is, we cannot here say. It has its clearest interpretation in the 
Co-ordinate, or General Geometry. 
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Tfetwi the «i)tttrtion of wdttctng -^^^^i j^d V^ to the tettAs 2v^ tod 
3\/^ is to be looked upon as rendering the expressions homogeneous. It 
is, however, to be observed that the symbol ^^ is subject, also^ to the 
ordinary laws of number, and may be operated upon accordingly. Thus it 
has a double significance. 

2. Add 4\r^^ and SV - 16; also 3a\/*^^ and 2a V"^^; 
also b'^^^6 and cV^. ^ V=^ + cV'^^ s= («• + 3c)V^. 

3. Add V-1024 and \/^=^. 

OrasBATioif. V-1024 i= .y/I^ V^» aad ^-7^=± v^ \/^- 
.% v^-1024 + y'- 739 = 69vy/^. 

4. Show that in general y^ -^ x ± v^ — y =3 (V^ =t »v^)i?^ — 1, 
when w is any integer. 

6, i^m V^^ take V^^. From 4V^=^2r take 3V"=^16. 
From 3«V — 25 take 2aV — 4. Show that aV ^ b — cV — d 

6. From V— 4096 take V — 9. i2m. 61 -y/^^. 

8cH.— It would seem improper to omit the 1 befoy6 the symbol \/^ in 
such a case as the last, though it has been customary to do so. If we are to 
consider y^^ as a sign of character (** affection," as some say), there is no 
more reascm for omitting the 1 in such a case, thui there is in such as 4 ~ 5 
= — 1. That is, if we write 4^/^ — Sy^^ = \^^, we ought to write 
4 — 6 = — , or $5 — $4 = $, to be consistent. 

7. Show that V^ + V^^^^ = 5V^ = 5^2^/^^; also 
that 4\/^=^ + 2\/"=T2 = UVS ^H^Y ; also that v^ - 16 
— ^ —1 = \^/ — 1 ; also that 2v^ — a — v^ — a = v^v^ — 1. 



224^. Prop. — Every potynomicd containing some real^ and 
some imaginary terms of the second degree^ or mck as can be re- 
duced to this degree, can be reduced to the form a±b\/— • 1, «^ 
which a and b are real, a and b may be rational or surd, 

Dem. — This is evident from the fact that all the real terms can be combined 
into one (it may be a polynomial) and represented by a, and the imaginary terms 
b^ng reduced to the form m V^^\ can also be combined into one term repre- 
sented by ± 6 V'^. 
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225. ScH. — ^The form a ± 6^—1 is considered the general form of an 
imaginary quantity of the second degree. When a = 0, it becomes the same 
as TW'v/^. The two expressions a + 6\/^ and a — 5y^— 1 are called Con^ 
jtcgate Imaginaries. Hence the sum of two conjugate imaginaries is real 
(2a). Also the product of two conjugate imaginaries is real [{a + h^—l) 

X (a — ft/y/— 1) = A" + 5", as will appear hereafter]. The square root of the 
product of two conjugate imaginaries, taken with the + sign, is called the 
Modvlm of each. Thus + /^a^ + 6^ is the modulus of both a + Jy^^ and 
a - h^^. 

Exs. — Fi nd the sum, and the diflference of 2 + \/^ and 3 — V— 64 ; 
also of a + V^ and a + ^/~^c. Last results^ 2a + ( Vb + Vc) V^, 



MuiiTIPLICATIOK AKD INVOLUTION. 

226. Proh. — To determine the character of theprodtict of sev- 
eral imagine^ monomial factors of the second degree. 

Solution. — ^Letting n represent any integer, including 0, 4^, 4n + l, 4n+2, 
and 4nH- 8 inky represent ail Integral exponents, so that all the forms to be tredted 

are (V=l)*". (V=l)*^\ (V~ir^', and {^~\T^\ Thus, if n = 0. 
4»+l = l, 47i+3 = 2,and4»+8 = 8. If n = 1, 4» = 4, 4n+l = 5, 4n + 2=6, 
and 4ii + 8 = l If n = 2, 4n = 8, etc. 

Wt E^U now bIiow that (.y/ITi)*" — i, 

(V^ir+' = -1; 

and (.y/:ri)^+» = _,^/rT. 

(V^ = ( V^l V^l X V^ V=i)* = [(-1) y. (-!)]• = 1« = 1, 
Bince V-1 -/-l = -1 ^7 (.^20), (-1) (-1) = 1, and any power of 1 la 1. 
(yC:i)*^f = (^— !)«• X -/Ti = 1^—1 = y:Zi. since (v^ir = l. 
(^^1)*"+' = ( V^ir X (V^)' = 1 X (-1) = -1. 

(^—1)^+' = (v~i)*:i' f v^ = (-1) v=i = -v=i = - v=i. 

III. — To find what (^y/— l)* is, we have but to observe that if 7i=l, 4n+l=5, 

and (>v/:ii)» = (>^— !)*»+» = y^irr. 

Again, (V^)' = (a/^I)*"^' = - V^* since, if n i= 0, 4n + 3 = 3. 

Once more, (v^^)^* = ( V'^)*""'^* = —1, since, if 7i = 2, 4^1 + 2 = 10. 

Jk like manner, (\/^)* = {\/—l)*^ = 1, since, if 7i = 1, 4ri = 4. 

ScJHi^In the above we have confined ourselves to the powers of the posi- 
tive square root, since — ^^—1 may be understood to be — 1\/"~1» ^^^ *^® factors 
-1 be treated separately. Thus, (- V^)*" = ("l)** (V^)*'* = ( V^)*" 
= 1. So also (- V~l)'*'' = (-ir^' X ( V-l)'*^' = (-1) V^l = 



Digitized by VjOOQ IC 



80 UTEBAL ABITHMETIC. 

— y^— 1, etc. Or, in other words, giving the — sign to \/— 1 simply changes 
the signs of the odd powers. In examples we shall confine attention to the 

+ root of y'^. 

Examples. 

1. Multiply 4>/^=r3 by 2V^^. 

Operation. 4V^=z^V9V^, and 3 V^ = 2 VT 4^^. 

2. Show that V—x* x V— y« = —xy ; also that 3V-- 5 x 4^^— 3 
= -12\/iK What is the product of -2V^^ by -3\/^^? 

3. Show that '/^^^ x V^^ = 4^^^^; also that V— 256 x 
V'3r27 = 48^v^S-V^n:; also that V^^ x 4 ^^=^3 = iJ^S-V^T! 

4. Show that 4^/^^ + V^^ multiplied by 2V^^ — V^^ 
equals \/6 + 4V^ — 2^2 — 8. 

5. Show that | — ^V^^ squared equals — HI + V^^). 

6. Show that (3-2\/^n[) x (5+3\/^^)=39-2\/^=n[; also that 

(1 + v^^n:) X (i-\/^=n[)=2. 

7. Show that 2 is the modulus of \/2 + V— 2 and V2 — V^^Z. 
What is the modulus of 3+2^/^^ and 3-2 V^^^ ? Of 5-3V— 1 
and 5 + 3V^^? 

8. Show that (>/Il7)^= - 7*>v/^=3; also that (>/i::8)'*=88. 

9. What is the 5th power of 2 >/=^ ? Of 3 \/^=^ ? 

10. What is the product of V— a^*, V— y*, V--«*, and V— w'? 



Division of Imagikaries. 

i9i97. Prob. — 7b divide one imaginary of the second degree by 
another, 

RULE, — Reduce the imaginary term, or terms, to the form 

twV— 1, OR mW— l)*, AND DIVIDE AS IN DIVISION OF RADICALS, 
OBSERVING THE PRINCIPLES OF (226) TO DETERMINE THE CHABAO- 
TEB OF THE QUOTIENT OF IMAGINABIES. 
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Examples. 
1. Divide V— 16 by \/^^ 



Operation. V- 16 = 4V^, and V^ = 2^111; /. V^lg -i- i^Ti 
= 4y=l -H 2V31 = 2(1/— l)^ But b7 (226) (fCTi)" = + i . hence the 
quotient is 2. 

ScH. — ^A superficial view of the case might make the quotient ± 2. Thus, 
as the radicals are similar it might be inferred that VHH ^ i^ITi = i/ ni 
= i^ = ± 1. (See 220.) , x (^ __ U \^3 I I J 

2. Show that 6V - 3 -f- 2V - 4 = 1^3; also that - a/^Ti 
-T- - 6V^^ = iW3; also that 1 -^ '/^l = - V^^^^; also 
that 6 -5- 2a/^^ = - SV^n. 

3. Divide 2>v/^^ by v^"^; also 3\^^ri6 by - 12; also \/a 
by V^Ti. 

Bug's. 2 V^ + V^ = Vl6 V{P^^ h- V^ V^T = VI Vlo[. 

4. Show that 8^^"^=^^ h- 2 v^'"^^ = 4:\^V^^' 

5. Show that (1 + V^^) -^ (1 - V'"^^) = V"^^; also that 
(4 + V"=^) -^ (2 - V^^^) = 1 + V2\/3l ; also that 
1^(3-2^^31) ==3J,2V3^^ 

21 a + V^^ 

a* --« + 2aV— aJ . , xu X « + a/ — * . « — V — * 

= f also that — = + ■== 

a^ + X ^-'^^-^ a — V -b a + V — b 
_ 2(a* - b) "-i^-^ 



6. Simplify (^-^^^^^)^ + (^-^^^^)^ 
(a + ^a/^Ti)* ^(a- *V3l)* 

[Note.— Here ends the subject of Literal Arithmetic. The student is now 
prepared for the study of Algebra, properly so-called ; ». e,, The Science of the 
Equaiion,'\ 

6 
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PART 11. 



AN ELEMENTARY COURSE IN 
ALGEBRA. 



OHAPTEB L 

aiMBLE EQUATIONS. 



SECTION I. 
EQUATIONS WITH ONE UNKNOWN QUANTITY. 

Definitions. 

1. An JEquation is an expression in mathematical symbols, of 
equality between two numbers or sets of numbers. 

2. Algebra is that branch of Pure Mathematics which treats 
of the nature and properties of the Equation and of its use as an 
instrument for conducting mathematical investigations. 

3. The First Member of an equation is the part on the left 
hand of the sign of equality. The Second Member is the part 
on the right 

4. A Numerical JEquation is one in which the hnovm 
quantities are represented by decimal numbers. 

5. A Literal Equation is one in which some or all of the 
known quantities are represented by letters. 

6. The Degree of an Equation is determined by the highest 
number of unknown fiwjtors occurring in any term, the equation 
being freed of fractional or negative exponents, as affecting the un- 
known quantity. 

7. A Simple Equation is an equation of the first degree. 

8. A Quadratic Equation is an equation of the second 
degree. 

9. A Cubic Equation is an equation of the third degree. 
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10. Equations above the second degree are called Higher 
Equations. Those of the fourth degree are sometimes called 
BiqtMdratics. 



Tbansformatiok of Equations. 

11. Ho Transform an equation is to change its form without 
destroying the equality of the members. 

12. There aire four principal transformations of simple equations 
oostaining one unknown quantity, viz : Clearing of Fractions, Trans- 
position, Collecting Terms, and Dividing by the coefficient of the 
unknown quantity. 

IS4 These tninsformations are based upon the foUowing 

Axioms. 

AxioX 1. — Any operation may he performed vpon any term or 
upon either member, which does not affect the value of thai term or 
member^ without destroying the eqication. 

Axiom 2- — If both msmbers of an equation are increased or di- 
minished alike, the equality is not destroyed. 



Id. JProb. — To clear an equation of fractions. 



BULK — Multiply both members by the lea6t or lowest 
common multiple of all the denominators. 

i)EM. — ^Thifl process clears the equation of fractions, since, in the process of 
multiplying any particular fractional term, its denominator is one of the factors 
of the L. C. M. by which we are multiplying ; hence dropping the denominator 
multiplies by this factor, and then this product (the numerator) is multiplied by 
the other factor of the L. C. M. 

This process does not destroy the equation, since both members are increased 
or diminished alike. 

III. — ^An equation is aptly compared to a pair of scales with equal arms, kept 
Ib balance by weights in the two pans. 



Transpositiok. 

15. Ti^dnsposing a term is changing it from one member of 
the equation to the other without destroying the equality of the 
members. 



Digitized by VjOOQ IC 



84 ELEMENTABY ALGEBBA. 

16. JProb. — To transpose a term. 

RULE, — Drop it from the member in which rr stands and 

INSERT IT IN THE OTHER MEMBER WITH THE SIGN CHANGED. 

Dem. — If the term to be transposed is +, dropping it from one member 
diminishes that member by the amount of the term, and writing it with the — 
sign in the other member, takes its amount from that member; hence both 
members are diminished alike, and the equality is not destroyed. (Repeat 
Axiom 2.) 

2d. If the term to be transposed is ~, dropping it inoreasea the member from 
which it is dropped, and writing it in the other member with the + sign m- 
crecises that member by the same amount ; and hence the equality is preserved. 
(Repeat Axiom 2.) 

17. To Solve an equation is to find the value of the unknown 
quantity ; that is, to find what value it must have in order that the 
equation be true. 

18. An equation is said to be Satisfied for a value of the un- 
known quantity which makes it a true equation ; i. e., which makes 
its members equal. 

19. To Verify an equation is to substitute the supposed value 
of the unknown quantity and thus see if it satisfies the equation. 

ScH. 2. — ^The pupil must not understand that the verification is at all 
necessary to prove that the value found is the correct one. This is demon- 
strated as we go along, in obtaining it. The object of the verification is to 
give the pupil a clearer idea of the meaning of an equation, and to detect 
errors in the work. 



20. Prob. 1. — To solve a simple equation viith one unknown 
quantity. 

R ULE. — 1. If the equation contains fractions, clear rr of 
THEM BY Art. 14. 

2. Transpose all the terms involving the unknown quan- 
tity to the first member, and the known terms to the second 

MEMBER BY AbT. 16. 

3. Unite all the terms containing the unknown quantity 

INTO one by addition, AND PUT THE SECOND MEMBER INTO ITS 
simplest FORM. 

4. Divide both members by the coefficient of the unknown 
quantity. 
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Dkm. — ^The first step, dearing of fractions, does not destroy the equation, 
since both members are multiplied by the same quantity (Axiom 2). 

The second step does not destroy the equation, since it is adding the same 
quantity to both members, or subtracting the same quantity from both members 
(Axiom 2). 

The third step does not destroy the equation, since it does not change the 
value of the members (Axiom 1). 

The fourth step does not destroy the equation, since it is dividing both mem 
bers by the same quantity, and thua changes the members alike (Axiom 2). 

Hence, after these several processes, we still have a true equation. But now 
the first member is simply the unknown quantity, and the second member is all 
known. Thus we have what the urikrumn quarUity is equal to; t. e, ite value. 

21. ScH. 1. — It must "be fixed in the jmpWs mind that he can make but ttoo 
dassea of changes upon an equation : viz., Such as do not affect thb valub 
OF THE members, or SUCH AS AFFECT BOTH MEMBERS EQUALLY. Every Opera- 
tion must be seen to conform to these conditions, 

22. CoR. 1. — All the signs of the terms of both members of an 
equation can be changed from -\- to —yOr vice versa, without destroy- 
ing the eqtcalitg^ since this is equivalent to multiplying or dividing 
by -1. 

23. ScH. 2. — It is not always expedient to perform the several trans- 
formations in the same order as given in the rule. The pupil should bear in 
mind that the ultimate object is to so transform the equation that the un- 
known quantity will stand alone in the first member, taking care that, in 
doing it, nothing is done which will destroy the equality of the members. 

24. ScH. 3. — ^It often happens that an equation which involves the second 
or even higher powers of the unknown quantity is still, virtually, a simple 
equation, since these terms destroy each other in the reduction. 



Simple Equation's coi^^aining Radicals. 

25. Many equations containing radicals which involve the un- 
known quantity, though not primarily appearing as simple equations, 
become so after being freed of such radicals. 

26 • Prob. 2. — To free an eqieation of radicals. 

R ULE. — The common method is so to transpose the terms 

THAT THB RADICAL, IF THERE IS BUT ONE, OR THE MORE COMPLEX 
RADICAL, IF THERE ARE SEVERAL, SHALL CONSTITUTE ONE MEMBER, 
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AND THBK IITVOLVB EACH MEMBER OB THE EQTtAtlOrSf TO A POWER 
OF THE SAME DEGREE AS THE RADICAL. If A RADICAL STILL RE- 
MAIKSy REPEAT THE PROCESS, BEING CAREFUL TO KEEP THE MEM- 
BERS IK THE MOST CONDENSED FORM AND LOWEST TERMS. 

Dem. — That this process frees the equation of the radical which constitutes 
one of its members is evident from the fact that a radical quantity is involved 
to a power of the same degree as its indicated root by dropping the root sign. 

That the |)rocess does not destroy the equatity of the members is evident from 
the fact that the like powers of equal quantities are equal Both members are 
inereiu9ed or deeieased alike. 



Summary of Practical Suggestions. 
2V. tn attempting to solve a simple equation, always consider, 
1^ Whethei* it is best to clear of fractions first 

2. Xfook out for compound negative terms. 

3. If the numerators are polynomials and the denominators Mono- 
mials, it is often better to separate the fractions into parts. 

4 It is often expedient, when some of the denominators are mono- 
mial or simple, and others polynomial or more complex, to clear of 
the most simple first, and after each step see that by transposition, 
uniting terms, etc., the equation is kept in as simple a form as pos- 
sible. 

5. It is sometimes best to transpose and unite some of the t&xms 
before clearing of fractions. 

0. Be constantly on the lookout for a factor which can be divided 
out of both members of the equation, or for terms which destroy 
each other. 

7. It sometimes happens that by reducing fractions to mixed num- 
bers the terms will unite or destroy each other, especially when there 
are several polynomial denominators. 

28. When the equation contains radicals, specially 
consider, 

1. If there is but one radical, by causing it to constitute one mem- 
ber and the rational terms the other, the equation can be freed by 
involving both members to the power denoted by the index of the 
radical. 
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2. If there are two radicals and other termd^ make the more com- 
plex radical constitute one member, alone, before equaling. Such 
cases usually require two involutions. 

3. If there is a radical denominator, and radicals of a similar form 
occur in the numerators or constitute other terms, it may be best to 
clear of fractions first, either in whole or part. 

4. It is sometimes best to rationalize a radical denominator. 



Examples f«r Pkacticb in S^Lvii^a Sikplb Equxh^vs. 
1. Solve and verify the following : (1.) 40— 6a;— 16=120--142:. 

<^-) 2"3+i-^^- (3-)-2" + 3-^^~-2— <^-)-2-^3 

. a;-5 ,^. 9a;+20 4a;-12 a: ^ \,. , 10a; + 17 12a: + 2 
==4 (5.) _^ = .^^ -^. (6.) 



36 5a:-4 ^4* ^ ' 18 13a;-16 

5a;— 4 ,^. ax—h . a Ix bx—a ,^. a(b^-hx*) ax 

= -T- (^•>-r- + 3=2- — 3-- (^•> -S^— "^+y 

(9.) x*V^ =: ax -{- bx -\- ex. (10.) 2.04 - 0.68y — 0.02y ar 0.01. 
(11.) 8.4a; -7.6 = 10 + 2.2a;. 



2. Solve (1.) -^ + T — 7- = • (2.) 4.8a; — = — 

^ ' ao—ax bc—bx ac—ax ^ ' .5 

= 1.6^+8.9. (3.)'Li:P^r^ = !!^^.L^r^k=P\ (4.)^ 

' {^he-¥ad)x Sab _ {3bc—ad)z 5a(2b—a) f _ &a{%b—a) \ 
~ 2aS(o+i) ~3c^~ 2aJ(a-J) «*-*« ' \*~ 3c-rf A 

,^, <cr ., ca; / 8aJ2+4J»-12a*&\ ,. . 4m(K'-5a;*) 
(5-) ^3i+4* = 3^q:3- r=3a»+«*-ao + fc> ^^'^ 8i 

8.5 .2_ l--la; ,£,% ^-^a: 5a; 2x-3_x-% ^ 

(®-> ^ - ^ - H — 5— (9-) t:5 — 1:25 — 9— TT +^^- ' 
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3. In solving the following be careful to observe the suggestions 

6a;-4 ^ 



in (27): (1.) 1(«-|)- !(.-|)+ ?(.-|) =a «. 



3 



18 -4a; .„. 6a;+7 7a;- 13 2z+4 , , . a;-l x-% 



rc— 5 a;— ( 



-3.-6 a^r 

4. Solve the following, giving special heed to the suggestions in 
{28) : (1.) V5^=^ = 16 - VJ. (2.) ^ — =c. (3.) V^ 

+Va:-7=-— =. (4.) -=—-!= . (5.) Va+V^ 

Vx — l V5a;4-3 2 

+ Vflf-v^=V^. (6.) V(H-a)« + (l-a)a; + V(l-a)* + (l+fl)aJ 
=20. (7.) a/{13 + V[7 + \/(3 + vT)]}=4. (8.) ^^l + '/CS + V^ 
=2. (90 Vjng^^Vg-Q (io,)^^H-324^^i6a;.,8V3i^a' 



; 



+ 3. (11.) ^^1^^^^^^ = *. (12.) ^1.-^ =4 + ^- 



a + Va* — aJ* ' V«i + 1 ^ 



11*5.) p^ = -r-. (14.) -— = ■=. = ;= • 

2 + V^ 40 + V^ V^ - V* v^ 

a + x— \%ax + a;* ^/x + 1 + v ic — 1 

/io\ »/— T- . 1/ 7.' /oA\ l+a;H- V2a;+a;« V2+a;+V^ • 

(19.) v«+a; + v«— a; = J. (20.) — =a ^ — ^. 

l-^-x—V^x + x* V^-^x—Vx: 



"" a; 

[Several of these equations can be more elegantly reduced by the method given on p. 188^ 

Ex. 47.] 

'■■ ^'^ ■ ■ . . CN. ., -, 
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APPLICATIONa 

29. According to the definition (2), Algebra treats of, Ist, The 
nature and properties of the Equation ; and 2d, the method of using 
it as an instrument for mathematical investigation. 

Having on the preceding pages explained the nature and proper- 
ties of the equation, we now give a few examples to illustrate its 
utility as an instrument for mathematical investigation. 

30. The Algefyiraic Solution of a problem consists of two 
parts : 

1st The Statement^ which consists in expressing by one or 
more equations the conditions of the problem. 

2d. The Solution of these equations so as to find the values of 
the unknown quantities in known ones. This process has been 
explained, in the case of Simple Equations, in the preceding articles. 

31. The Statement of a problelh requires some knowledge of the 
subject about which the question is asked. Often it requires a great 
deal of this kind of knowledge in order to " state a problem.*' This 
is not Algebra ; but it is knowledge which it is more or less important 
to have according to the nature of the subject. 

32. Directions to guide the student in the Statement of Prob- 
lems: 

Ist. Study the meaning of the problem, so tliat, if you had the cmswer ffiven, 
you could prove it, noticing caxeinllj just what operations you would have to 
perform upon the answer in proving. This is caUed, Discovering the relations 
Mween the quantities involved, 

2d. Represent the unknown (required) quantities (the answer) by some one or 
more of the final letters of the alphabet, as x, y, z, or w, and the known quan- 
tities by the other letters, or, as given in the problem. 

8d. Lastly, by combining the quantities involved, hoth known cmd unknown^ 
according to the conditions given in the problem (as you would to prove it, if the 
answer were known) express these relations in the form of an equation. 

S3. ScH. — It is not always expedient to use x to represent the number 
sought. The solution is often simplified by letting x be taken for some 
number from which the one sought is readily found, or by letting %x^ 3a;, or 
some multiple of x stand for the unknown quantity. The latter expedient 
is often used to avoid fractions. 
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v^ Problems. 

1. A*s age U double B's, B's is triple C's, and the sum of their 
^s is 140. Required the age of each. _ "^ \ H 3" /2^ ^^ ^ 

2. A's age is m times B's, B's is n times C's, and the sum of their 
ages is s. Required the age of each; 

3. The sum of two numbers is 48, and their differehice ll What 
are the numbers? "i ^L ^ U \ ^^ 

4. The sum of two numbers is «, tod ^eir difference A What 
are the numbers ? 

:5. Having the sum and difference of t\)ro numbers givcBj how do 
you find the numbers, arithmetically ? Sv ' ■ - 4 cIaJ;! 

6. A post IS ^th in the^arth, f ths in the water, and 13 feet in the 
air. What is the length of the post? ^Aj \ ^^ /^^ ^ ;> 

7. A post is ^th in the earth> ^ths in the water, and a feet in the 
air. What is the length of the post ? 

8. What fraction is that, whose numerator is less by 3 than its 
denominator ; and if 3 be taken from the numerator, the value of 
the fraction will be J ? 

9. Give the general solution of the last ; i. e,, the solution when 
the numbers are all represented by letters. Then substitute the 
above numbers and find the answer to that special prbblem; 

Suo. — Letting the numerator be a less than the denominator, and ~ be the 

» am + bh 

fraction after b is taken from the numerator, the fraction is — -— r-T-- 

an + on 

10. A man sold a horse and chaise for $200 ; ^ the price of the 
horse was equal to | the price of the chaise. Required, the price of 
each. Chaise, $120 ; horse, 180. 

Generalize and solve the last, and iiieh bj substitutiiig the numbers ^veii in 
it find the spedal answers. Treat in like manner the next nine problems; 

11. Out of a cask of wine which had leaked away a third part, 21 
gallons were afterward drawn, when it was found that one-half re- 
mained. How much did the cask hold ? Ans., 126 galls. 

12. A and B can do a piece of work in 12 days, but when A worked 
alone he did the same work in 20. How long would it take B to do 
the same work ? Ans*, 30 day& 
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13i A cistern can be filled by 3 pipes; by the first in 1^ hotirS) by 
the second in 2^ hours, and by the third in 5 hours. In what time 
will the cistern be filled, when all are left open at once ? 

14. I'onr merchants entered into a speculation, for iJrhich they 
subscribed 4755Tlollars ; of which B paidjihre^times as much as A ; 
d^^d'asmuch as A and B ; and D paul djs much as G and B. What 
dideafehpay? _^ -^ (x ->^ --V ^ V> 

^ 15. A and B trade with equal stocks. In the first year A tripled 
his stock and had 127 to spare ; B doubled his stocky and had $153 
to spare. Now the amount of both their gains was five times the 
stock of either. What was that ? 

16. A and B begafi to trade iiHth equal sutns of money. In the 
first year A gained 40 dollars, and B lost 40 ; but in the second A 
lost one-third of what he then had, and B gained a sum less by 40 
dollars than twice the sum that A had lost ; when it appeared that 
B had twice as much money as A. What money did each begin 
with ? Ans., 32q^ollar8. 

17. What number is that to which if 1, 5, and 13 be severally 
added, the first sum divided by the second shall equal the second 
divided by the third? 

A 18. Divide 49 into two such parts that the greater increased by 6 
(divided by the less diminished by 11, shall be 4^. 7 . 

19. A cistern \vhich 6o1itains 2400 gallons can be filled in IS 
minutes by three pipes, the first of which lets in 10 gallons per 
minute, and the second 4 gallons less than the tiiird^ HoW much 
passes through each pipe in a minute ? 

20. I'tnd a number Such that, if from the quotient of the number 
increased bjr^, divided by the number increased by i,%e subtract 
the quotient of 3*&iminished by the number, divided by the number 
diminished by ^the remainder shall be 2. 

21. Divide a into two such parts, that one may be the ^th part of 
the other. 

22. Divide a into two such parts, that the sum of the quotients 
which are obtained by dividing one part by m, and the other by n, 

shall be equal to b. The parts are \_~' > ^^^ ni^n ' 
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23. Letting p represent the principal, i the interest for time t, a 
the amount, and r the per cent for a unit of time, produce the fol- 
lowing formulcB, and give their meaning : 



/ox . • 100 + tr 

(2.) a=p + t=p—j^^; 









24. In what time will a given principal double, triple, or quadru- 
ple itself, at 6^ ? at 6j^ ? at 7j^ ? 

25. What is the worth of a note of 1500 Nov. 2d, 1872, which is 
dated Feb. 23d, 1870, bears 12j^ interest, and is due Jan. 1st. 1875, 
money being worth 7j^ ? An8.y 1687.23 + 

26. On a sum of money borrowed, annual interest is paid at 5^. 
After a time 1200 are paid on the principal, and the interest on the 
remainder is reduced to 4}^. By these changes the annual interest is 
lessened one-third. What was the sum borrowed ? 

27. An artesian well supplies a manufactory. The consumption 
of water goes on each week-day from 3 a.m. to 6 p.m. at double the 
rate at which the water flows into the well. If the well contained 
2250 gallons of water when the consumption began on Monday 
morning, and the well was just emptied at 6 p.m. on the next Thurs- 
day evening but one, how many gallons flowed into the well per 
hour? 

28. The hind and fore wheels of a carriage have circumferences 
16 and 14 feet respectively. How far has the carriage advanced 
when the fore wheel has made 51 revolutions more than the other? 

29. A merchant gains the first year 15$^ on his capital; the second 
year, 20}^ on the capital at the close of the first ; and the third year, 
25$^ on the capital at the close of the second ; when he finds that he 
has cleared 11000.50. Bequired his capital. Capital, $1380. 

30. A man had $2550 to invest. He invested part in certain 3^ 
stocks, and part in E. R. shares of 125 each, which pay annual divi- 
dends of $1.00 per share. The stocks cost him 181 on a hundred, 
and the R. R. shares $24 per share ; and his income from each source 
is the same. How many R. R. shares did he buy ? 
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SECTION II. 

INDEPENDENT, SIMULTANEOUS, SIMPLE EQUATIONS WITH TWO 
UNKNOWN QUANTITIES. 



Definttions, 

34. Independent Equations are such as express different 
conditions, and neither can be reduced to the other. 

35. Sim/ultaneotis Equations are those which express dif- 
ferent conditions of the same problem, and consequently the letters 
representing the unknown quantities signify the same things in each. 
All the equations of such a group are satisfied by the same values of 
the unknown quantities. 

36. Ulimination is the process of producing from a given 
set of simultaneous equations containing two or more unknown 
quantities, a new set of equations in which one, at least, of the un- 
known quantities shall not appear. The quantity thus disappearing 
is said to be eliminated. (The word literally means putting out of 
doors. We use it as meaning causing to disappear,) 

37. There are Five Methods of JElimination, viz., by 
Comparison, by 8ubstitutio7i, by Addition or Subtraction, by Uhde^ 
termined Multipliers, and by Division, 



Elimination by Compaeison. 

38. Prob. 1. — Having given two independent, simultaneous, 
simple equations between two unknown quantities, to deduce therefrom 
by Comparison a new equation coiitaining only one of the unknown 
quantities. 

RULE. — 1st. Find expeessions foe the value of the same 

UNKNOWN QUANTITY FBOM EACH EQUATION, IN TEEMS OF THE 
OTHEE UNKNOWN QUANTITY AND KNOWN QUANTITIES. 

2d. Place these two values equal to each othee, and the 

EESULT WILL BE THE EQUATION SOUGHT. 

Dem. — ^The first operations being performed according to the rules for simple 
equations with one unknown quantity, need no further demonstration. 
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2d. Having fonned expressions for tlie value of tlie same unknown quantity 
in both equations, since the equations are simultaneous this unknown quantity 
means the same thing in the two equations, and hence the two expressions for 
its value are equaL <^. B. D. 

Sc&^-The les^tin^ equation can be solved by ^he rt^es f4re$^y ffy^. 



Elimination by Substitution. 

39, Proh. 2, — Hamng given two independent^ aimiUtaneouSj 
simple equaiiona, between two unknovm quantities^ to deduce theren 
from by SubstitiUion a single equation with but one of the unknown 
quantities. 

RULE.— Ist Find from one of the equations the value 

OF THE unknown QUANTITY TO BE ELIMINATED, IN TEEMS OF T^B 
OTHER UNKNOWN QUANTITY AND KNOWN QUANTITIES. 

2d. Substitute this value foe the same unknown quan- 
tity IN THE OTHEE EQUATION. 

Dem. — The first process consists in the solution of a simple equation, and is 
demonstrated in the same way. 

The second process is self-evident, since, the equations being simultaneous, 
the letters mean the same thing in both, and it does not destroy the equality of 
the members to replace any quantity by its equal, q. e. d. 



Elimination by Addition or Subtraction. 

dO, Pvob* 3. — Having given two independent^ simultaneotcsy 
simple equations between two unknown qiumtities, to deduce therefrom 
by Addition or Subtraction a single equation with but one unknown 
quantity. 

RULE. — 1st. Eeducb the equations to the forms ax -\' by 
= m, AND ex ■\- dy =■ n. 

2d. If the coefficients of the quantity to be eliminated 

ARE not alike IN BOTH EQUATIONS, MAKE THEM SO BY FINDING 
THEIR L. C. M. AND THEN MULTIPLYING EACH EQUATION BY THIS 
L. C. M. EXCLUSIVE OF THE FACTOR WHICH THE TERM TO BE 
ELIMINATED ALREADY CONTAINS. 

3d. If the signs of the terms containing the quantity to 

BE eliminated ARE ALIKE IN BOTH E(^UATIONS, SUBTRACT ONE 
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EQUATION FROM THE OTHER, MEMBER BY MSMBBI|. If THE^B SIGKS 
ARE UNLIKE, ADD THE EQUATIONS. 

Dbh. — The first operations are performed aooording to the mles already given 
for clearing of fractions, tranoposition^ and nniting terms, and hence do not yiti- 
ate the equations. The object of this redaction is to make th^ two subsequent 
steps practicable. 

The second step does not vitiate the equations, since in the case of either 
equation, both its members are multiplied by the same number. 

The third step eliminates the unknown quantity, ^ce, as the terms containing 
the quantity to bQ eliminated have the same numerical value, if they have the 
same sign, by subtracting the equations one will destroy the other, and if they 
have different signs, by adding the equations they will destroy each other. The 
result is a true equation, since. If equals (the two members of one equation) are 
added to equals (the two members of the other equation), the sums are equal. 
Thus we have a new equation with but one unknown quantity, q. e. p. 



Elimination by Undetermined Multipliers. 

4J. Pvob^ 4« — Saving given two independent^ simultaneous, 
simple equa^ion^ hetweeyi two unknown quantities^ to deduce therefrom 
by Undetermined Multipliers a single eqication with Imt one unknown 
quantity, 

R ULE. — 1st. Eeduce the equations to the forms ax + ly 
= m, AND ex ■\- dy = n, 

2d. Multiply qnb of the equations by an undetermined 

]?ACTPR, AS /, AND FROM; THE RESULT SUBTRACT THE OTHER EQUA- 
TION, MEMBER BY MEMBER. 

3d. In the resulting- equation, place the coefficient of 

THE UNKNOWN QUANTITY TO BE ELIMINATED EQUAL TO 0; FROM 
THIS EQUATION FIND THE VALUE OF /, AND SUBSTITUTE IT IN THE 
OTHER TERMS OF THE EQUATION. 

Dem. — [Reason for the first step, oame as in the last method.] 

Now multiply one of the equation?, as aan + hy= m,\>y f, and subtract the 
otner, member by member, giving (af—cyc + (bf—d)y = mf— n. To eliminate 

y, put bf—d = 0, giving / = -r. This value of / substituted in (af — c)x 

+ (pf— <% = mf— n, will cause the term containing y to disappear by making 
its coefficient 0, and there will result an equation containing only the unknown 
quantity x, and known quantities. Q. E. D. 
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Thus, given 3a; + 7y =33, and 2aj + 4^=20. 

Multiply the 1st by/, 3/c + 7/y = 88/ 

Subtract the 2d, 2x + 4y = 20 

Andwehave (8/-2)aj + (7/- % = 3?^- 20. 

Putting 7/ - 4 = 0, / = f Substituting, (3 x f -2>b = 33 x f - 20. Whence, 
— ^= — f, ora5 = 4. 

In like manner, putting 5f- 2 = 0,/= |. And(7 x |- 4)y = 33 x |- 20- 
Whence y = 3. 



Elimination by Division. 

4:2. Pvob. 5. — Having given two independent^ simultaneous^ 
equations of any degree^ between two unknown quantities^ to deduce 
tJierefrom by Division a single equation with but one unknown 
quantity. 

R ULE. — Cleab thb equations of feactions, and tbansposb 

ALL THE TERMS TO ONE MEMBER. TrEAT THE POLYNOMIALS THUS 
OBTAINED AS IN THE PROCESS FOR FINDING THE HIGHEST COM- 
MON Divisor, continuing the process until one unknown 

QUANTITY DISAPPEARS FROM THE REMAINDER. PUTTING THIS RE- 
MAINDER EQUAL TO 0, WE HAVE THE EQUATION SOUGHT. 

Dbm. — Since each of the polynomials is equal to 0, any number of times one 
subtracted from the other {%. e. any remainder) is 0. 



Examples. ^ ' -• v ^^.u.--^ v x 

[Note. — The pupil should solve the following by each of the preceding 
methods, so as to make all familiar, and in each instance notice what method is 
most expeditious.] , L t* 

(1.) 2a; + 7y=41, (2.) a;+15y=49, (3.) 6x-{- 4y=236, 
3a; + 4y=42. dx+ 'iy=n. 3a;4-15y=673. 

(4.) 29aj-175=14y, (5.) 188-5a;-9y=0, (6.) 5a;-4=3y, 

87aj-56y=497. 13aj=57 + 2y. 10 + 7a;-12y=0. 

(7.) 5y-21= 2a:, (8.) 7y-3a:=139, (9.) 69y-17a;= 103, 
\ 13a;-4y=120. . 2a:4-5^= 91. 14a;-13y=-41. 

(10.) -g ^ = ^L__, (11.) abx+cdy=2, ^ ^...M 

2«^ + 4 4x + y + lS d—b 

• -^-^- = 8 • «^-^=-M- 
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(12.) j|^ = 3^ [ (13.) {b+c){x+c-b)+a{!,+a) = 2«», 



^ _ _^ ! - 1 



* y-_2a, and ^ = 1. ) 



K^ K, V 




(15.) 2.4:r+.32y ^ =.8x + — -^g— , _^_=_^_. 

2^__5y 3a; _y ' ^^L^lT 

(16.) _ ^ = 2, and ^ = 5. 

(17.) -+|- = 5, (18.)?^+- = 19, (19.) ^+^=m +n, ^ 
^ ' ax by ^ ' X y ^ ' nx my ' 

8 3-, n . wi o « 

=7- - + - =w«+w«. 

ic y ^ y 

^ [Note.— Solve the following by {42).'\ 

^ 20. Elimina^a; between the following:(Da;+y=105 and aj+3y 
\ =35;) al8o/i(SJ+3y)=8-ia;andll+y=K7y--3a;);)aki(i(y~2) 

[ -i(10-y)=i(^-10)andi(2^+4)-i(2y + ir) = l(y + 13)ji also 

, Wic* +6xy=lU and 6a:y+36y«=432 ;J alep(a:« 4-y'=2728 and a;«-ajy 

+yi=:124^ alBo/a;*+a:*y4-a;«y«+a;y3+y*=landa;«4-y»=2 J also 

\i^a;-fy+a;y=34 and a;«+y«=52.) ' 

SOLUTION OP THE LAST. 

rr+y+a:y— 34 ) x^ +y«-52| a;4-34— y 

(l+y)a;+y-34 ) (l+y)a;« + (l+y)y«-52(l+y) 
(1 4-y)a;* +a:y— 34ir 

(34~y)a: + (y«-52)(l+y) 
(l+y)(34-y)rr + (y«-52)(l+y)« 
(l+y)(34~y)r.~(34^y)« 
Equation sought, (34— y)« + (y« — 52)(1 +y)« =0. 

[Note. — The equations resulting from the elimination in several of the above 
cases are of degrees higher than the first, and hence their resolution is not to 
be expected at this stage of the student's progress.] 

7 
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Applications. 

^ 1. A wine merchant has two kinds of wine, one worth 72 cents a 
quart, and the other 40 cents. How much of each must he put in a 
mixture of 50 quarts, so that it shall be worth 60 cents a quart? 

^ 2. A crew that can pull at the rate of 12 miles an hour down the 
stream, finds that it takes twice as long to row a given distance up 
stream as down. What is the rate of the current ? 

3. A man sculls a certain distance down a stream which runs at a 
rate of 4 miles an hour, in 1 hour and 40 minutes. In returning it 
takes him 4 hours and 15 minutes to reach a point 3 miles below his 
starting place. How far did he scull down the stream, and at what 
rate could he scull in still water? 

4. A man puts out $10,000 in two investments. For the first he 
gets 5^ and for the second 4^. The first yields annually $50 more 
than the second. What is each investment ? 

[Note. — Generalize the statement and solution of the preceding problems.] 

5. What fraction is that whose numerator being doubled and de- 
nominator increased by 7, the value becomes f ; but the denomina- 
tor being doubled, and the numerator increased by/2, the value be- 
comes f? 

^ 6. There is a number consisting of two digits, which is equal to 
four times the sum of those digits ; and if 18 be added to it, the 
digits will be inverted. What is the number? 

7. A work is to be printed, so that each page may contain a cer- 
tain number of lines, and each line a certain number of lettera If 
we wished each page to contain 3 lines more, and each line 4 letters 
more, then there would be 224 letters more in each page ; but if we 
wished to have 2 lines less in a page, and 3 letters less in each line, 
then each page would contain 145 letters less. How many lines are 
there in each page ? and how many letters in each line ? 

8. A sum of money put out at simple interest amounted to $5250 
in 10 months, and to $5450 in 18 months. What was the principal, 
and what the rate ? 
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\1 9. In an alloy of silver and copper, — of the whole + p ounces 

was silver, and — of the whole — q ounces was copper. How many 
ounces were there of each ? 

V 10. When a is added to the greater of two numbers, it is m times 
the less; but when b is added to the less, it is n times the greater. 
What are the numbers ? 

V 11. When 4 is added to the greater of two numbers, it is 3J times 
the less ; but when 8 is added to the less, it is i the greater. What 
are the numbers ? Solve bv substituting in the results of the pre- 
ceding. 

12. There is a cistern into which water is admitted by three cocks, 
two of which are of exactly the same dimensions. When they are 
all open, five-twelfths of the cistern is filled in 4 hours ; and if one 
of the equal cocks be stopped, seven-ninths of the cistern is filled in 
10 hours and 40 minutes. In how many hours would each cock fill 
the cistern? 

13. A banker has two kinds of change ; there must be a pieces of ' 
the first to make a crown, and b pieces of the second to make the I 
same : now a person wishes to have c pieces for a crown. How many 
pieces of each kind must the banker give him ? ^ 

Ans.. -1 of the first kind, -\ of the second. 

0— a b—a 

14. An ingot of metal which weighs n pounds loses jt? pounds when 
weighed in water. This ingot is itself composed of two other metals, 
which we may call M and M^; now n pounds of M loses q pounds 
when weighed in water, and n pounds of M' loses r pounds when 
weighed in water. How much of eaieh metal does the original ingot 
contain ? 

Ans., ^(!1:Z^ pounds of M, ""^^""^^ pounds of M'. 
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SECTION III. 

INDEPENDENT, SIMULTANEOUS, SIMPLE EQUATIONS WITH MORE 
THAN TWO UNKNOWN QUANTITIES. 

43. Pvoh. — Having given several independenty simultaneous^ 
simple equations, involving <zs many unknown quantities as there are 
equations^ to find the values of the unknown quantities. 

RULE, — Combine the equations two and two by ant of 

THE METHODS OF ELIMINATION, ELIMINATING BY EACH COMBINA- 
TION THE SAME UNKNOWN QUANTITY, THUS PRODUCING A NEW SET 
OF EQUATIONS, ONE LESS IN NUMBER, AND CONTAINING AT LEAST 
ONE LESS UNKNOWN QUANTITY. COMBINE THIS NEW SET TWO AND 
TWO IN LIKE MANNER, ELIMINATING ANOTHER OF THE UNKNOWN 
QUANTITIES. EePEAT THE PROCESS UNTIL A SINGLE EQUATION IS 

found with but one unknown quantity. solve this equation* 
and then substitute the value of this unknown quantity in 
one of the next preceding set of equations, of which there 
will be but two, with two unknown quantities, and there 
will result an equation containing only one, and that 
another of the unknown quantities, the value of which 
can therefore be found from it. substitute the two values 
now found in one of the next preceding set, and find the 
value of the remaining unknown quantity in this equation. 
Continue this process till all the unknown quantities are 
determined. 

Dem. — 1. The combinations of the equations give true equations because they 
are all made upon the methods of elimination already demonstrated. 

2. That the number of equations can always be reduced to one by this pro. 
cess, is evident, since, if we have n equations and combine any one of them with 
each of the others, there will be ri — 1 new equations. Combining one of these 
n — 1 new equations with all the rest there will result n — 2. Hence n—\ 
such combinations will produce a single equation ; and as one unknown quan* 
tity, at least, has disappeared from each set, there will be but one left. Q. b. d, 

ScH. 1. — If any equation of any set does not contain the quantity we are 
seeking to eliminate, this equation can be written at once in the next set, 
and the remaining equations combined. 

ScH. 2. — ^In eliminating any unknown quantity from a particular set of 
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equations, any one of the equations may be combined with each of the 
others, and the new set thus formed. But some other order may be prefer- 
able as giving simpler results. 

ScH. 3. — It is sometimes better to find the values of all the unknown 
quantities in the same way as the first is found, rather than by substitution. 



Examples. 
1. 2. 3. 

a; -h y + 2; = 31, a: + y 4- z = 9, 2a; + 3;^ + 4;? = 29, 

a? -h y — 2; = 25, x-^dy -Sz=7, 3x -^ 2y -\- 5z = 32, 

x — y — z= 9. a; - 4y 4- 82 = 8. 4a: + 3y -f 2^; = 25. 



4. 5. 6. 

i^ + i2/ + i^=62, x+\y=lOO, ^ a:=G4; ?^±^ + 2^=8, 






> y=72; x-\-2y-6z=2, 

,=SL ^^+ .=2. J .=1 
o 



a;=3; 



7. 
0^ + ^ = 85, 



ay + hx = c, 
ex + az.= b, 
bz + cy — a. 



9. 
2 1_3 

X y~z' 

1 + 1-i 

X z 3 



10. 



^ 11. 



y+z=2yz, V i+y=l' 
a;+«=3a;2, ^ - + -=1, 



a;+y=4:a!?/. 



y 2 

2 :^ 



12. 

x-\-y-i'Z=0, 

{b-^c)x-\-{c-^a)y-^{a + b)z=0, 
bcx-\-cay-\-abz=l. 



13. xyz=a{yZ'-zx--xy)=b{zx—xy—yz)=^c(xy^yz-'Zx). 
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14. 15. 16. 

6x—7z=lly dx—by -{-2z —4:11=11, u-{-v-\-x+z = lly 

2x-{-dy=39, 10y—Sz-{-3u-'2v= 2, U'^v+y-{-z-=12, 

4y4-32;=41. 52;4-4w4-2i;— 2aj= 3, u+x+y'^z=13, 

6w— 3t;H-4a;— 2y= 6. v+x+y-hz=iU. 

17, x+y+z=a-hb+c, bx+cy+az=cx+ay-hbz::^a*-hb*+cK 



Applications. 

1. Three persons, A, B, and C, were talking of their guineas; 
says A to B and C, give me half of yours and I shall have 34; says 
B to A and C, give me a third part of yours and I shall have 34; 
says C to A and B, give me a fourth part of yours and I shall have 
34. How many had each ? ' Ans., A 10, B 22, C 26. 

2. For 18 I can buy 2 lbs. of tea, 10 lbs. of coffee, and 20 lbs. of 
sugar, or 2 lbs. of tea, 5 lbs. of coffee, and 30 lbs. of sugar, or 3 lbs. 
of tea, 5 lbs. of coffee, and 10 lbs. of sugar. What are the prices ? 

3. A person possesses a certain capital which is invested at a certain 
rate per cent. A second person has £1000 more capital than the 
first and invests it at one per cent, more; thus his income exceeds 
that of the first person by £80. A third person has £500 more 
capital than the second, and invests it one per cent, more advan- 
tageously ; and thus receives £70 more income. Find the capital of 
each and the rate of investment. 

^ 4. Find four numbers, such that the first with half the rest, the 
second with a third the rest, the third with a fourth the rest, and 
the fourth with a fifth of tlie rest shall each be equal to a. 

N 5. A number is represented by 6 digits, of which the left-hand 
digit is 1. If the 1 be removed to units place, the others remaining 
in the same order as before, the new number is 3 times the original 
number. Find the number. 

6. A man has £22 14.<f. in crowns (55.), guineas (21^.), and moidores 
(275.) ; and he finds that if he had as many guineas as crowns, and 
as many crowns as guineas, he would have £36 65. ; but if he had 
as many crowns as moidores, and as many moidores as crowns, he 
would have £45 I65. How many of each has he ? 
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7. A person has four casks, the second of which being filled from 
the first, leaves the first 4 full. The third being filled from the 
second, leaves it ^ full ; and when the third is emptied into the 
fourth, it is found to fill only ^ of it. But the first will fill the third 
and fourth and have fifteen quarts remaining. How many quarts 
does each hold ? 

8. A, B, G, and D, engage to do a certain work. A and B can do 
it in 12 days, A and D in 15 days, and D and C in 18 days. B and G 
commence the work together, after 3 days are joined by A, and after 
4 days more by D. Then, all working together, they finish it in 
2 days. How long would each have required to do the entire work ? 
Solve with one unknown quantity, as well as with four. 

9. A person sculling in a thick fog, meets one tug and overtakes 
another which is going at the same rate as the former ; show that if 
a is the greatest distance to which he can see, and b, V are the dis- 
tances that he sculls between the times of his first seeing and of his 

passmg the tugs, - = x + t>- 
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GHAFTEB n. 

RATIO, rBOrOBTIOK, AND mOOUESSION. 



SECTION I. 
RATIO. 

44. RaHo is the relative magnitude of one quantity as oom- 
pared with another of the same kind, and is expressed by the quotient 
arising from dividing the first by the second.* The first quantity 
named is called the Antecedent, and the second the Consequent 
Taken together they are called the Terms of the ratio, or a Couplet 

45. The Sign of ratio is the colon, : , the common sign of 
dNision, -=-, or the fractional form of indicating division. 

The last form is coming into use quite generaUj, and is to be preferred. 

46. Cob. — A ratio being merely a fraction, or an unexecuted 
problem in Division, of which the antecedent is the numerator, or 
dividend, and the consequent the denominator, or divisor, any changes 
made upon the term^ of a ratio produce the same effect upon its value, 
as the like changes do upon the value of a fraction, when made upon 
its corresponding terms. The principal of these are, 

1st. J^ both terms are multiplied, or both divided by the same 
number, the value of the ratio is not changed. 

2d. A ratio is multiplied by muUiplying the antecedent, or by 
dividing the consequent 

3d. A ratio is divided by dividing the antecedent, or by multiply- 
ing the consequent 

* There is a common notion among ns that the French express a ratio by dividing the con- 
sequent by the antecedent, while the English express it as above. Snch is not the fact 
French, German, and English writers agree in the above definition. In fitct, tlie Germans very 
generally use the sign : instead of +; and by all, the two signs are used as exact equivalents. 
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4Lt. A IHreet Ratio is the quotient of the antecedent divided 
by the consequent, as explained above, (44). An Indirect or 
Reciprocal Ratio is the quotient of the consequent divided by 
the antecedent, t. e.y the reciprocal of the direct ratio. A ratio is 
always writtbn as a direct ratio. 

48. A ratio of Crreater Inequality is a ratio which is 
greater than unity, as 4 : 3. A ratio of Less Inequality is a 
ratio which is less than unity, as 3 : 4. 

49. A Compound Ratio is the product of the corresponding 
terms of several simple ratios. Thus, the compound ratio a : b, 
c'.dymi Uy is aatn : idn. This term corresponds to compound fra^:- 
tion. A compound ratio is the same in effect as a compound fraction. 

50. A Ihiplicate Ratio is the ratio of the squares, a tri^ 
plicate f of the cubesy a subdupHcatCf of the sqtMre roots, and 
a subtriplictitef of the cube roots of two numbers. Thus, a* : *•, 
a^ : ft*, Va : Vb, and \/a : Vb. 



Examples. 
1. What is the ratio of 8 to 4? of 4 to 8 ? of 1 to J? of 5a«m 
to3am? of ic»-y8 toa;-y? of|to4? of-to^? of ^^ 

1 — iC 

2. Write the inverse ratio in each case in the last paragraph. 

3. Reduce the following to their lowest terms : 85 : 187, a* — J* 
:a*-ft*, 12(a--a:)«:6(a«-ic«). L 

4. What is the duplicate ratio of 3 : 5, of ct: J ? What the tripli- 
cate ? What the subduplicate of 25 : 16 ? of 3 : 7 ? of m : w ? What 
the subtriplicate of 729 : 1728 ? of a; : y ? 

5. Which is the greater, the compound ratio of f : f and 5*: 4, or 
the inverse triplicate ratio of 3 : 2 ? 

6. Prove that a ratio of greater inequality is diminished by adding 
the same number to both its terms. How is it with a ratio of less 
inequality ? How with equality ? 

7. If 5 gold coins and 30 silver ones are worth as much as 10 gold 
coins and 10 silver ones, what is the ratio of their values ? 



6^ 
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8. Prove that a« — a;* : a* -f a;» > a—x :a+x. Is x^-h y^ : x'^ -fy' 
greater, or less, than x^ ■¥ y^ :x + y? 

9. Prove that 4«» — Sa^x — ^ax^ + 3x^ : 3a^ — 2a«a; — Sarr* + 2x^ 
is equal to 4a — 3a; : 3« — 2a;. 

10. Prove that, if a; be to y in the duplicate ratio of a to J, and a 
to ^ in the subduplicate ratio of a + x to a — y, then will 2x : a 
= a; — y:y. 



SECTION II. 

PROPORTION. 

5 J. Proportion is an equality of ratios, the terms of the ratios 
being expressed. The equality is indicated by the ordinary sign of 
equality, =, or by the double colon, :r. 

ScH. — The pupil should practice writing a proportion in the form r = ^, 

still reading it **a is to ft as c is to <Z." One form should be as familiar as 
the other. He must accustom himself to the thought that a ih :x ci d means 

^ = 3 and nothing more, 

a ■ 

52. The JSxtremes (outside terms) of a proportion are the 
first and fourth terms. The Means (middle terms) are the second 
and third terms. 

53. A Mean Proportional between two quantities is a 
quantity to which either of the other two bears the same ratio that 
the mean does to the other of the two. 

54. A Third Proportional to two quantities is such a 
quantity that the first is to the second as the second is to this third 
(proportional). 

55. A proportion is taken by Inversion when the terms of 
each ratio are written in inverse order. 

56m A proportion is taken by Alternation when the means 
are made to change places, or the extremes. 

57. A proportion is taken by Composition when the sum of 
the terms of each ratio is compared with either term of that ratio, 
the same order being observed in both ratios ; or when the sum of 



Digitized by VjOOQ IC 



PBOPOBTION. 107 

the antecedents and the sum of the consequents are compared with 
either antecedent and its consequent. 

58. If the difference instead of the smn be taken in the last defi- 
nition, the proportion is taken by Division, 

S9m Four quantities are Inversely or Reciprocally Proportional 
when the first is to the second as the fourth is to the third, or as the 
reciprocal of the third is to the reciprocal of the fourth. 

60. A Continued Proportion is a succession of equal 
ratios, in which each consequent is the antecedent of the next ratio. 
Thus if a : 6 : : J : c : : c : ^ : : e? : ^, we have a continued proportion. 



61m Prop, Im — Tn any prqportio7i the prodicct of the extremes 
equals the product of the means. 

Deh. — If a'.hi'.cd then ad = be. For a'.h::e:d\& the same as =- = -, which 

a 
cleared of fractions becomes ad^bc. Q. B. D. 

62m CoR. 1. — Th£ square of a mean proportional equals the pro- 
duct of its extremes, and hence a mean proportional itself equals the 
square root of the product of its extremes. 

If a : w : : m : d, by the proposition m* ^ad. Whence extracting the square 
root of both members, m = Vad. 

63. CoR. 2. — Either extreme of a proportion equals the product 
of the means divided by the other extreme / and, in like manner, 
either mean equals the product of the extremes divided by the other 
mean. 



64. Prop. 2, — -5^ the product of two quantities equals the pro- 
duct of two others, the two former may be made the extremes, or the 
means of a proportion, and the two latter the other terms. 

Dem. — Suppose my = nx,. Dividing both members by xy, we have — = -, 

i. e.,m:x ::n:y. In like manner dividing by mn we have - = — , i. e., y:n 
:: xiTH. 

Deduce each of the following forms from the relation my = nx : 

1. mix :: n: y. | 5, y :x :: n: m. 

2. m in :: xiy. 6. ximii y m. 
S. y m II xim. 7. nimii y ix, 
4. X ly iimin. S. ni y iimix. 
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6Sm Cor. — If fowt quatUiHes are in proparHonf the^ aire in pro^ 
portion by alternation and by inversion. 



66. Prop. 3. — If f(mr quantities are in proportion^ tJie propor- 
tion ia not destroyed by taking eqtial muliiples of 

1st TTie terms of the same couplet^ 

2d. The antecedents^ 

3d. The consequents^ 

4th. All the terms. 

Demonstrate these facts from the nature of a proportion as an equality of 
ratios. 

67m ScH. — Observe that such changes, and only such, may be made upon 
the terms of a proportion without destroying it, as 

1st. Do not change the valiies of the ratios, 

2d. Change loth ratios alike, 

QxjEBT. — If the first term of a proportion be divided by any number, in what 
ways may the operation be compensated for so as to preserve the proportion ? 



68. JProp. 4. — The products or the quotients of the correspond- 
ing terms of two (or more) proportions are proportional to each 
other. 

Demonstrated on the axioms that equals multiplied by equals give equal 
products, and that equals divided by equals give equal quotients. 

69. Coii.-^Idke powers, or roots, of proportionals are prcpor* 
tional to each other. 

How does this corollary grow out of the proposition 7 



70. JProp. S. — ^ two proportions have a ratio in one equoU to 
a ratio in the other, the remaining ratios are equal and may form a 
proportion. 

Demonstrated on the axiom that things which are equal to the same thing 
are equal to each other. 



71. JProp. 6. — Any proportion may be taken by composition, 
or by division, or by both at once, without destroying it 
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Dsac— If a:b::o:d, 

' a + ft : ft : : c + d : d, (1) 

a + b : a : : c + d : e, (2) 

a + c : a : : 6 + d : 6, (3) 

a + c : c : : 6 + d : d. (4) 

Bj division, we maj write the same forms with the — sign instead of the -i- . 



We may write by 
composition. 



By composition and 
division at the same 
time, we may vnritej 



*^^ f a + ft : a - ft : : c + d : c - d, 
ime < 

|^a + c:a — c::ft + d:ft — d. 



These forms may all be verified by representing the ratio of a to ft by r, 

a 
whence -r = r, or a = rft, and since the ratio of 6 to d is the same as that of 

a to ft, - = r, or e = dr, and then substituting in each of the above forms these 
d 

values of a and c. Thus, the 1st becomes ftr +ft : ft : : dr+ d : d, which ratios are 
equal, since each isr + 1. Let the student verify the other forms in the same 
way. 

QUERIBS. — If a :ft : : c: d, isa±ft :a:: e±d : ft? Is a + b : c + d : : a—c : ft— d? 

72* Cor.— ^ there be a series of equal ratios in the form of a 
continued proportion,^ the sum of aU the antecedents is to the sum of 
all the consequents^ as any one antecedent is to its consequent. 

Dem. — If a : ft : : c : d : : «:/: \g : A, etc., a + c + e+^ + etc. : ft+d+/+A + etc. 
: : a : ft, or c : d,or e :f,OT g : h, etc. Substitute for a br, for c dr, for e fr, for 
g hr, and we have 

ftr + d7*+/r + Ar+ etc. : ft + d+/+A + etc. : : ftr : ft, 
in which the ratios are seen to be equal, since each is r. 

7S* Sen.— The method jmrmed in the demonstration of the preceding propo- 
sition toiU be found sufficient in itself to test any proposed transformation of a 
proportion. We will give a few examples : 

1. Jf a : b :: c : dy prove as above that ad = he, 

Bug. — ^By substituting as above we have the identity brd = bdr, 

2. I{a:b:: c : d, prove as above that a:c::b: d, and h: a:: d : c. 

3. Ifaib:: c: d, and m i n :: x : y, prove as above that am : b7i : : 
ex: dy. 

Suo'8.— Let - = r, whence 1 = r ; and - = r', whence ?. = r'. Substitut- 
ft d n y 

ing for a br, for e dr, for m tw', and for scyr', in the proportion to be tested, it 

is shown to be true. 
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4. If ^ — a; : ^ + a; : : J — y : ^ 4- J, show that 2x:y\*a:h, 
SuG's. — From : ~ = r find x in terms of a and r, amd from ,— — ^ = r find v 

in terms of h and r. 

5. If a : * :: j9 : q^ prove that a« + J* : -^^ : : »• + $'* : -^ — . 

a -¥b ^ ^ p -\-q 

6. Four given numbers are represented by a, b,c,d; what quantity 
added to each will make them proportionals? 

^ he — ad 

Ans., ; -. 

a--0'-c + a 

7. If four numbers are proportionals, show that there is no num- 
ber which, being added to each, will leave the resulting four num- 
bers proportionals. 

S, If a :b:: c : d, show thB,t ma:mb :: c:d; a:b ::mc:md', ma: 
b ::mc: d; a:mb:: c: md ; and ma : nb ::mc: nd. 



Applications. 

[Note. — The first five of the following examples should be solved without 
converting the proportions into equations.] 

1. A merchant having mixed a certain number of gallons of brandy 
and water, found that if he had mixed 6 gallons more of each, there 
would have been 7 gallons of brandy to every 6 gallons of water, 
but, if he had mixed 6 gallons less of each, there would have been 
6 gallons of brandy to every 5 gallons of water. How much of each 
did he mix ? 

Solution, a; + 6 : y + 6 : : 7 : 6, and aj— 6:y--6::6:6. 
Hence a? — y : y + 6 : : 1 : 6, and aj — y : y — 6 : : 1 : 5. 

Hence y + 6 : y - 6 : : 6 : 5, or 2y : 12 : : 11 : 1, or y : 66 : : 1 : 1. 

Substituting, a; + 6 : 72 : : 7 : 6, or aj + 6 : 6 : : 14 : 1, or a? : 6 : : 13 : 1, or a; : 
1 : : 78 : 1. 

2. Find two numbers, such, that their sum, diflference, and pro- 
duct, may be as the numbera 8, d, and j3, respectively. 

Solution, x + y :x — y :: s: d, and x — y :xy :: dip. 
Hence x : y :: 8 + d : 8 — d, and x : y : : dx ■{■ p : p. 

Hence dx+p :p:: s + d : s— d,ordx :p ::2d:8 — d,OT x :p ::2 : s-^d, 

or a? : 1 : : 2p : « — d, t. e. a? = —^ 
8 — a 
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3. It is required to find a number, such, that the sum of its digits 
is to the number itself as 4 to 13 ;(and if the digits be inverted, their 
difference will be to the number expressed as 2 to 31. 1 

4. Divide the number 14 into two such parts, that the quotient 
of the greater divided by the less shall be to the quotient of the less 
divided by the greater, as 16 to 9. 

5. Find two numbers whose difference is to the difference of their 
squares as w : w, and whose sum is to the difference of their squares 
as a : d. 

[Note. — ^In the following, use the proportion more or less, as is found ex- 
pedient.] 

6. The sides of a triangle are as 3 : 4 : 5, and the perimeter is 480 
yards: find the sides. 

^ 7. A fox makes 4 leaps while a hound makes 3 ; but two of the 
hound's leaps are equivalent to 3 of the fox's. What are their relative 
rates of running? 

8. A courier sets out from Trenton for Washington, and travels 
at the rate of 8 miles an hour; two hours after his departure 
another courier sets out after him from New York, supposed to be 
68 miles distant from Trenton, and travels at the rate of 12 miles an 
hour. How far must the second courier travel before he overtakes 
the first? 

9. There are two places, 154 miles apart, from which two persons 
set out at the same time to meet, one travelling at the rate of 3 miles 
in two hours, and the other at the rate of 6 miles in four hours. How 
long, and how far, did each travel before they met ? 

10. A courier, who travels 60 miles a day, has been dispatched 
five days, when a second is sent to overtake him, in order to do 
which he must travel 76 miles a day. In what time will he overtake 
the former? 

11. Two travellers, A and B, set out at the same time from two 
different places, C and D ; A from C to D, and B from D to 0. 
When they met, it appeared that A had gone 30 miles more than 
B ; also, that A can reach D in 4 days, and B can reach C in 9 days. 
Required the distance from C to D. 

'. 12. A hare, 50 of her leaps before a greyhound, takes 4 leaps to 
the greyhound's 3 ; but two of the greyhound's leaps are as much as 
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three of the hare's. How many leapt must the greyhound take to 
catch the hare ? 

13. A runner left this place n days ago, at the rate of a miles 
daily. He is pursued by another, at the rate of b miles a day. In 
how many days will the second overtake the first ? 

J an 

Ans.. T • 

b — a 

14. Find' the time between 3 and 4 when the hands of a watch are 
opposite each other. When they are at. right angles to each other. 
When they are together. 

15. How often does the minute hand of a watch pass the hour 
band ? How often at right angles ? How often opposite ? 

16. Do the hands of a watch occupy the three relative positions 
of opposite, at right angles, and together between each two hours of 
the 12 ? If there are exceptions point them out, and show why they 
occur. 

17. Before noon, a clock which is too fast, and points to afternoon 
time, is put back 5 hours and 40 minutes ; and it is observed that 
the time before shown is to the true time as 29 to 105. Eequired 
the true time. 

18. Two bodies move uniformly around the 
circumference of the same circle, which measures 
8 feet When they start, one is a feet before the 
other ; but the first moves m and the second M 
feet in a second. When will these bodies pass 
each other the first time, when the second, when 
the third, etc., supposing that they do not disturb 
each other's motion ? When will they pass if 
the first starts f seconds before the second, and M > m ? When if 
M < w ? When will they pass if the first starts t seconds later than 
the second and M > m ? When if M < m ? When will they meet 
if they start at the same time and move toward each other, or over 
the distance a, first ? If they move from each other, or over the arc 
s — a first ? When will they meet if the first starts t seconds before 
the other, and they move toward each other, or over the distance a 
first ? If they move from each other, or over the arc * — « first ? 
If they move in opposite directions, and the first starts t seconds 
later than the second ? When they move over the arc a first ? When 
they move over the arc 5 — a first ? 
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19. The force of gntTitation is inyersely as the square of the dis- 
tance from the centre of the earth. At the distance 1 from the 
centre of the earth this force is expressed by the number 32.16. By 
what is it expressed at the distance 60 ? Ans.^ 0.0089. 

' 20. If the velocity of one body moying around another is propor- 
^ i tional to unity divided by the duplicate of the distance, and the 
V*! velocity be represented by v when the distance is r, by what will it 
V \<be expressed when the distance is r' ? 

vj ^ Ans ^-^ 




PROGRESSIONS. 

74. A Progression is a series of terms which increase or de- 
i crease by a common difference, or by a common multiplier. Tlie 
J ^ former is called an Arithmetical, and the latter a Geometrical Fro- 
} -v^ession, A Progression is Increasing or Decreasing according as 
} >^the terms increase or decrease in passing to the right The terms 
J Ascending and Descending are used in the same sense as increasing 
|Snd decreasing, respectively. In an Arithmetical Progression the 
f common difference is added to any one term to produce the next term 
^ to the right. If the progression is decreasing the common difference 
^ is minus. In an increasing Geometrical Progression the constant 
I multiplier by which each succeeding term to the right is produced 
^from the preceding is more than unity; and in a decreasing progres- 
sion it is less than unity. This constant multiplier in a Geometrical 
Progression is called the Ratio of the series. 

J 75. The character, ••, is used to separate the terms of an Arith- 

^ Cj ™^^^^^ Progression, and the colon, : , for a like purpose in a Geo- 
I J metrical Progression. 

ILLUSTRATIONS. 



a. 



! •• 6 •• 7, etc., etc., is an increasing Arithmetical Progression with a common 
difference 2, or + 2. 
'^W, 16"10*'6"0" — 5, etc., etc., is a Decreasing Antnmetical Progression with a 
^ common difference — 5. 

a-'a ±d'a ±^d"a ±M, etc., etc., is the general form of an Arithmetical 

Progression, ± d being the common difference. 
2 : 4 : 8 : 16, etc., etc., is an increasing Geometrical Progression with ratio 2. 
12 : 4 : i : i : /r, etc., etc., is a Decreasing Geometrical Progression with ratio i. 
) 8 



31 



o 
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<z : or : or* : or* : or*, etc., etc., is the general form of a Geometrical Progres- 
sion, r being tlie ratio, and greater or less than unity, 
according as the series is increasing or decreasing. 

V 76. When three quantities taken in order are in arithmetical pro- 
gression, the second is the Arithmetical Mean between the other two, 
and is equal to half their sum. 

i .. ^/- ?. r- '- ~ V ■ '- - 1 - : 
III. — If a •• & •• c, & is the arithmetical mean between a and c ; and since h — a 
= c — b, J = i(a + c). 

V 77. When three quantities taken in order are in geometrical pro- 
gression, the second is the Geometric Mean between the other two, 
jind is equal to the square root of their product. — -- 

Let the stiadent illustrate. 'i^ \ Vy \ C . Vr "^ ^ 



^1 



78. There are Five Tilings to be considered in any progression ; 
viz., the first term, the last term, the common difference or the ratio, 
the number of terms, and the sum of the series, any three of which 
being given the other two can be found, as will appear from the sub- 
sequent discussion. 

Arithmetical Progression. 

79. Prop. 1. — TTie formula for finding the nth, or last term of 
an Arithmetical Progression; or, more properly, the formula express- 
ing the relation between the first term, the nth term, the common dif- 
ference, and the number of terms of sitch a series, is 

1 = a + (n - l)d, 

in which a is the first term, d the common difference, n the number 
of terms, and 1 the nth or last term, d being positive or jiegcUive 
according as the series is increasing or decreasing. 

Dbm. — ^According to the notation, the series is 

a •• a + d •' a + 2d »' a + M - a + 4d " a •}- fid, etc., etc. 
Hence we observe that as each succeeding term is produced by adding the com- 
mon difference to the preceding, when we have reached the nth term, we shall 
have added the common difference to the first term n — 1 times ; that is, the nth 
term, or ^ = a + (ti — l)d. Q. B. D. 

ScH. — As this formula is a simple equation in terms of a, ?, n, and dy any 
cue of them may be found in terms of the other three. 
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80. Prop. 2.— The formula for the mm of an Arithmetical 
Progression^ or expressing t/ie relation between the sum of the series^ 
the first term, last term, and number of terms, is 



=m«. 



2 

s representing the sum of the series, a the first term, 1 the last term, 
and n the number of terms. 

Dbm. — If I is the last term of the progression, the term before itiBl—d, and 
the one before that l—2d,etc. Hence, as a-'a-{-d"a-{-2d-a+dd i re- 
presents the series, l"l—d--l—2d"l—3d a represents the same series 

reversed. Now the sum of the first series is 

s=a-h(a-\-d) + (a+2d)+ - - - {I —2d)+(l—d)+l; 

and reversed s=l -^{1 —d)-{-{l ^2d)+ {a-h2d)-{-(a + d)-^a. 

Adding 28={a+l)-^{a + l) +(a+0+ - - (a + l) + {a + l)-h{a-^l). 

If the number of terms in the series is n, there will be n terms in this sum, each 
/ of which is (a+ ; hence 28 ={a+t)n, or « = "S" J^- Q- S- ^- J v >_ ^ • ' ^^ 

ScH. — This formula being a simple equation in terms of «, a, 2, and n, 
any one of the four can be found in terms of the other three. 



81. Cor. 1. — Formulas 

(1) l=a+(n-l)d, and 

(2) s = !_-«- J^> being two equations between 

the five quantities, a, 1, n, d, and &, any two of these five can be found 
in tenns of the other three. 

82. CoE. 2. — The formula f(yr inserting a given number ofarith- 

1— a 
metical means between two given extremes is d= — — r, in which m 

^ m + 1 

represents the number of means. From this d, th^ common differ-- 
ence, being found, the terms can readily be vrritte^i. 

Dem. — If a is the first term and I the last, and there are m terms between, 
or m means, there are in all m + 2 terms. Hence, substituting in the formula 

I— a 
/=a+(n-l)<?,forn,w + 2,wehavel=a+(w+l)<?. From this d=-:j7j. Q. B. D. 
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83» FoBMULffi IN Arithmetical Progression. 

[It will afford a good exercise for the student to solve the following cases on 
review, after having gone through Quadratics ; though no imp'ortance need be 
attached to remembering the results, as the fundamental formulas 

(1) l=a+(n-l)d, and (2) «=[^y\|^. 
are sufficient to resolve all cases.] 



NTTMBBB. 


QTfSS. 


BEQUIBBD. 


rOBMULAS. 


1. 

vi2. 
3. 

4. 


a, d, n 
a. d, S 

a, 71, S 
d, n, S 


I 


lz=a + {n-\)d. 


^=-id±V{2dS + (a~id)«{, 

n 
l^^^(n-l)d 
n a 


5. 
6. 

7. 
8. 


a, d, n 
a, d, 1 

a, n, I 
d, n, I 


s 


S=i7i{2a+(7i-l)<f}, 
l+a l^—a* 

S=i7l{ 2^^(71- 1)<|}. 


9. 

10. 

X 11. 

12. 


d, n, I 
d, 71, S 

n, I, S 


a 


az=zl-(n-\)d, 

S (n--\)d 

""^n 2 ' 


71 


13. 

14. 
15. 
16. 


a, 71, I 
a, 71, S 
a, h B 
n, I. S 


d 


^'71-1' 

2(S-«70, 
I* -a' 


17. 
18. 
19. 
20. 


a, h S 
d, I, S 


n 


l-a ^ 

71—^+1, 


±V(2«-rf)*+8(?S-2a + d 

28 
^=1 — , 


2l+d±^/i2l-\-d)*-8d& 
^- 2e? 
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Examples. 

1. Find the 21st term of 3 •• 7 •• 11 •• etc., and the sum of these 
terms. 

2. Find the 24th term of 7-6--3-- etc., and the sum of these 
terms. 

3. Find the nth term of |..|..|.. etc., and the sum of the n 
terms. 

4. Find the nth term of ^^ •• -^^- -I^.. etc., and the sum 

n n n 

of the n terms. 

5. Insert four arithmetical means between 193 and 443. 

< 6. Prove that the sum of n terms of 1 •• 3 •• 5 •• 7 •• etc., is to the 
sum of m terms as w* : m*. ^^ -_ V o 

7. What is the first term of an arithmetical progression whose 
59th term is -2^, and 60th -If ? ; Whose 2d term is J, and 55th 5.8? '^ 

8. How many terms in the progression whose common differ- 
ence is 3, first term 5, and last term 302 ? 

9. Insert three arithmetical means between m and n. 

10. Produce the formula for inserting m arithmetical means be- 
tween a and b, viz., 

am-\-b am—a + 2b bm^b-h2a bm + a , 

m-f 1 m + 1 m + 1 m + 1 

11. If a body falling to the earth descends a feet the first second, 
3a the second, 5a the third, and so on, how far will it fall during the 
^th second? Ans., {2t — l)a. 

12. If a body falling to the earth descends a feet the first second, 
da the second, 5a the third, and so on, how far will it fall in t 
seconds ? Ans.^ at*. 



Geometbical Progression. 

84, Prop. 1. — The formula for finding the nth, or last term 
of a geometrical progression ; or, more properly, the formula ex- 
pressing the relation betwee7i the first term, the nth term, the ratio, 
and the number of terms of such a series, is 1 = ar""*, in which 1 is 
the laMy or vAh term, a the first term, r th^ ratio^ and n the number of 
terms. 
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Dem. — Letting a represent the first term and r the ratio, the series is 
a: ar : ar* : ar^ : or* : etc. Whence it appears that any term consists of the 
first term multiplied into the ratio raised to a power whose exponent is one 
less than the number of the term. Therefore the nth. term, or / = ar^~ *. Q. E. d. 

8Sm JPvopm 2, — The formula for the sum of a geometrical pro- 
gression^ or expressing the relation between the sum of the se^*ies, the 
first term^ the ratio, and the number of terms is 

ar" — a 

in which s represents the sum, a the first term, r the ratio, andn the 

number of terms. 

' Dem.— The sum of the series being found by adding all its terms, we have, 
^rza + flw + or* + or* ■{■ -' ar*-* + or*-' + or"-*, and multiplying by r, 
r8= ar + ar* + ar^ + -- ar*-* + ar*-* + gr*"* -f ar*. Subtwcting, 
r« — « = ar* — a, or 

(r — 1)« = ar* — a, and 8 = — ZTT'' ^' ^* ^* 



86. Cob. 1. — Formulas 

r (1) l = ar"-S and 



\{^) 



fti* ^~' a 
s = — ; — — being two equations bc" 

tween the five quantities, a, 1, r, u, and s, are sufficient to determine 
any TWO of them when the others are given, 

87. Cob. H.— Since 1 = ar""*, Ir = ar", tohich substituted in (^ 

Ir -^ a 
gives s = ^; which formida is often convenient. 

88. Cob. d.—77ie formula for inserting m geometrical means 

m + l/f 

between a and \ is r = y -. 
^ a 

89. Cob. ^.— The formula for the sum of an infinite decreasing 

a 
geometrical progression ^s s = :j • 

Dem. — Since in a decreasing progression the ratio is less than unity, the last 
term, ar"-*, is also less than the first term, and numerator and denominator of 

the value of «, ^ ^ , become negative. Hence it is well enough to write the 

formula for the sum of such a series s = z , that is, change the signs of 

1 — r 

both terms of the fraction. Now, if the terms of a series are constantly decreas- 
ing, and the number of terms is infinite, we can fix no value, however small, 
which will not be greater than the last, or than some term which may be 
reached and pa.ssod. Hence we are compelled to call the last term of such a 

series 0, which makes the formula s = z . Q. E. D. 

1 — r 
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90, Geohetbical Fobhuls. 



- 9:z 



[In a review, after the pupil has been th/rough the hook, it will be a good exer- 
dse for him to deduce the following formulas from the two fundamental ones. 
It is not necessary to memorize these.] 



4. 



a, ?•, n 

a, r, S 

a, n, S 

r, 71, S 



BEQUIBKD. 



I =07*-*, 

g -f (r - 1)8 
~~ r * 

I (8 - 0— » - a(S - a)"-» = 0, 



1 = 



(r - l)Sr "-' 

7^ — 1 



6. 
6. 

7. 
8. 



a, r, 71 

a, r, I 

a, n, I 

r, n, I 



S= 
8= 



a(r*_— 1) 






8= 



8= 



»_1 - •-!/-' 

y *— ya 






9. 

10. 

11. 
12. 



r, 71, ; 

r, n, 8 

r, ^, 8 

n, I, 8 



a=W-(r--l)8, 

a(S - a)--* - ^8 - 0— » = 0. 



13. 
14. 

16. 



a, 71, ^ 

a, Ti, 8 

a, ^, 8 

71. ^. 8 



8 8 - 
7^ r + 



= 0. 



^ 8^^ + 8 - ^ "• 



17. 
18. 
19. 
20. 



a, r, ; 

a, r, 8 

a, I, 8 

r, ^, 8 



log I — log a 
n — + 1, 



n= 



log[a + {r — 1)8] — log a 
logr 
logl — log a 



+ 1, 



% (8 - a) - % (8 - 
^^ %^-%Pr-(r-l)S] ^ ^ 
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Examples. 

1. In a geometrical progression the first term is 3, the ratio 6, and 
the number of terms 7. What is the last term ? What the sum ? 

2. Insert 5 geometrical means between 2 and 1458. 

3. Find the 11th term of ^ : ^ : ^^ : etc., and the sum of the 
11 terms. 

4. Find the 7th term of — | : ^ : — ^ : etc., and the sum of the 7 
terms. 

5. Insert 4 geometrical means between ^ and ^^, 

6. Find the sum of 3 : ^ : ^ : etc., to infinity. Also of ^ : — | 
: etc., to infinity. Also of .54. Also of .83*6. 

7. If a body move 20 miles the first minute, 19 miles the second, 
18^ the third, and so on in geometrical progression forever, what is 
the utmost distance it can reach ? Ans., 400 miles. 

8. What is the distance passed through by a ball, before it comes 
to rest, which falls from the height of 50 feet, and at every fall 
rebounds half the distance, the time of ascent equallinff the time of 
descent? \^n8., 160. 

9. In the preceding problem, suppose the body falls 16^ feet the 
first second, 3 times as far the next second, and 5 times as far the 
third second, and so on, how long will it be before it comes to rest? 

Ans., 3^^/579(4 4- 3 V2) = 10.27657 + seconds. 

10. Find the sum of the following series : 

^— ^+f — A^+ etc., to n terms. 

1+^4.^4.^4. etc., to 10 terms. Also to infinity. 

1^4- .5 4. etc., to 12 terms. Also to infinity. 

11. To find what each payment must be in order to discharge a 
given principal and interest in a given number of equal payments at 
equal intervals of time. 

Solution.— Let p represent the principal, r the rate per cent., t one of ttiiB 
equal intervals of time, n the number of payments (t. «., nt is the whole time), 
and X one of the payments. 

There will be as many solutions as there are different methods of computing 
interest on notes upon which partial payments have been made. 

1st. By the United States Court Bvle.—K^ the payments must exceed the 
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isterest in order to discharge the principal, this role requires that we find the 
amount ofp, for time t, at r jper cent. This is done by multiplying by 1 + ^j^, 

and gives i>(l + ^7^^)* From this subtracting the payment ^, the new prin- 
cipal is pf 1 + — j —X, Again, finding the amount of this for another period 
of time, t, and subtracting the second payment, 

In like manner, lifter the third payttient there reiAains 

'(•*.s)"-'('-s)'-'(*-s)- 

After ^e 4th payment, the remainder is 
Finally, after the nth. payment, we have 

Whence 
This denominator being the sum of a geometrical progression whose first term 

V ^100/ - 1 



is i, ratio (l + :=^), and number of terms n, its sum is 
lOOV^ ^ 100/ 



rt 
100 



Hence 2; = 



i'*my- 



ad. By the V&rmant JRtUe,—The amount of the principal for the whole time 
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The amount of the Ist payment ij •■ - - a?]! + —(n — 1)"|, 

" ** " ^[^+^''-4 

"3d « ........ *[l+^(»-8)]. 

etc., etc., etc. 



(( a 



The nth payment (with no interest) is x. 

The sum of the amounts of these payments is 

The series in the brackets being an arithmetical progression whose first term 
is (n — 1), common difference — 1, last term 1, and number of terms (n — 1), its 

sum is ( ^ r )^- Hence the sum of the payments is twj + J^^ ( ^ " jn, 

or a? Ln + ^ J. But by the condition this sum equals the amount of 

the principal ; consequently 



*t-^V-]=K^-iS>-^ ^=: 



-S'*-^' 



ScH. — ^If the payments are made annually, t = l. And letting /= -^, 
». e,y letting the rate per cent, be expressed decimally, the formulas become. 

By the U. 8. BvU, x^ ^'^^j'' ^; 

(1 +r')»— 1 

By the Vermont Bide, x = %Kl4-r^^) 

2^ + 7^71(71—1) 

12. What must be the annual payment in order to discharge a note 
of $5000^ bearing interest at 10^^ per annum, in 5 equal payments ? 
Ans., By the U. S. Rule, $1318.99 within a half cent. 
By the Vermont Rule, $1250. 

Qtteby. — ^What occasions the great disparity between the payments required 
by the different rules ? 
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SECTION IV. 

VARIATION. 

91. Variation is a term applied to the consideration of quan- 
tities so related to each other that any change in one makes the 
others change in the same ratio, direct or inverse. 

One quantity varies directly as another, when any change in the 
latter makes the former change in (he same (direct) ratio. 

One quantity varies inversely as another, when any change in the 
latter makes the former change in the corresponding inverse ratio. 

Ill's. — The amount earned by a laborer in a given time varies directly as his 
daily wages. The time required to earn a given amount varies irvoersely as the 
daily wages. 

92. One quantity vsLnes jointly as two others, when any change in 
the product of the latter two makes the former change in the same 
ratio as this product 

III. — ^The amount a laborer receives varies jointly as his daily wages and the 
time of service. 

93. One quantity varies directly as a second and inversely as a 
third, when it varies as the quotient of the second divided by the 
third. 

III. — The time required to earn any amount varies directly as the amount, 
and inversely as the daily wages. 

94. The Sign of variation is a. 

III. — If X varies directly as y, we write xocy, and read " x varies as y." If x 

varies inversely as y, we write xoc-, and read " x varies inversely as y." If x 

yaiiea joinMy as y and z, we write x a yz, and read " x varies jointly as y and z." 

If X varies directly as y and inversely as z, we write a? a — , and read " x varies 

z 

directly as y, and inversely as z" 

95. Prop. — Variation may alxoays be expressed in the form of a 
proportion. 

Dbm. — 1st. The expression x ccy signifies that if x is doubled y is doubled, 
if a; is divided y is divided by the same number, etc. ; i. «., that the ratio of x to 

y is constant. Let m be this ratio, so that — = m. Therefore x.y : : m : 1. 
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2d. The expression xoc — signifies that if ^ is multiplied by any nnmber, x is 

divided by the same, and if ^ is divided by any number x is multiplied by the 
same. Hence the product of x and y is constant. Let this product be m.' Then 
a!y = m, or x:l ::m:y, 

3d. a? a y« signifies that the ratio of « to ye is constant. Let this be m. Then 

— = m, or X : y» i: fn 'A, ofx:y::mz:l,OTx:z::mi/'A,orx:y::z:—, 
yz a > ^ ' ^ m 

4th. X(x^ signifies that the ratio of a; to i( is constant. Let this be m. Then 

Z 9 

x: t^ : : 9?> : 1» OT xxyiimiz 

z 



Exercises. 

1. If ar a y, and y oi z, show that x cxz. 

Dbm. — If X (X y, the ratio of a? to y is constant. Let this ratio be m. Then 
X = my. In like manner let n be the ratio of yto z. Then y^nz. Hence 
X = mnz. That is, the ratio of a; to s is constant, otx cc z. 

2. If a; a -, and y (x-, show that x ex z. 

Bug's. — ^We may write a = — , and y = — . Hence a? = — «. That is, the ratio 
y » n 

of a; to « is constant, or x <x z. 

3. If a; a z, and v oc — , show that xcx—. 

' ^ «' y 

Bug's. » = WM5,y = — , .-. « = ^,or«a— . 

« y y 

X 'U 

4 If a: a y, show that - oc ^, and a:j? a yz. 

X tJ 

6, It X (x y, and z cc u, show that xz a yw, and — a — . 

6. If a: a y^ and y* oc 2;^, how does x vary in respect to 2j ? 

7. If a: a y, and for a; = 8, y = 4, what is the valne of y for 
a; = 20? 

BOLunoN.— Since xocy, and for a; = 8, y = 4, the ratio of a; to y is 2. That 
is, — = 2. Hence for a? = 20, we have — = 2, or y = 10. 

y y 

8. If a; oc -, and for a? = 6, y = 2, what is the value of x for iy = 3 ? 

Bug. a? : — : : 6 : - . Hence tor y = 3, a; = 4. Or we may reason thus, in 
y 2 

changing from 2 to 3, y increases | times. Then, as x changes in the reciprocal 
ratio, a? = § of 6 = 4. 
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9. JSa + bcca^^b^ proye that a^ + i^ccab. 

10. Jf y =p + q,in which p oix and qcc-; and if when a; = 1, 

4 14 
y = 6 ; and when a; = 2, y = 6; prove that y = -x + «-. 

11. The area of a triangle equals half the product of the base and 
altitude. Show that if the base is constant the area varies as the 
altitude ; if the altitude is constant the area varies as the base ; and 
if the area is constant the altitude and base vary inversely. 

12. The volume of a pyramid varies jointly as its base and alti- 
tude. A pyramid whose base is 9 feet square, and height 10 feet, 
contains 10 cubic yards. What must be the height of a pyramid 
with a base 3 feet square in order that it may contain 2 cubic yards ? 

13. Given that s a t*, when / is constant ; and 8 <xf, when t is 
constant; also, 2$ =/, when t = l. Find the equation between /, s, 
and t 

SuG. — ^The first two conditions are equivalent to saying that s varies jointly as 
t' and /, t. €.9(xft*; since in this expression if / is constant a oc t*, and if < is 
constant « a /. 



SECTION V. 

HARMONIC PROPORTION AND PROGRESSION. 

96. Three quantities are in Harmonic Proportion when the dif- 
ference between the first and second is to the difference between the 
second and third (the differences being taken in the same order) as 
the first is to the third. 

III. 6, 4, and 8 are in harmonic proportion, since 6 — 4 : 4 — 3 : : 6 : 8. If a, &, 
c are in harmonic proportion, a — 5 : 5 — c : : a : c. 

97. Def. — ^When three quantities taken in order are in har- 
monic proportion, the second is the Harmonic Mean between the 
other two. 

98. Prop. — If three qtuzntUies are in harmonic proportion^ their 
reciprocals are in arithmetical proportion, 

DEM.~If a, b, c are in harmonic proportion, a — b : b — c : : a : e, and 

, - Txs.^. vx V 11 1 l.-^lll 

ae -^ be = db ^ 06, Dividmg by aibe, we have £ = r» *• ^ t — • 

^ ^ * b a e b a b e 
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99. Def. — The reciprocals of the terms of an arithmetical pro- 
gression form what is called a Harmonic Progression. 

III.— Thus aa 1, 3, 3, 4, 5, 6 is an arithmetical progression, 1, ~, — , — , —, -■ 

^ o 4 o o 

is a harmonic progression. Also if a, b, e, d, etc., constitute a harmonic progres- 
sion, — , T, — , -3, etc., constitute an arithmetical progression. 
a e a 

100. ScH. — The term Harmonic is applied to such a series, since, if strings 
of the same size, suhstance, and tension, be taken of the lengths 1, i, i, ii i, i) 
any two of them vibrating together produce harmony of sound. 



Exercises. 
^ 1. If a, J, Cy d are in harmonic progression, show that dbicd : : 

Bugs. — -r*- — ••t- Hence -r- = 3- , or acd — 6a2 = aftc — oM. 

abed bade 

V 2. If a, by c are in harmonic proportion, show that b (the harmonic 

V 2ao 

mean) = . 

' a + c 

3. Show that the geometric mean between two numbers is a geo- 
metric mean between their arithmetic and harmonic means. 

4. To insert n harmonic means between a and J. 

Suo. — First find the form of the terms for n arithmetical means between 

1 ,1a /oox mv v ... cU)(n + 1) a^n + 1) 

— and T-. See (82). The harmomc series is a, -^ -, -r — ~r -, 

a b ^' bn + a bn -^^a-^b 

ab(n + 1) 



an + b 



'-.b. 



5. If a and b are the first two terms of a harmonic progression, 

show that the wth term is -^ rr ti ^• 

a{n — 1) — b(n — 2) 

6. Insert 3 harmonic means between \ and rf^, 

ScH. — ^There is no method known for finding the sum of a harmomc 
series. 



Digitized by VjOOQ IC 



PURE QUADBATIOS. 127 



I / 



OHAPTEE m. 

QUADBATIC EQUATIONS. 



SECTION I. 

PURE QUADRATICS. ^ 

101. A Quadratic JEqtuition is an equation of the second 
degree (6, 8). 

102. Quadratic Equations are distinguished as Pure (called also 
Incomplete), and Affected (called also Complete). 

103. A Pure Quadratic JEqtiation is an equation which 
contains no power of the unknown quantity but the second; as 
aa;« + ^ = cd, x* —3b = 102. 

104. An Affected Quadratic JEquation is an equation 
which contains terms of the second degree and also of the first, with 
respect to the unknown quantity or quantities ; as a;* — 4a; = 12, 
bxy — a; — y* = 16a, mxy + y = b. 

105. A Moot of an equation is a quantity which substituted for 
the unknown quantity satisfies the equation. 



106. Proh. — To solve a Pure Quadratic Equxition. 

R ULE, — Teanspose all the terms containing the unknown 

QUANTITY INTO THE FIRST MEMBER, AND UNITE THEM INTO ONE, 
CLEARING OP FRACTIONS IF NECESSARY. TRANSPOSE THE KNOWN 
TERMS INTO THE SECOND MEMBER. DiVIDE BY THE COEFFICIENT OF 
THE UNKNOWN QUANTITY. FINALLY, EXTRACT THE SQUARE ROOT 
OF BOTH MEMBERS. 

Dem. — According to the definition of a Pure Quadratic, aU the terms contain- 
ing the unknown quantity contain its square. Hence they can be transposed 
and united into one by adding with reference to the square of the unknown 
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qoantitjr. That transposition, and division of both members by the same quan- 
tity, do not destroy the equality has already been proved. Extracting the square 
root of the first member gives the first power of the unknown quantity, i. e. the 
quantity itself. And taking the square root of both members does not destroy 
the equation, since like roots of equal quantities are equaL 

107. Cor. 1. — Every Pure Quadratic Equation has two roots 
numericaUy equal hut with opposite signs. 

For every such equation, as the process of solution shows, can be reduced to 
the form aj* = a (a representing any quantity whatever). Whence, extracting 
the root, we have x= ± ^Ta ; as the square root of a quantity is both + , and 
- {203, Pabt I). 

108. Cor. 2. — The roots of a Pure Quadratic Equation may 
both be imaginary, and both will be if ONE is. 

For if after having transposed and reduced to the form a^ =a, the second 
member is negative, as 9^ = — a, extracting the square root gives jb =? + V—a, 
and » = — V— a, both imaginary. 



/-7 



^ Examples, 

1. 5ia;«-18a;+65=(3a?-3)«. 8. 5a;«~9=2jc«+66. 



^ a Va^-x^ x \ A ^5 _ 57 

^- x^ X ■^^' ■ 2a;«+3""4a;«-5" 

1 K 1 . 1 V^ ft x9^12 _xf-4. 

' O. - -=:i "r^^^ • "• Q 7 — • 

Va—x+Va Va+^— va jc d 4 \ 

/ 
7. x^-ax+i^axix-l). 8. 8+3a;« = 6 + 2a;». 



'»• fiJ^-fir^=^ "•»■ 



4 + 9/1 2-.a;' 
^ 11. l2+4(a;» + 12) = (2-a;)(2+ip)-16. 12. a?V6+a:»=:l+a:«. 



^^. ax+l-^Va^x^ — l ,x ^ 1. a+a;+V2aa;+a;« . 

13. — ==J^a:. 14. =^» 

OiC+1— Va^a;* — 1 a+X'-V2aX'^x* 



Applications. 

^^1. Find two numbers which shall be to each other as 3 to 5, and 
the difference of whose squares shall be 256. 
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2. Find a number such that if the square root of the difference 
between the square of the number and a*, be successively subtracted 
from and added to a, the difference of the reciprocals of these results 
shall be equal to a divided by the square of the number. 

o 3. Find three numbers which shall be to each other as m, w, and 
Py and the sum of whose squares shall be 8. 

^ 4. An army was drawn up with 5 more men in file than in rank, 
but when the form was changed so that there were 845 more in 
rank, there were but 5 ranks. How many men were there in the 
army? 

6. From two towns, m miles asunder, two persons, A and B, set 
out at the same time, and met each other, after travelling as many 
days as are equal to the difference of miles they travelled per day, 
when it appeared that A had travelled n miles. How many miles 
did each travel per day ? 

^ 6. For comparatively small distances above the earth's surface the 
distances through which bodies fall under the influence of gravity 
are as the squares of the times. Thus, if one body is falling 2 
seconds and another 3, the distances fallen through are as 4 : 9. A 
body falls 4 times as far in 2 seconds as in 1, and 9 times as far in 3 
seconds. These facts are learned both by observation and theoret- 
ically. It is also observed that a body falls 16^ feet in 1 second. 
How long is a body in falling 500 feet ? One mile (5280 ft.) ? Five 
miles? 

7. The mass of the earth is to the mass of the sun as 1 : 354936, 
and attraction varies directly as the mass and inversely as the square 
of the distance. The distance between the earth's centre and sun's 
centre being 91,430,000 miles, find the point between the earth and 
sun where the attraction of the earth is equal to that of the sun. The 
earth's radius being 3,962 miles, where is this point situated with 
reference to the earth's surface ? 0. yv^>^"v-' -- ^ >-- ^ 

8. A certain sum of money is lent at 5^ per annum. If we multiply 
the number of dollars in the principal by the number of dollars in 
the interest for 3 months, the product is 720. What is the sum lent ? 

9. The intensity of two lights, A and B, is as 7 : 17, and their dis- 
tance apart 132 feet. Where in the line of the lights are the points 
of equal illumination, assuming that the intensity varies inversely 
as the square of the distance ? 
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10. The loudness of one church bell is three times that of another* 
Now, supposing the strength of sound to be inversely as the square 
of the distance, at what place on the line of the two will the bells be 
equally well heard, the distance between them being a ? 



SECTION II. 
AFFECTED QUADRATICS. 



109. An Affected Quadratic equation is an equation which 
contains terms of the second degree and also of the first with respect 

to the unknown quantity, ic* — 3a; = 12, 4a; + Zax^ = 



5 



8^8 



a^x 



and -Tg 4aa; + 3J* = are affected quadratic equations. 

110. Proh. — To solve an Affected Quadratic JSquation, 
RULE.—l. Reduce the equation to the form x^ -\- ax=i J, 

THE characteristics OF WHICH ARE, THAT THE FIRST MEMBER CON- 
sists of two terms, the first of which is positive and simply 
the square of the unknown quantity, its coefficient being 
unity, while the second has the first power of the unknown 
quantity, with any coefficient (a) positive or negative, 
integral or fractional; and the second member consists op 
known terms (6). 

2. Add the square of half the coefficient of the second 

TERM TO both MEMBERS OF THE EQUATION. 

3. Extract the square root of each member, thus producing 

A SIMPLE equation FROM WHICH THE VALUE OF THE UNKNOWN 
QUANTITY IS FOUND BY SIMPLE TRANSPOSITION. 

Dem. — "Ry definition an affected quadratic equation contains but three kinds 
of terms, viz : terms containing the square of the unknown quantity, terms con- 
taining the first power of the unknown quantity, and haovm terms. Hence each 
of the three kinds of terms may, by clearing of fractions, transposition, and 
uniting, as the particular example may require, be united into one, and the 
results arranged in the order given. If, then, the first term, i. e. the one con- 
taining the square of the unknown quantity, has a coefficient other than unity, 
or is negative, its coefficient can be rendered unity or positive without destroy- 
ing the equation by dividing both the members by whatever coefficient this term 
may chance to have after the first reductions. The equation wiU then take the 
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form a^ ± oa? = ± 6. Now adding (-j to the first member makes it a perfect 

square (the square of a; ± ^ j , since a trinomial is a i>erfect square when one of 

its terms (the middle one, ax, in this case) is ± twice the product of the square 
roots of the other two, these two being both positive (116, Part I.). But, if we 
add the square of half the coefficient of the second term to the first member to 
make it a complete square, we must add it to the second member to preserve the 
equality of the members. Having extracted the square root of each member, 
these roots are equal, since like roots of equals are equal. Now, since the first 

term of the trinomial square is a^, and the last ( -j j does not contain x, its 

square root is a binomial consisting ot x ± the square root of its third term, or 
half the coefficient of the middle term, and hence a known quantity. The 
square root of the second member can be taken exactly, approximately, or indi- 
cated, as the case may be. Finally, as the first term of this resulting equation 
is simply the unknown quantity, its value is found by transposing the second 
term. 

ScH. 1. — ^This process of adding the square of half the coefficient of the 
first power of the unknown quantity to the first member, in order to make 
it a perfect square, is called Compi^tino the Squarb. There are a variety 
of other ways of completing the square of an affected quadratic, some of 
which will be given as we proceed ; but this is the most important. This 
method will solve all cases: others are mere matters of convenience, in 
special cases. 

111. Cor. 1. — An affected qtmdratic jequation has two roots. 
These roots may both he positive, both be negative, or one positive and 
the other negoitit^e. They are both real^ or both imaginary, 

Dem. — Let aj^ + ^ = 3' be any affected quadratic equation reduced to the form 
for completing the square. In this form p and q may be either positive or 

negative, integral or fractional. Solving this equation we have a? = — -^ 

± y ^ + q. We will now observe what different forms this expression can 
take, depending upon the signs and relative values of p and q. 

1st. When p (md q a/re both positive. The signs will then stand as given ; i. e., 

r = — ^ ± y\ + ?• Now, it is evident that j/ ^ + 5' > ^, for y ?- + q 
tt the square root of something more than ^. Hence, as 9 <y x + S'* 

'-^+|/-7- + gis positive ; but — ? — yx+S'is negative, for both parts 

are negative. Moreover the negative root is numerically greater than the 
positive, since the former is the numerical sum of the two parts, and the latter 
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the numerical difference. .*. When p and g are both + in the given form, one 
root is positive and the other negative, and the negative root is numerically 
greater than the positive one. 



2d. When p is negative a/nd q poHUde, We then have a? = ^± i/ ? -fg 

s^iy^ + g. If we take the plus sign of the radical, x is positive ; but if 

/«* p 

T "^ ^ ^ 2* ^®'^^®'' *^® positive 

root is numerically the greater. .*. When p is negative and q positive, one root 
is positive and the other negative ; but the positive root is numerically greater 
than the negative. 

3d. W7ien p and q are both negative. We then have x-= — ^ ± y ^—f-^ + (— g) 



= ^±y^ — g. In this if ^>g, |/^ —g is real, and as it is less than ^, 

both values are positive. If^ssg, i/^ — ^=0 and there is but one value 

of X, and this is po^tive. (It is customary to coil this ttoo equal positive roots 
for the sake of analogy, and for other reasons which cannot now be appreciated 

by the pupil.) If ^ < g, y i^ — q becomes the square root of a negative 
quantity and hence imaginary. 

4th. WJien p is poHtine and g negative. We then have x=^ — ^ ± y ^ — 9- 

As before, this gives two real roots when g < "7- When this is the case both 

roots are negative. [Let the pupil show how this is seen.] When q = ^, the 

ijoots are equal and negative ; i, e., there is but one. When ^ <9 both roots 
are imaginary. 

112» Cor. 2. — An affected quadratic being redtcced to the form 
x*+ px = q, the value of x can always be toritten out without taking 
the intermediate st^s of adding the square of half the coefficient of 
the second temiy extracting the root^ and transposing. The root in 
such a case is half the coefficient of the second term taken with the 
opposite sign^ ± the square root of the sum of the square of this 
h^lf coefficient^ and the knovm term of the equation. This is observed 

directly from the form x = — 2 ± A/^ + q, and more in detail 
in the demonstrc^ipn of th^ preceding corollary » 
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113* Cob. 3. — Upon the principle thcU the micktte term of a tri- 
nomial square is twice the product of the square roots of the other 
two, we can often complete the square more advantageously than by 
the regular rule. 

Thus having 4flj*— 12aj = 16. Since 4ic* is a perfect square, and 12aj is divis- 
ible by twice the square root of 4b*, i. e. by 4aj, we see that the wanting third 
term is 3*, or 9. Adding this to both members, we have 4aj*— 12aj + 9 = 25. 

Again, if the coeffident of x* is not a perfect square, it can be rendered such 
by multiplying by itself (or often by some other factor). If then the second 
term (the term in x) is not divisible by twice the square root of this first term, we 
may multiply both members of the equation by 4, and the first term will still 
be a perfect square, and the second term divisible by twice its square root. 

114:4 ScH. 2. — The method of Abt. 110 is perfectly general, and will 
solve all cases ; but some may prefer the more elegant methods indicated in 
(113), in special cases. Some illustrations of these methods are given in 
the examples following. 



r ^ Examples. v^ 

1. a;«-6a:=16. 2. 3a;«=24a:~36. 3. a:«-4aa;=7a«. 

^ 4. a;«-7a; + 2=10. 5. 3a;»+ 135= 12a:. 6. a:«+ (a-l)a;=a. 

V ^ X 3 , a;— 1 >4 4a; a;-7 . Nf . a'^x'^ 2ax b^ . 
a; — 12 2 a;-|-7 2a; + 3 b* c c^ 

idf Solve 9a:» +12a:=32, ^ 7a;«- 14a; = - 5f, and 3a;»-13a;=10, 
by Art. 113. 

Suq's. — ^Dividing 12aj by 2y^9«*, or to, we have 2 as the square root of the 
third term. Hence 9^' + 12^ + 4 = 36, is the equation with the square com- 
pleted. 

7aj«— 14b = ~ 5f, becomes, by multiplying by 7, 49a;*— 98a; = — 40. Hence, 
completing the square as in the last, 49a;* — 98a; + 49 = 9. 

8a;*— 13a; = 10, multiplied by 3 and by 4 becomes 36a;*— 156a; = 120. Hence, 
completing the square as before, 36a;*— 156a; + (13)*= 289. 

[Note. — Solve the following by any of the preceding methods, according to 
tas^e or expediency.] 

11. (2a;+3)^x(3a; + 7)*=12. Vi2. 3a;2+2a;=85. 



13. a«(l+*2a;2) = J(2a«a; + *). ^14. 5a;2-9a; + 2i=0. 



/ 

\/l5. 3Vll2-8a;=19 + V3^+7. "^le. 7a;2-lla;=6. 
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17. {x—c)Vab''{d—b)Vcx=0. 18. 3a;«+a:=:ll. 

-/ 19. ^J^ + 4.=3 V^ /20 ^_±V^^^x 

1 + bVx Vx x—Vx^-a* ^ 

21. Vl+a; ^ VT^ ^ ^2 ^_V^+2^_5_ 

* 1 + Vl+a; 1 — Vl— ic' * x+Vx+i 11* 

Va; /Vx / X x x+1 x+2 



25. A/i + V2x»+x*=^. ^ 26. 2^^+ —=5. 



.t cU^^ 



27. 5— 4— a:'+2a: — --=45— 3a^+4a^ 28. \ 4- =1. 

3 6 x—2a x+a 

^ 29. 2v^+i/4^Tv^S=l. "'30. ^±^^!^2=(a:-2)«. 

31. -^-(a*-*i)aj=— — i -. y^ ^ .^ cr^ ^ % 



^ L^ 



SECT/ON III. 

EQUATIONS OP OTHER DEGREES WHICH MAY BE SOLVED AS 

QUADRATICS. 

lis* JProp. 1. — Any Pure Equation (i. e., one containing the 
unknovm quantity affected with hut one exponent) can he solved in 
a inanner similar to a Pure Quadratic. 

Dem. — In any such equation we can find the value of the unknown quantity- 
affected by its exponent, as if it were a simple equation. If then the unknown 
quantity is affected with a positive integral exponent it can be freed of it by 
evolution ; if its exponent be a positive fraction it can be freed of it by extract- 
ing the root indicated Ijy the numerator of the exponent, and involving this root 
to the power indicated by the denominator. If the exponent of the unknown 
quantity is negative it can be rendered positive by multiplying the equation by 
the unknown quantity with a numerically equal positive exponent. Q. B. D. 
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116. JProp. 2. — Any equation containing one unknown quan- 
tity affected with only two different exponents, one of which is twice 
the other^ can be solved as an Affected Quadratic, 

Dem. — ^Let m represent any number, positive or negative, integral or frac- 
tional ; then the two exponents will be represented by m and 2m ; and the 
equation can be reduced to the form x^ + px"^ = q. Now let y = af*, and y'=aj»^, 

whatever m may be. Substituting we have y* + py = q, whence y = — ^ 

l 

±y |- + q. But y = Qf'; hence a? = ^— | ± y^ + ? j . <^ b. d. 

117. Prop* 3. — Equations may frequently he put in the form 
of a quadratic by a judicious grouping of terms containing the 
unknown quantity y so that one group shall he the square root of the 
other, 

Dem. — ^This proposition will be established by a few examples, as it is not a 
general truth, but only points out a special method. 

118. Cor. — ^The form of the compound term may sometimes 
he found hy transposing all the terms to the first memher^ arranging 
th^m with reference to the unknown quantity^ and extracting the 
square root. In trying this expedient^ if the highest exponent is 
not even it miist he made so hy multiplying the equation hy the 
unknown quantity. In like manner the coefficient of this term is 
to he made a perfect square. When the process of extracting the 
root terminates^ if the root found can he detected as a part ^ or factor y 
or factor of apart of the remainder, the root may he the polynomial 
term. 



119. JPvop. 4:.-:- When an equation is reduced to the form 

x° + Ax"~* + Bx""' 4- Cx°~' h L = 0, the roots with their signs 

changed are factors of the absolute (Jcnown^ term L. 

Dem. — 1st. The equation being in this form, if a is a root, the equation is 
divisible by a? — a. For, suppose upon trial x — a goes into the polynomial 
jp" + Aa?»—*-|-, etc., (> times with a remainder R. (Q represents any series of 
terms which may arise from such a division, and R, any remainder.) Now, since 
the quotient multiplied by the divisor, + the remainder, equals the dividend, we 
have (aj— a)Q + R = a^ + Aaj»-* + Ba^-« + Ca;»- * - - - + L. But this polyno- 
mial z= 0. Hence {x — a)Q + R = 0. Now, by hypothesis a is a root, and conse- 
quently x — a = 0. Whence R = 0, or there is no remainder. 

2d. If now x — a exactly divides a^ + Aa;"-* -h Ba?»-' + Caj"-' — -l-L, a 
must exactly divide L, as readily appears from considering the process of 
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divisioii. Henoe — a Is a factor of h, a being a root of the equation. 
ii. K. D, 

120. Many equations of other degrees than the second, and 
which do not fall under the preceding cases, may still be solved as 
quadratics by means of Special Artifices, For these artifices the 
student must depend upon his own ingenuity, after having studied 
some examples as specimens. These methods are so restricted 
and special that it is not expedient to classify them; in fact» 
every expert algebraist is constantly developing new ones. See 
Ex's. 47-57. The following principle is often of service in such 
solutions: 

121. JProp. 5* — When an equation can he put in such a form 
that the prodicct of any number of factors equals 0, the eqitation is 
satisfied by putting any one of these factors equal to 0. 

Dbm. — ^This scarcely needs demonstration, but will appear evident if we 
consider such an expression as (»' + 1) (a^ — aj* + 1) (« — !) = 0. Now, on the 
hypothesis that any factor, as a;* + 1, is 0, the equation is satisfied * So also, if 
a?* — 0^ + 1 = 0, the equation is satisfied, etc. 

122. ScH. — Ability to recogrme a factor in a pdyTwmioH is of prime im- 
portance in the solution of such equations. It is the grand hey to d^ffUuU 
sohUiom. 



Examples. 
1. «* = 81. ^ 2. ic« = 32. Z.x^ = m. 

4 y* = 243, 5. z^ = 1331. 6. y^ = 4 

» 

7. re* = J. 8. rc*-f \/2 = ^ _ . ^'^ 9. a?* -f 4c« = 12. 

a:*-V2 

^ 10. x^'^^ or =: p. 11. a;3 - a;^= 56. 12. ax^ + bx^ = c. 

13. a^ - 2ax^= b. 14 x^ -\- x^ = 756. 15. x^ + bx^- 22 = 0. 

16. axi -bxi -c = 0. 17. a;* + -A" = 3i. 

2x* 

* In strictDess we shoald add " since this hypothesis cannot render any other factor oo." 
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18. 3aj» 4/5^ + 3-= = 16. ' 19. x*^2x-h Wx* - 2a; + 5 = 11.* 
^ 20. a; + 16 - 7Vx + 16 = 10 - 4v^Tl6, 
^21. a;« - a; + 5 V2a;« - 5ic + 6 = t(3a; + 33). 

^22. ViTl2 + ^/iTl2 = 6. ^23. /a;- i+ /l - 1 = ic 

a: a; 

^ 86. 2a;« - 33; + 2V2a;» - 7a; -f 6 = 5aj - 6. 

^28. a;* - 8a;s + 29a;« - 52a; + 36 = 126. 

Solution.— See (118), Transposing 126, and extracting the square 
root ; when we have the two terms x* —4a3 of the root, we have a 
remainder Idx^ - 52a? — 90. We now notice that, if we call 4 the next term 
of the root, the next remainder will be 5aj« — 20aj —106, which we may 
write 5(aj* — 4u + 4) — 126. Hence our equation may be put in the form 
(a;« ^ 4flj H- 4)« + 5(aj« - 4flj H- 4) = 126. 

'29. a;*-6a;»+5a;« + 12a;=60. ^30. a;»-6a;» + lla;=6. 

^ 31. 4a;* + | = 4a;» + 33. 32. a;»+5a;»+3a;-9=0.t 

^ 33. a;»~6a;«+13a;~10=0. \/34. a;»-13a;«+49a;-45=0. 

Y35. a;»+8a;«+ 17a; +10=0. '^ 36. a;3-29a;« + 198a;^360=;:0. 

'^37. a;»-15a;« + 74a;-120=0. '^''38. a;* + 2a;3-.3a;«-4a;+4=0. 



»a?«-2aj + 5 + 6Va;*-2aj + 5 = 16. Putting aj«-2a? + 5 = y«, y*+% = 16. 
Such eabstitatioii is not abgolntely necessary, as we may treat aj* — 2aJ + 5 as the unknown 
quantity without substituting. Solve the following in like manner. 

t Diyiding by TTH^, we have I/^dl? - I/i^I^ = 1. Then, multiplying by 

' 1 — X r iH-a; 

t By (119) we are led to try + 1 or — 1, or + or — 3, as roots. The eqnatton is divisible 
by a? ^ 1, and a? + 3. 
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39. a:*-10a;» + 36a;«-50a:+a4=0. 40. a:*-4a;» + 8»«-8a;=21. 
41. a;*-2a;3-25a;«+26a:=-120. 42. 3a;*+13a;»-117a;=243. 

*^' 14 72:» ^ 3x - 2x^ ^ ^*' 
44. aj = = — Put yx =y. 



Special Expedients. 

45. To find the roots of a;* = ;i=l, «» = d=l, a;* = ±1, «» = ±1, 
«• = ± 1, and a;® = ± 1. 

Bug's. «• — 1 = 0. Factoring (a? — 1) (a?* + «' H- a;* + a? + 1) = 0. .'.ajrrl, 
and also aj*H-aj'4-aj*+aJ4-l = 0. Dividing by a?*, aj*+ a? + lH h— i=0,or 

^•+2-hl-ha.-fl = l,or(a.-fl)'-h(a. + l)=l. 

46. To find the roots of ^ "I'^.V = a. 

(1 + a;)* 

Bug's. 1 + a?* = a(l + a?)* = a(l + 4ij + to* + 4*' + a;*). Whence, dividing 

by X* and arranging terms, aj* + -r — ^ — ^( « + - ) = i • 

aj* 1— a\ a?/ 1— a 



4W m 1 2aVl + a;* _ 

47. To solve ^^ — ^ — a + J. 

1 — a; + Vl+^ 

Bug's. — ^Tbis can be cleared of fractions, and then of radicals, in tbe ordinary 
way. But the following expedient will be found elegant in this case, and 
convenient in many. Dividing by 2a, treating the resulting equation as a 

proportion, and taking it by division, we have — ;; = £LZ-?. /. ^ + a; ~2a; 

= I 7 I , or z r = 1—1 ; I = . 7-r. Takmg this again by com- 

v.. . (! + «)« (a-^ b)*+iab (a-5)«- f8aft _ 
position and division, we obtam ^^^^^ = ^^ _^ ^^, _ ^ = ^^_^). , or 

^-— — = — "" ' . Again, by division and composition, we obtain 

V{a-by-^Sab + (a - b) 
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48. To solve (1 + a; +ir«)« = ^^^ (1 + a;« + x^). 

Bug's.— Dividing byl+aj + a*, l + aj + aj» = 5-±i (1 -« + «^, or ^-^^^^ 

a — 1 1— « + «• 

a + l l + aj" 



a-1 



49. To solve a = a;* + (1 — a:)*. 

Bug's.— Since (1— a)* = («—!)*, we may write a = (« — i + J)« + (« — J — i)«. 
Now put x — i = y, substitute and expand. 



50. To solve /a;-- - |/l - - = ? — i. 



a; 



SuG's.— Dividing by i/i_l, y^aTl -1= '^^ ^ • Squaring, etc., 2 V«Tl 
= ! + -+«. Squaring, etc., again, (« - ~) - ^ (* - j) = ^ 1- 



51. Solve a:* - a; + 3V2a;« - 3a; + 2 = « + 7. ^ 

52. Solve r = 5 — a; — a;*. 

1 + a; 4- a;* 



V 



53. Solve 



a^ + ax + X* a* ^ ^ -^ 



a* — oa; + a;* a;* \ 



2j -^ a/ 3/^ ~~" fl^ . 

54 Solve = Va;« — a« (Va;* + aa; — VaJ* — ar). 

55. Solve 2a;Vl-a;* = a(l + a;*). Also ,, ^ ,, = i|. 

^ ' (14- xY 25 

56. Solve 6a;» — 5a;« + a: = 0. Also a;^ + a;« — 4a; — 4 = 0. ^*^ 

57. Solve 8a;» + 16a; = 9. Also 3a;« + 8a;* - 8a;« = 3. 

SuG. — ^The solutions of the last four depend upon the recognition of a com- 
mon factor. 






\^ 



'V 
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SECTION IV. 

SIMULTANEOUS EQUATIONS OF THE SECOND DEGREE BETWEEN 
TWO UNKNOWN QUANTITIES. 

123. Prop. 1. — Two eqtmtiom between two unknown qteanti- 
ties^ one of the second degree and the other of the firat^ may ahoays 
he solved as a quadratic, 

Dem.— The general form of a Quadratic EqiuUion between two unknown 
quantities is 

since in every such equation all the terms in o^ can be collected into one, and its 
coefficient represented by a ; all those in xy can also be collect^ into one, and 
its coefficient represented by b, etc., etc. 

The general form of an equation of the Firit Degree between two yariables is 
a'x 4- b'y H- c' = 0. 

Now, from the latter x = >"^ - , which substituted in the former gives 

a 

no term containing a higher power of y than the second, and hence the resulting 

equation is a quadratic, q. B. D. 



124. Prop. 2.'^Jn general^ the solution of two quadratics 
between two unknown quantities^ requires the solution of a biquor 
dratic ; that is^ an eqication of the fourth degree. 

Dbm. — Two General Equations between two unknown quantities have the 

forms 

(1) aa^ + bxy + ey^ + dx + ey H-/= 0, and 

(2) a'Q^+ b'xy 4- cV + d'x + e'y h-/' = 0. 



From (1). . = - ^ ± /fc^3^!±^. 

Now, to substitute this value of a; in equation (2), it must be squared, and 
also, in another term, multiplied by y, either of which operations produces 
rational terms containing y*, and a radical of the second degree. Then, to free 
the resulting equation of radicals will require the squaring of terms containing 
y', which will give terms in y^, as well as other terms. <^. B. D. 



125. Dbf. — A SomogeneotiS Mquation is one in which 
each term contains the same number of factors of the unknown 
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quantities. 2x* — 3xy — y* = 16 is homogeneous. 3z* ^2y -{- y* 
= 10 is not homogeneous. 

126. Frop. 3. — Two homogeneous Quadratic JSquations be- 
tween two unknovm quantities can always be solved by the method 
oj" quadratics^ by substituting for one of the unknown quantities the 
product of a new unknown quantity into the other. 

Dkm. — ^The trutli of this proposition will be more readily apprehended by 
means of a particular example. Take the two homogeneous equations x* 
— ay + y' = 21, and y* — %xy + 15 = 0. Let a? = tjy, « being a new unknown 
quantity, caUed an auxiliary, whose value is to be determined. Substituting in 
the given equations, we have «V — «y* + y* = 21, and y* — 3tjy* z= — 16. From 

these we find ^ = -y— — — -r , and ^ = ^^^ ^ . Equating these values of y*, 

-5 T = s T ; whence 42ij — 21 = 16t)* — 16t) + 15. This latter equation 

«" — T + 1 2« — 1 ^ 

is an affected quadratic, which solved for v, gives d = 3, and ^. Knowing the 
Talues of V we readily determine those of y from y* = 5- — - , and find y 

afi — 1 

= ± \/3 wh«i « = 3, and y = ± 6 when «? = J. FlnaUy as a; = i^y, its values 
are sc = ± 8^/3* ^^^ ± 4. 

By observing the substitution of ^ for a; in this solution, it is seen that it 
brings the square of y in every term containing the unknown quantities, in each 
equation, and hence enables us to find two values of j/P in terms of v. It is easy 
to see that this will be the case in any homogeneous quadratic with two 
unknown quantities, for we have in fact, in the first of the given equations, all 
the variety of terms which such an equation can contain. Again, that the equa- 
tion in V will not be higher than the second degree is evident, since the values of 
y' consist of known quantities for numerators, and can have denominators of 
only the second, or second and first degrees with reference to v. Whence a can 
always be determined by the method of quadratics ; and being determined, the 

value of y is obtained from a pwre quadratic (y* = i2 , in this case), and that 

2« — 1 
of X from a sinyple equation (« = ^ in this case). 



127. JPvop. 4«— When the unknown quantities are similarly 
involved in two quadratic, or even higher equations, the solution can 
often be effected as a quadratic, by substituting for one of the un- 
knovm quantities the sum of two others, and for the other unknown 
quantity the difference of these new quantities. 

As this is only a speeiaZ expedient, and not a general principle, its truth will 
be rendered sufficiently evident by the solution of a few examples. See Ex's. 13j 
H16. 
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EXAHPLES. 

,v/- (7a;»-8a:y=159, j^ ^ (a!»-2a;y-y»=l, 

* tsi + 3y=7. * 1 «+y=3. 

3- j 1+1=1. ^ *• \xy=2B. ^ 

4 ja:»+«y=15, J ja;»+a;y+4y«=6, 

^- \xy-y*=% ■|3a;«+8y»=14. 

<{' ( »»+ zy+%»=74, ^g |a;»+a;y=ia, 
'(2a;»+2a;y+ y*=73. ' \xy+y*=2. 

/ ,a;._4y»=9, ^ r a:»+y»+l=3a^, 

®' 1ay+2y«=3. "^^A- (2(:ry+4)=3y«. 
/ ,, (x»+a;y+y«=52, j a;»-2a;y-y«=31, 

■|a;+y+a;»+y»=26. I a;-y =ia;y. 

^* ( a^(a;+y)=30, 
(a;»+y»=35. 

Bug.— The last three are wadUy Bolved by (J»7). Thus, in the 15th, putting 
0! = « + «, and y = » - e, the equations become a?'- 2e'8 = 30, and ie,* + Citi'a 
= 35. 

/ rx±y x-y5^ ^^ ^^^=7, n/ , x - y = 8, 
16. x-y z+y 2 17- ^.^.^ 133. 18-i^*_y*= 14560. 
(a;«+y» =20. * 

Special Solutions. 
19. yt-ixy + 20x* + 3y- 264a;=0, 5y« - 38a^ +x*- 12y 
+ 1056a; = 0. 
Buo.— Add 4 times the first to the second. 



• Two homogenmu qnadraUcs can always bo solved by (I»«), bat spedal expedients are olten 
more elej?ant. In this case by adding twice the second to the flrst, and extracting the aqnaw 
root, we have x\v= ±11- Subtracting twice the second from the flrst, and eztnctiiw the 
■qnaie root, we have x—y=.±Z. 



Digitized by VjOOQIC 



SIMULTANEOUS QUADBATIO EQUATIONS. 143 

^20. a; + y = a;«, 3y — a; = y«. 
SuG.— Subtract the first from the second. 

^^1- r '^^i' 2^- 1"" ""^ ^'' 23 i^ +y =^' 

Bug's.— -To solve the 23d, square the first, writing the result a?" + y» = 16 
— 2sBy, and square again. Then for ;z^ + y* substitute 82. 

24 To solve a; — y = 3, and a;» — y» = 3093. 

SuG's.— Divide the second by the first, and proceed in a manner similar to 
that given for the last. 

25. To solve aj« — a:y + y« = 7, and a* + a;«y» + y* = 133. 
SuG.— Divide the second by the first. 

26. To solve (3-^)V (3 +^)* = 82, and .y = 2. 

8.a.B.-WHte the fi«t (^)% (^)'= «,; and put 1^=. 
Whence 9^ + 1 = 82. 

27. To solve a;» + y (a:y - 1) = 0, and y^^x{xy + 1) = 0. 

8UG'8.-Write «* + a^y" - ajy = 0, and y* ^ a!«y«-a!y= 0, and subtract the 
second from the first. Whence oj* - y* + 2aj»y« = 0, or oj* +2aj»y» +y« = V,and 

aJ^H-y» = V^y», or? = Vv^-1. From the given equations we get ^""^ 
= ^. Hencej^ = 8-8v^,ora!y = iv^. 

28. Given a^ = a(a: + y), a» = *(« + 2), and y« = c{y + 2). 

Bug.— These are readily put into the fonns - = i + l i = i + - and--l 
J a y as' 6 « as* «"« 

+ -. 
V 

29. Given x{x+y+z) = 18, y(a;+y+2) = 12, and «(a!+y+2) = 6. 
30.Given^2 = 48/^ = f^,andf=|. 

31. Given a; + y + 2 = 6, 4a; + y = 2^;, and a:« + y« + ij« = 14 

32. Given 2Vic« ^yi ^xy = 26, and - - ?^ = 1. 

y a; 20 
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33. Given ^^^ + 10?-^ = 7, and xy^ = 3. 
x-y x+y ' ^ 

34 Given y{x* + y») = 4(a; -|- y)*, and xy = 4(a: + y). 

35. Given a: + y = 10, and a/^ + /T/^ = |. 

36. Given \/i — Vy = 2Vxy, and a; + y = 20. 
>J ^ 

37. Given Vx^ + y* + Vx^ — y« = 2y, and «* — y* = a<. 

Nl 38. Given i/- + i/| = --^ + 1, and V^ 4- V^ = 78. 
^ 39. Given V^Tl^ + 2V^3^ = ^^^> , and^' "^ ^^ = ^. 



40. 



(y«-64=8a;ty, ^^ Ut+y*=3aj, ^^ ( 8a;*-y^=14, 
( y— 4=2y^aj^. (aj*+y^=a;. ( a;*y*=2y«. 



Applications. 

1. The plate of a looking-glass is 18 inches by 12, and it is to be 
surrounded by a plain frame of uniform width, and of surface equal 
to that of the glass. Eequired the width of the frame. 

2. A person bought some fine sheep for $360, and found that if he 
had bought 6 more for the same money, he would have paid %b less 
for each. How many did he buy, and what was the price of each ? 

3. A traveller sets out for a certain place, and travels one mile the 
first day, two the second, three the third, and so on : in 5 days after- 
ward another sets out, and travels 12 miles a day. How long and 
how far must he travel before they will come together ? 

^ 4. Divide the number 48 into two such parts that their product 
may be 432. 

5. Divide the number 24 into two such parts that their product 
may be equal to 35 times their difference. 

"^ 6. For a journey of 108 miles, 6 hours less would have snflBced, 
had the traveller gone 3 miles an hour faster. At what rate did he 
travel? 



Digitized by VjOOQ IC 



APPLICATIONS OF QUADBATIO EQUATIONS. 146 

^ 7. The fore wheel of a coach makes 6 revolutions more than the 
hind wheel in going 120 yards; but, if the circumference of each 
wheel be increased by 1 yard, the fore wheel will make only 4 revo- 
lutions more than the hind wheel in the 120 yards. What is the cir- 
cumference of each wheel ? 

8. The product of two numbers is^; and the diflTerence of their 
cubes is equal to m times the cube of their difference. Find the 
numbers. 

9. Find two numbers whose product is equal to the diflTerence of 
their squares, and the sum of their squares equal to the diflTerence of 
their cubes. 

^ 10. There are 4 numbers in arithmetical progression. The sum of 
the extremes is 8 ; and the product of the means is 15. What are 
the numbers ? 

6uG. — In Bolying examples involving several quantities in arithmetical pro 
gression, it is usually expedient to represent the middle one of the series, when 
the number of terms is odd, by x, and let y be the common difference. If the 
number of terms is efom, represent the two middle terms by a; — y, and x + y, 
making the common difference 2y, 

11. Five persons undertake to reap a field of 87 acres. The five 
terms of an arithmetical progression, whose sum is 20, will express 
the times in which they can severally reap an acre, and they all 
together can finish the job in 60 days. In how many days can each, 
separately, reap an acre ? 

\f^l% There are three numbers in geometrical progression, the sum 
of the first and second of which is 9, and the sum of the first and 
third is 15. Required the numbers. 

Bug's. — ^In solving examples involving several quantities in geometrical pro- 
gression, it is sometimes expedient to represent the first by a?, and the ratio by y, 
so that the numbers will be x, xy, ary*, etc. In other cases it is expedient, if the 
number of numbers sought is odd, to make xy the middle term of the series and 

«/ x^ v^ 

^ the ratio. Thus 5 terms will be represented — , a?*, xy, y', — . When the 

X y X 

number of numbers sought is even, it is sometimes expedient to represent the 
two means by x and y, and the ratio by -. Thus 4 terms become — , «, y, — . 

P 13. There are three numbers in geometrical progression whose 
* continued product is 64, and the sum of their cubes is 584. Required 
the numbers. 10 
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14. The sum of the first and second of four numbers in geometri- 
cal progression is 15^ and the sum of the third and foarth is 6a 
Required the numbers. 

15. There are three numbers in geometrical progression, whose 
product is 64, and sum 14 What are the numbers ? 

16. It. is required to find four numbers in arithmetical progression, 
such that if they are increased by 2, 4, 8, and 15 respectively, the 
sums shall be in geometrical progression. 

17. It is required to find four numbers in geometrical progression 
such, that their sum shall be 15, and the sum of their squares 85. 

^ 18. The sum of 700 dollars was divided among four persons, A, B, 
C, and D, whose shares were in geometrical progression ; and the 
difference between the greatest and least, was to the difference be- 
tween the two means, as 37 to 12. What were the several shares? 

19. The sum of three numbers in harmonical proportion is 191, 
and the product of the first and third is 4032 ; required the numbers. 

20. The 2d and 6th terms of a geometrical progression are respec- 
tively 21 and 1701. What is the first term, and what the ratio ? 

21. A and B travel on the same road, at the same rate, and in the 
same direction. When A is 50 miles from the town D, he overtakes 
another traveller who goes at the rate of 3 miles in 2 hours ; and 
two hours after, he meets a second traveller who goes at the rate of 
9 miles in 4 hours. B overtakes the first traveller 45 miles from D, 
and meets the second 40 minutes before he (B) reaches the 31st mile- 
stone from D. How far are A and B apart ? 

22. The joint stock of two partners, A and B, was $2080. As 
money was in trade 9 months, and B's 6 months, when they shared 
stock and gain, A receiving $1140 and B $1260. What was each 
man's stock ? 

23. There is a number consisting of three digits, the first of which 
is to the second as the second is to the third; the number itself is 
to the sum of its digits as 124 to 7 ; and if 594 be added to it the 
digits will be inverted. What is the number ? 

24. A person has $1300, which he divides into two portions, and 
loans at different rates of interest, so that the two portions produce 
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equal returns. If the first portion had been loaned at the second 
rate of interest, it would have produced $36, and if the second por- 
tion had been loaned at the first rate of interest, it would have pro- 
duced $49. Eequired the rates of interest. 

25. A person traveling from a certwa place, goes 1 mile the first day, 
2 the second, 3 the third, and so on ; and in six days after, another 
sets out from the same place to overtake him, and travels uniformly 
15 miles a day. How many days must elapse after the second starts 
before they come together ? 
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CHAPTEE IV. 

INEQ UALITIB8. 

128. An Inequality is an expression in mathematical sym^ 
bols, of inequality between two numbers or sets of numbers. 

III. — ThuB a> h (read " a greater than 6") is an ineqnality ; also a'oj — 3 
< 6 + 2 (read " a*x - 3 less than 5 + 2"). (See Pabt I., 45.) 

129. Fundamental JPrinciple. — In comparing two posi- 
tive numbers, that is called the greater which is numerically so. 
Thus 5 > 3. But, in comparing two negative numbers, that is 
called the greater which is numerically the less. Thus — 5 < — 3. 
Of course any negative number is less than any positive number. In 
general, we call a>h when a — d is positive, and a <,b when a — b 
is negative. 

130. The part of an inequality at the left of the sign >, or <, 
is called ihQ first member, and the part at the right, the second mem- 
ber of the inequality. 

131. For the purposes of mathematical investigation, inequali- 
ties are subjected to the same transformations as equations, but vnth 
certain characteristic differences in the results, which will be pointed 
out in the following propositions. 

132. If, in transforming an inequality, the same member that 
was the greater before the transformation is the greater after, the 
inequality is said to continue to exist in the same sefise; but, if the 
transformation changes the general relation of the members, so that 
the member which was the greater before the transformation is the 
less after, the inequality is said to exist in an opposite sense in the 
two inequalities. 

133. Prop. — TTie sense in which an inequality exists is not 
changed, 

1st. By adding equals to both members^ or subtracting equals from 
both; 
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2<L By multiplying or dividing the members by equal positive 
nwnbers / 

3d. By adding or multiplying the corresponding members of two 
inequalities which exist in the same sense^ if all the members are 
essentially positive ; 

4th. By raising both members to any power whose index is an odd 
number ; 

5th. By raising both members to any power, if both members are 
essentially positive ; 

6th. By extracting the same root of both members, if when the de- 
gree of the root is even^ only the positive roots be compared, 

III. and Dem. — The 1st is, in general, an axiom. Thus if a > b, it is evi- 
dent tliat a ±c> b ±e. When c> a, a — <; is negative, but since b < a, b — c 
is also negative and numerically greater tlian a — c. Therefore, in this case, 
a - <j> 6 - c (129). 

2d. This is wholly axiomatic. If a > & it is evident that ma > mb, and that 
a b 
m m' 

3d. This, too, is an axiom. If a > 6, and e > d, a, b, e, and d being each + , 
it is evident that a + e> 6 + d ; and that ac > bd. 

4th. This becomes evident by considering that if a > 5, raising both members 
to any power whose degree is odd will leave the signs of the members as at the 
first, and also the sense of the numerical inequality the same. 

5th. This appears from the fact that neither the signs nor the sense of the 
numerical inequality of the members is changed by the process. 

6th. This is evident from the fact that the greater number has the greater 
root, if only positive roots are considered. 



134. Prop. — The sense in which an inequality exists is changed, 

1st. By changing the signs of both members ; 

2d. By multiplying or dividing both members by the same negative 
quantity ; 

3d. By raising both members to the sams even power, if the members 
are both negative in the first instance ; 
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4tlL JBy comparing the negative even roots {the members^ in the first 
instance^ being both essentially positive). 

III. and Dbm.— The fiiet is evident, since M a>h, — a< — frby (1^)^ 
That is, of two negaUve qoantities the numerically greater is really the less. 

2d. These operations do not change the numerical relation of the members, 
but do change the signs of the members ; hence it falls under the preceding. 

Sd. and 4th. Essentially the same reasoning as in the last. 



Exercises. 

1. When a and h are unequal, show that «• -f 5*>2aJ. 

Solution.— Let a>h\ whence a— 6>0, or a*— 2<i6+6*>0, or a«+6«>2a&. 
Similarly \t a <h. 

2. Prove that the arithmetical mean between two quantities is, 
in general, greater than the geometrical. How if the quantities are 
equal ? 

3. If a, J, c, are such that the sum of any two is greater than the 
third, show that a« + J» + c« <%(ah + ac + be). 

4. If «•+&«+(?«= 1, and wi« + w« + r«= 1, show that am +57i 
+ cr < 1. How ifa = J = c = m = w = r? 

5. Show that, in general, (a+J— c)*+ (a+c— *)•+ (5 + c—a)* 
>ab-{-bc'\'ac. How if fl=J=c? 

6. Which is greater, 2x^ or a? + 1 ? 

Solution.— 1st. If x>l, «* > 1 (?), 2aj« > 2a; (?) ; but 2aj > « + 1 (?). 
.-. 2aj*> « + L 

If aj < 1, a similar process shows 2aj' < aj + 1. 

7. From 6a; — 6 < 3a; + 8, and 2a; + K 3a; — 3, show that x 
may have any value between 7 and 4 ; i, e., that the limiting values 
are 7 and 4. 

8. What are the limiting values of x determined from the con- 
ditions 3a; -2 > ia; - 1, and I - fa; < 8 - 2a; ? 

9. The double of a number diminished by 5 is greater than 25, 
and triple of the number diminished by 7 is less than the double 
increased by 13. What numbers will satisfy the conditions ? ^ 
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PART III. 



AN ADVANCED COURSE IN 
ALGEBRA. 



OHAPTEE I. 

INFINITESIMAL ANALYSIS. 



SECTION I. 

DIFFERENTIATION. 

18S. In certain classed of problems and discdssions the quantities 
involved are distinguished as Constant and Variable. 

136* A Constant quantity is one which maintains the same 
value throughout the same discussion, and is represented in the 
notation by one of the leading letters of the alphabet 

137. Variable quantities are such as may assume in the same 
discussion any value within certain limits determined by the nature 
of the problem, and are represented by the final letters of the 
alphabet. 

III.— If « is the radius of a circle and y is its iirea, y = itx^, as we learn from 
Geometry, it being abont 8.1416. Now if a?, the radius, varies, y, the area, wiU 
vary ; but Tt remains the same for all values of x and y. In this case x and y 
are the variables, and ;r is a constant. 

Again, if y is the distance a body falls in time x, it is evident that the greater 
X is, the greater is y, i. e., that as x varies y varies. We learn from Physics that 
y '=. 16iVaJ*, for comparatively small distances above the surface of the earth, 
in the expression y = 16tV»*» « aiid V are the variables, and 16tV is a constant. 

Once more, suppose we have y* = 25aj' — Zx* — 5, as an expressed relation 
between x and y, and that this is the ordy relation which is required to exist 
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between them ; it is evident that we may give valnes toxat pleasure, and thus 
obtain corresponding valnes for y. Thus it x = 1, y = ± Wf, if z=2, y 
= ± VlS3, etc., etc. In such a case x and y are called variables. But we notice 
that if we give to x such a value as to make 3aj* + 5 > 25aj' (as, for example, i, 
i, etc.), y will be imaginary. This is the kind of limitation referred to in our 
definition of variables.* 

138. ScH. — ^The pupil needs to guard against the notion that the terms 
constant and varicihU are synonyms for known and unknaum, and the more so 
as the notation might lead him into this error. The quantities he has been 
accustomed to consider in Arithmetic and Elementary Algebra have aU been 
constant. The distinction here made is a new one to him, and pertains to a 
new class of problems and discussions. 

139* A Function is a quantity, or a mathematical expression, 
conceived as depending for its value upon some other quantity or 
quantities. 

III. — ^A man's wages /or a gvoen time is a function of the amount received per 
day, or, in general, his wages is a function of the time he works and the amount 
he receives per day. In the expression y = 16i^* {1S7), second illustration, 
y is a function of x, t. «., the space faUen through is a function of the time. The 
expression 2ax* — 8^; + 56, or any expression containing x, may be spoken of as 
a function of x, 

140. When we wish to indicate that one variable, as y, is a func- 
tion of another, as Xy and do not care to be more specific, we write 
y =f{x)y and read "y equals (or is) a function of a;/' This means 
nothing more than that y is equal to some expression containing the 
variable x, and which may contain any constants. If we wish to 
indicate several different expressions each of which contains a:, we 
write /(a;), ^(a;), orf'{x), etc., and read "the /function of x,^ "the 
q) function of x/* or " the/' function of x/' 

Ili..— The expression /(a?) may stand for a;' — Soj + 5, or for 3(a* — a?*), or for 
any expression containing x combined in any way with itself or with constants. 
But in the same discussion /(a;) will mean the same thing throughout. So again, 
if in a particular discussion we have a certain expression containing x {e. g., 
8aj* — oa? + 2a6), it may be represented by /(a;), while some other function of x 
(e. g., 5{a* — x^) + 2x*) might be represented hyf'{x), or <p(x). 

141. In equations expressing the relation between two variables, 
as in y* = Sax^ — a;*, it is customary to speak of one of the variables, 
as y, as a function of the other x. Moreover, it is convenient to think 

* The limitft of this yolame do not pennit the interpretation of imaginarlee as other than im- 
possible quantities, i. «., inconsistent with the restricted view talLen of the particular problem 
which may be nnder consideration. 
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of ic as varying and thus prodncing change in y. When so con- 
sidered, X is called the Independent and y the Dependent variable. 
Or we may speak of y as a function of the variable x. 

142. An Infinitesimal is a quantity conceived under such 
a form, or law, as to be necessarily less than any assignable quantity. 

Infinitesimals are the increments by which continuous number, or 
quantity (8), may be conceived to change value, or grow. 

III. — TKme affords a good illustration of continnous qoantitj, or number. 
Thus a period of time, as 5 hours, increases, or grows, to another period, as 7 
hours, by infinitesimal increments, t. e., not by hours, minutes, or even seconds, 
but by elements which are less than any assignable quantity. In this way we 
may conceive any continuous, variable quantity to change value, or grow, by 
infinitesimal increments. 

• 143. Consecutive Values of a function, or variable, are 
values which diflTer from each other by less than any assignable 
quantity, i. e., by an infinitesimal part of either. 

144. A Differential of a function, or variable, is the differ- 
ence between two consecutive states of the function, or variable. It 
is the same as an infinitesimal. 

III.— «-Resuming the illustration y = IQ^fX* {iS7)f let x be thought of ao 
some particular period of time (as 5 seconds), and y as the distance through 
which the body falls in that time. Also, let x' represent a period of time infini- 
tesimally greater than x, and y' the distance through which the body falls in time 
xf. Then x and x' are consecutive values of x, and y and y' are consecutive 
values of y. Again, the difference between x and x', as a^ — iv, is a differential 
of the variable a?, and y'— y is a differential of the function y. 

145. Wotation. — A differential of x is expressed by writing the 
letter d before x, thus da%, Also, dy means, and is read " differen- 
tial yr 

Caution. — ^Do not read dx by naming the letters as you do ax ; but read it 
" differential x." The d is not a factor, but an abbreviation for the word differ- 
erUial, 

146. To Differentiate a function is to find an expression 
for the increment of the function due to an infinitesimal increment 
of the variable ;* or it is the process of finding the relation between 
the infinitesimal increment of the variable and the corresponding 
increment of the function. 
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Rules for Differentiating. 

147. RULE 1. — To dipferbntiatb a single variable, sim- 
ply WRITE the letter d BEFORE IT. 

This 18 merely doing what the notation requires. Thus if x and iv' are conse- 
cutive states of the variable x, t. e., if x' is what x becomes when it has taken an 
infinitesimal increment, x'^xis the differential of x, and is to be written diC. In 
like manner, ^-- jr is to be written dy, y' and y being consecative Taloes. 



148. RULE 2. — Constant factors or divisors appear in 

THE DIFFERENTIAL THE SAME AS IN THE FUNCTION. 

Dbm. — Let us take the function y = a«, in which a is any constant, integral 
or fractional. Let x take an infinitesimal increment dx, becoming x -¥ dx\ and 
let dy be the corresponding* increment of y, so that when x becomes x -¥ dx, y 
becomes y + dy. We then have * 

1st state of the function ---- y =ax\ 

2d, or consecutive state y + dy = a{x -{- dx) = aa? + adx. 

Subtracting the 1st from the 2d dy = adx, 

which result being the difference between two consecutive states of the function, 
is its differential {ld4). Now a appears in the differential just as it was in the 

function. This would evidently be the same if a were a fraction, as — . We 
should then have, in like manner, dy = —dx as the differential of y = —x, 

Q. B. D. 



149. RULE 3. — Constant terms disappear in differen- 
tiating; OR THE DIFFERENTIAL OF A CONSTANT IS 0. 

Dem. — Let us take the function y =ax-\-b,m which a and b are constant. 
Let X take an infinitesimal increment and become x+ dx; and let dy be the 
increment which y takes in consequence of this change in x, so that when x 
becomes x -{- dx, y becomes y + dy. We then have 

Ist state of the function y = ax + h; 

2d, or consecutive state - - - - y + dy = a{x-\'dx)'\-b = ttx-\- adx + b. 

Subtracting the 1st from the 2d - - - - cfy = adx, 

which being the difference between two consecutive states of the function, is its 
differential (144). Now from this differential the constant b has disappeared. 

We may also say that as a constant retains the same value,' there is no differ- 

* The word " contemporaneoas ** is often need in this connection. 
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ence between its consecutive states (properly it has no consecutive states). 
Hence the differential of a constant may be spoken of (thougli with some lati- 
tude) as 0. Q. E. D. 

ISO. RULE 4. — To differentiate the algebraic sum of 

SEVERAL VARIABLES, DIFFERElTriATE EACH TERM SEPARATELY AND 
CONNECT THE DIFFERENTIALS WITH THE SAME SIGNS AS THE TERMS. 

Dbm.^— Let u:=ix-^y^ 9, u representing the algebraic sum of the variables 
X, y, and — e. Then \a du ^ da •\- dy — dz. For let dx, dy, and dz be infinitesimal 
increments of x^ y, and z ; and let du be the increment which u takes in conse- 
quence of the infinitesimal changes in x^ y, and z. We then have 

Ist state of the function t* = aj + y— «; 

2d, or consecutive state ^ - - - - u-^du^x-vdx-^-y-vdy — ^z-^- dz), 

Or U'\'du='.x-\-dx-\-y + dy — z — dz. 

Subtracting the 1st state from the 2d - - ^ du = dz + dy — dz. q. B. D. 



151. Utile 5. — the differential of the product of two 

VARIABLES IS THE DIFFERENTIAL OF THE FIRST INTO THE SECOND, 
PLUS THE DIFFERENTIAL OF THE SECOND INTO THE FIRST. 

Dem. — Let t^ = a^ be the first state of the function. Tlie consecutive state is 
H + du = (x ■\- dx) (y + dy) ^xy -\- ydx + xdy + dxdy. Subtracting the Ist state 
from the consecutive state we have the differential, i. e., du = ydx + xdy + dxdy. 
But, aa dX'dy'iB the product of two infinitesimals, it is infinitely less than the 
other terms (ydx and xdy), and hence, having no value as compared with them, is 
to be dropped.* Therefore du = ydx + xdy. <^ E. d. 

r - — 

152. RULE 6. — The differential of the product of sev- 
eral VARIABLES IS THE SUM OF THE PRODUCTS OF THE DIFFER- 
ENTIAL OF EACH INTO THE PRODUCT OF ALL THE OTHERS. 

Dem. — ^Let u = xyz ; then du = yzdx + xzdy + xydz. For the 1st state of the 
function iB t* = osyz, and the 2d, or consecutive state, u + du = (x -\- dx) (y + dy) 
(t -f- dz), or u + du = xyz -i- yzdx + xzdy + xydz + xdydz + ydxdz + 



♦ It will doubtless appear to the pnpil, at first, as if this gave a result only approximatdy cor- 
rect. Such is not th? fact. The result is absolutdy correct. No error is introduced by dropping 
dx dy. In fact this term mufft be dropped accordinsr to the naturfc^of infinitesimals. Notice 
that hj definition a quantity which is infinitesimal with respect to another is one which has no 
assignable magnitude with reference to that other. Hence we mnst so treat it in our reasoning. 
Now dx-dy\^ an infinitesimal of an infinitesimal (i. e., two infinitesimals multiplied together), 
and hence is infinitesimal with reference to ydx and xdy^ and must be treated as having no as- 
■ignable value with respect to them ; that is, it must be dropped* 
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+ dxdydz. Subtracting, and dropping all infinitesimals of infinitesimals (see 
preceding rule and foot-note), we have du = yzdx + xzdy + xydn. 

In a similar manner the rule can be demonstrated for any number of varia- 
bles. Q. B. D. 



'^^ 



■X 



/ 



^^ 153. RULE 7. — The differential of a fraction having 

A VARIABLE NUMERATOR AND DENOMINATOR IS THE DIFFEREN- 
TIAL OF THE NUMERATOR MULTIPLIED BY THE DENOMINATOR, 
MINUS THE DIFFERENTIAL OF THE DENOMINATOR MULTIPLIED BY 
THE NUMERATOR, DIVIDED BY THE SQUARE OF THE DENOMINATOR. 

DsM. — Let u = - : then is dt^ = - — "^ — - . For. clearing of fractions, 
pu = x. Differentiating this by Rule 6th, we have tidy + ydu = dx. Substi- 
tuting for u its value -, this becomes — - + ydu = dx. Finding the value of 

, ydx — xdy 
du, we have du = i — -. Q. b. d. 

yt 

1S4:. Cor. — Tlie differential of a fraction hamng a constant 
numerator and a variable denominator is the product of the numeron 
tor with its sign changed into the differential of the denominatory di* 
vided hy the square of the denominator. 

Let t^ = — . Differentiating this by the rule and calling the differential of 

9 

r V «. 1 , — cbdv — ddv 

the constant (o) 0, we have du = =— ^ = — j-^. q. e. d. 

yt y* 

155. ScH. — If the numerator is variable and the denominator constant, 
it falls under Rule 2. 



1S6. RULE 8. — The differential of a variable affected 

WITH AN EXPONENT IS THE CONTINUED PRODUCT OF THE EXPO- 
NENT, THE VARIABLE WITH ITS EXPONENT DIMINISHED BY 1, AND 

THE DIFFERENTIAL OF THE VARIABLE. 

» 

Dbm. — 1st. When the exponent is a positive integer. Let y = aif*, m being a 
positive integer ; then dy = maf^^dx. For y = a;» = xx-xx- to m factors. Now, 
differentiating this by Rule 6, we have dy = (xxx - - to m — 1 factors) dx 
+ (xxx " - to m — 1 factors) dx + etc., to m terms ; or (fy = aj»^*(fo; + af^^dx 
+ x^-^dx + etc., to m terms. Therefore dy = imf^^^dx, 

m 

2d. When the exponent is a positvoe fraction. Let yz^x*,"^ being a positive 

fraction ; then dy =^^x* dx. For involving both members to the nth power we 
have y» = a?». Differentiating this as just shown, we have ny*-Hy = mxr^-^dx. 
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Now from y = x* we have y»-* = a? • . Substitating tins in the hist It be- 

comes nx * dy = msff'^^dx; whence dy = ^"^ • dx = ^x» dx. q, B. D. 

3d. When the exponent is negative. Let y = xr*, n being integral or 

fractional ; then dy = — nxr-^-^dx. For y = xr* = — , which differentiated by 

TiiU** — ^dx 
Rule 7, Cor., gives dy = ^ — = — nxr"*-^dx. Q. E. D. 



Examples. 

1. Differentiate y = Sa:* — 2a: + 4. 

Solution.— The result ia dy = Qxdx — 2dx. Which is thus obtained : By 
Bule 1, the differential of y is dy. To differentiate the second member we dif- 
ferentiate each term separately according to Rule 4. In differentiating Sx*, we 
observe that the factor 3 is retained in the differential. Rule 2, and the differen- 
tial of X* is, by Rule 8, 2xdx, Hence, the differential of Sx* is Gxdx. The differ- 
ential of — 2^; is — 2dx. By Rule 3, the constant 4 disappears from the differen- 
tial, or its differential is 0. 

2. Differentiate y = 2aa^ + ^aa^ — x-{-nu 

Result, dy = ^axdx +12aa;'rfa; — dx. 

3. Differentiate y = 5ia^ — 30a:' + 4a;. Aj ^ ^"^'-^ y^^^^t x. ^i^^x^i^c' 

4. Differentiate y = Ax" + Ba^ + Caf. d u -s 1 \^ < ol ^ f 3 '3 -vM yL 4^;. 

157 • ScH. — It is desirable that the pupil not only become expert in writ- 
ing out the differentials of such expressions as the above, but that he know 
what the operation signifies. Thus, suppose we have the equation y = 5a;. 
This expresses a relation between x and y. Now, if x changes value, y must 
change also in order to keep the equation true. In this simple case it is easy 
to see that y must change 5 times as fast as a? in order to keep the equation 
true. This is what differentiation shows. Thus, differentiating, we have dy 
= 5dx. That is, if a; takes an infinitesimal increment, y takes an infinitesi- 
mal increment equal to 5 times that which x takes ; or, in other words, y 
increases 5 times as fast as x. 

Now let us take a case which is not so simple. Let y=3aj* — 2a;H-4, and let 
it be required to find tJie relative rate of change of x and y. Differentiating, 
we have dy = ^xdx — 2dx = (fix — 2)dx. This shows that, if x takes an infini- 
tesimal increment represented by dx^ y takes one (represented by dy) which 
is 6a; — 2 times as large ; i. e., that y increases 6a; — 2 times as fast as x. 
Notice that in this case the relative rate of increase of x and y depends on 
the value of x. Thus, when aj=l, y is increasing 4 times as fast as x ; when 
9;=r2, ^ is increasing 10 times as fast as a;; when a;=3, y is increasing 16 
times as fast as a;; etc. 
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^ 6. Differentiate y = a^ — a?y and explain the significance of the 
result as above. ResuUy dy = (5a:* — Sx*)dz. 

^ 6. In order to keep the relation 2y = Sa^ true as x varies, how 
must y vary in relation to a; ? What is the relative rate of cliange 
when a; = 4? When a; = 2? Whena;=l? Whena;=i? When 

Atiswers. When a; = 4, y increases 12 times as fast as x. When 
a: = ^, y increases at the same rate as a:. In general y increases 3a; 
times as fast as x. When x is less than ^, y increases slower than x. 

^ 2a^ ^ x^ — 1 

7 to 12. Differentiate the following: u = -^r—i u = -^ : 

^ 3y ' a;* -f 1 ' 

y:^ x^s?; U:^a^f -{- 6x; ^y ^ »• — 3a?* + 4a;» — a;* + 1 ; and 

13 to 17. Differentiate y=(a«+a;»)»; y=(a+a?*)*; y=(3a:-2)»; 

>/ ^ _i 

y = (2 - a;2)-« ; and y = (1 + a;)"*. 

• 

Suo's. — Such eSLamples should be solved by considering the entire quantity 

within the parenthesis as the variable. This is evidently admissible, since any 

expression which contains a variable is variable when taken as a whole. Thus 

to differentiate y =.(a + a?*)* we take the continued product of the exponent (|), 

the variable (a + x*) with its exponent diminished by 1, [t*. «., (a + a?*)^], and 

the differential of the variable {i. e., the differential of a •\' x*, which is 2xdx). 

This gives us dy = \(a + x*)~^2xdx, or dy = ix(a + x*) ^dx = ^ — . 

^Va + x* 

18 to 22. Differentiate t—. — ; Ti — ; — \i ; t^ — : — xi > -^^7 



1 + a:^ (1 -hxy (1 +xy\ (1 +xY 

23. In the expression 6x^, when x is greater than 1 does the funo- 
tion (6a:*) change faster or slower than x ? How, when x is less 
than ^ ? What does the process of differentiating 6a^ signify ? 

Answer to the last. Finding the relative rate of change of 6x^ and x, or find- 
ing what increment 6x^ takes when x takes the increment dx. 

Or, in still other words, finding the difference between two consecutive states 
of Qx^, and hence the relation between an infinitesimal increment of af and the 
corresponding increment of Qx^, 
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SECTION IL 

INDETERMINATE COEFFICIENTS. 

158. Indeterminate Coefficients are coeflBcients assumed 
in the demonstration of a theorem or the solution of a problem, 
whose values are not known at the outset, bat are to be determined 
by subsequent processes. 

159. Prop.— If A + Bx + Cx'+ Dx' -f etc. = A' + B'x + 0'x« 

-f D'x'+ etc,y in which x is a ixxriable* and the coefficients A, B, 
A', B', etc, are constants, the coefficients of the like powers of x are 
equal to each other. That isy A=:A' {these being the coefficients o/x^), 
B = B', C = G\ etc. 

DEBf . — Since the equation is true for any value of x, it is true for «=0. Subati- 
tuting this value, we have -4=^'. Now as A and A* are constant, they have the 
same values whatever the value assigned to x. Hence for any value of x. A— A'. 
Again, dropping A and A\ we have Bx + Cfe' + Daj'H- etc. = B'x + Cx'+IXx^ 
-h etc., which is true for any value of x. Dividing by x, we obtain B+Ox+Dx* 
+ etc. =5' -H C'x + D'x* + etc., likewise true for any value of x. Making x = 0, 
B = B'ftiS before. In this manner we may proceed, and show that C =(/, 
D = i>', etc. q. B. D. 

160. GofL—If A + Bx + Cx* + Dx" + «fc. = 0, i« true for all 
values of x, each of the coefficients A, B, 0, etc.y is 0. 

For we may write ^ 4-5aJ + CSc*4-i>^'+ jEi?*+i^»4-etc.= + (to + Oaj» 
+ Oaj' -h (te* -h Oa;" -♦- etc. Whence by the proposition ^ = 0, -B = 0, (7= 0, etc 



DeVIXOPMENT of FuKCTIONS by MEANd OF Ikdetebminatb 
Coefficients. 

161. A Function is said to be Developed when the indicated 
operations are performed ; or, more properly, when it is transformed 
into an equivalent series of terms following some general law. 

Ill's. — Division affords a method of developing some forms of functions. 

* Saying that a; is a variable, is equivalent to saying that the equation must be true for any 
value of X. This is an essential thing in this discnssiOB. The members of such an equation 
art lometimefl said to be Identically equal. 
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Thus y = 



1-aj 



when developed by division becomes y = l-|-a;+ «• + «'+ etc. 



The binomial fonnola (CoMrLBTS School Algebra, 195, or 168 of this 
treatise) is a formula for developing a binomial. Thus y = {a + xf when devel- 
oped becomes y = a" -h 5a*a;-|-10o'a;* -|-10o*a;'+ 5a«* -h «*. The subject is one 
of great importance in mathematics, and the method of Indeterminate CJoeffi- 
dents forms the basis of most that is valuable upon it. 



Examples. 



l-x 



1. Develop — -5- into a series by the method of Indeterminate 

GoefBcients. 

l-x 



SoLUTiOK. — Assume 
of fractions. 



l-haj+aj' 



5= -4 -H 5aj 4- (^'+ Dx^-\' Ex*-^ etc. Clearing 



1- 


-x = A+B 


x+C 


a'+D 


sc*+E 




■¥A 


+B 


+C 


+D 






+A 


+B 


+C 



etc 
etc. 
etc. 



Equating the coefficients of the corresponding powers of x hj (139), we have 
the following equations from which to find the values of A,B,C, D, etc. : 
^=1; A^B=-\; A^B^C-0; B^C+D = 0\ C^D^E=0. Solving 
these, we have A=\, B=-2, C=l, i>=l, and J^= - 2. 

Substituting these in the assumed development, we have 

- — Il£-=1— 2a?-Ha;*-l-aj^— 2aj*+ etc. 
l-\-x+x* 

This can readily be verified by actual division. 

2. Develop, or expand into a series (a*— a^)^ by means of Inde- 
terminate Coefficients. 

Solution. — Assume 

(a«~-aj*)*=^H-BajH-Cfc«-hi)aj»H-^*H-2^«+Gte«+ etc. 
Squaring both members and expanding (a*— a;*)', we have 

+AB 



x^-AG 


a^+AB 


x'-^AE 


a^^AF 


x'^^AG 


a;*-|-etc 


-hP« 


^BG 


+BD 


+BE 


-^BF 


-Hetc. 


^AC 


-hBG 


4-(7« 


+GB 


-hGE 


4-etc. 


^AD 


+BD 


^GB 


+2>« 


4-etc. 


^AI^ 


-\'BE 


-^CE 


H-etc 


^A^ 


+BF 


+etc. 










+AQ 


-fete. 



Equating the coefficients of the corresponding powers of x, we find A* = a^, 
oTA = a^; 2AB = 0, whence B = 0; 2^C-|--B*= — 3a*, whence C= - fa; 

o 

2{AB -H BG) = 0, whence 2> = ; 2(AE -+■ BB) -H G^= 3a* , whence ^=q^> 
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2[AF-\-BE-\- C72))=0, whence J^=0 ; and in like manner O = j-ri^, etc. (If the 

expansion of the second member had been carried farther, each of the succeeding co- 
efficients would be equated with 0, as there are no terms in the first member contain- 
ing higher powers of a; than the 6th.) Substitutingthe values of .^^ B, C,Df etc, as 

now found, we have (a*—a^y=za*— o^"*" 8a "*" 16^ "*" ®*^ 

3. Expand, or develop (1— a;*)* by means of Indeterminate CoeflS- 

cients. Also — r, ^ > a^d -. 

x + 1 b-ax {l-x)^ 

SuG. — ^To expand the last, put the expression equal to the usual series, square 
both members, and then clear of fractions. 

162* ScH. — ^In using the method of Indeterminate Coefficients, as the 
series A-\- Bx-\- Caj*-H etc., is merely hypothetical at the outset, we must 
carefully observe whether the subsequent processes develop any inconsist- 
ency. For example, perhaps a particular expression will not develop in the 
form assumed. If so, some inconsistency will appear in the process. Thus, 

2 2 
were we to attempt to develop -^ 5 by assuming -^ j = J. -h & -f Cx* 

-h 2>jj'-H etc., we should find, after clearing of fractions, that the first mem- 
ber had only the term 2, which is 2a;° ; and as there would be no correspond- 
ing term in the second member, we should have to write 2 = 0, which is 
absurd. In general, we observe that, when we equate the coefficients, the 
second, or assumed member, must have a term containing as low a power of 
the variable as the lowest in the first member. This may be secured either 
by putting the expression to be developed into a proper form before assum- 
ing the series, or by assuming a series of proper form. Thus, in the above 

2 12 2 

case, we may write for — , -r- • r , and then develop by 

•^ x^ — x^ X* 1—x "l—x'' 

2 

assuming = A-^Bb+ Cx^-^Dx^ -f- etc., and finally multiplying by 

1 — X 

1 2 

— ; or it may be developed by assuming -j 5 = Aar^+Bx-^-^Cx^-^ Bx 

-^Ex*-hetc. 

4. Expand —^ :r- by the method of Indeterminate Coeffi- 

cients. Also -z jr— «. Also 



5. Expand ^/l — x. Also (1 + x)^. 



11 
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Decompositjon of Fbactions by means of Indetebminatb 

Coefficients. 

163. For certain purposes, especially in the Integral Calculus, 
it is often necessary to decompose a fraction into partial fractions. 
There are three principal cases. 

16d. Case 1. — A fraction pihich is a function of a single varior 
ble^ whose numerator is of lower dimensions than its denominator, 
and whose denominator is resolvable into n beal and XJJSBQjJAlf fac- 
tors ofthefrst degree^ can be decomposed into n partial fracU/a^ of 

the form — ■ — + — 71: + —^— — \ — ,x+a,x+b, 

•^ x + a x + b x + c x+n' ^ 

x-f-c, - - * - - x + n being tlie factors of the denomincUor. 

g){x) x + a X '\-b x + c x + n 

which J\x) is of lower dimensions f than q)(x), and <p(x) = (a? + o) (a? + 6) (« -f c) 

(« + 7i). t Reducing the partial fractions , =■ , etc., to 

X -h d X + 

forms having a common denominator, this denominator wiU be the product of all 
the denominators x + a, x + b, x + c, etc., and hence wiU be g)(x), and each 
numerator will contain one less of these factors than the common denominator, 
and hence wiU be of the (n — l)th degree, the denominator being of the nth de- 
gree.g Then, as the denominators of both members will be equal, the numera- 
tors will also be equal. Placing them so, we can find the values of the indeter- 
minate coefficients A, B, C, etc., by the principle in {1S9). The necessity for 
having fix) of lower dimensions than q)(x) is the same as is pointed out in (162). 
Thus, if fix) contained a term like 5aj* while <p(x) contained none higher than 
2aj*, we should be required to write 5 = 0, as there would be no term in the sec- 
ond member having an «* in it. Finally, having obtained the values of A,B, C, 

ABC 

etc., we can substitute them in , 1 > » etc., and have the 

aj + a a? + 6 « + <J ' 
partial fractions sought. 



165. Case 2. — A fraction which is a function of a single varia- 
ble, whose numerator is of lower dimensions than its denominator, 
and whose denominator is resolvable into n beal and 'ECIUAL factors 

* See (139, 140). 

t That is, does not contain so high a power of x. 

t The proposition assumes that g)(iic) is resolvable into n real and unequal factors of the 
first degree. 

S That is, containing a; to the nth power, and no higher power. 
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qf the first degree^ can be decomposed into n partial fractions of the 

^''^ (x+a)' ^ (x + a)-« ^ (x + a)-« TTl' 

X + a being one cf tJie equal factors of the denominator, 

DBM.-As8ume — =^-j-^ + ^^ ^ ^^._, + ^^ ^ ^^._, .... -_, 

in which f(x) is of lower dimensions than g}(x), and ^a?) = (« + o)". Reducing 
the partial fractions to forms having the common denominator {z + a)" (». e, (p{x)), 
and placing the numerators of the members equal, we find that the second mem- 
ber is not of lower dimensions with respect to the variable x, than the first mem- 

ber, since the numerator of the fraction will contain the highest power of 

X of any of the terms, and thig will have no higher jwwer than af^*, as (aj +«)•-* 

If 
is the factor by which the terms of the fraction will be multiplied in the re- 
duction. Hence, we can find the values of A, B, G, etc., by (150\ and these 
substituted in the assumed series will give the required partial fractions. 



166. Case 3. — A fracticm which is a function of a single varia- 
ble^ whose numerator is of lower dimensions than its denominator^ 
and whose denominator is resolvable into n real and equal quad- 
UJlTIC factors, can be decomposed into n partial fractions of the form 
Ax + B , Ox + D Ex + P 

r r7" 



[(X + a)* + b^- ^ [(x + a)^ n- V]-» ^ [(X + a)« + b«]-« 

Mx + N" 
- — — — g , g , (x + a)' + b' being one of the equal 

factors of the denominator^ 

Dbm. — ^Assume 
yi[a?) Ax^ B Og + 2) Ex'\-:P' 

<p(x) ^ [(X + ay + &«]• "*" [{X + ay + 6«]-* "*" [(a? + a)* + ft*]-« - - - • 

Mx + If 
(a; + a)* + 6* ' 

Bringing the terms of the second member to a common denominator g){x), or 
[{x + ay + 6*]«, we find chat the highest power of x involved in the numerators 
is a;*»-^ which will aribe in multiplying Mx + JVby [{x + a)* + 6*]*"'. But, as 
fix) IS of lower dimonsions than g)(x), and (p{x) is of 2n dimensions, the numera- 
tor of the second member will not be of lower dimensions than f(x), and hence 
equating them, the values of A, B, (7, etc., can be determined and substituted in 
the assumed series of partial fractions. 

167» SCH. — When the denominator of the fraction to be decomposed is 
composed of factors of two or more of the forms referred to in the three given 
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cases, the f arms of the assumed partial fractions must be made to correspond. 

Thus were it required to decompose fgOC'-b)(x+a)W -\-a^)^ ' assumed par- 

A B C jP E Ib>+ G 

tial fractions would be - + ^^j^ + ^-^j-^ + j^^^^r^ + ^^^^ + ^^t + ^*)« 

!&; + / 

•4" ■ 



»*+»' 



Examples. 
1. Decompose -| into partial fractions. 

Solution.— Assume ^^-^ = - + ^^ + =-— - , a;, 1 - oj, and 1 + oj bemg 

X — X X 1 — X l+X 

the unequal factors of « - a;' {115, 117). Bringing the terms of the second 
member to a common denominator, we have 

aj« - 2 _ A - Ax* + Bx-ir Bx* + Cx'-Ox* 

i^r^~ a<l - a;)(l + a?) 

Hence x* '-2 = A + {B + C)x + (B- A-C)x* ; from which we get ^ = - 2. 
B + 0=0, and 5 — ^ — (7 = 1. Solving these equations we find -4 = — 2, 
£ = — i, and (7 = i. These values inserted in the assumed forms give 

iH^'-VT^i l+a?"" X 2(l-Jj)"^2(l + a5) 

ir + 3 a; 4- 1 

2 to 6. Decompose the following : ^ _ ^ _ 2 » x(x — 2) ' 

_^±1_. 3^-5 - . and ^' . 

SuG.— In case the factors of the denominator are not readily discerned, place 
the denominator equal to and resolve the equation. Thus the last example 
gives aj» + 6«* + llaj + 6 = 0. From which we have aj = - 1, - 2, and — 3 
(119), and the factors are aj + 1, aj + 2, and a? + 3. 

. . X.. Sx^-'Tx+e 2 + 3a;+a;« 

7 to 11. Decompose the fractions — i^^iy ' ^^ Oa^'H- 27a; + 27 ' 

1 1 , 1 

'^ '^^'■^' '^-^^) U- )^l ^«_2a: + 3 3^- a:*^ 10a:«+ 15a;^+ 2a:-8 , 
12 to 18. Decompose ^^^^y ; ^(^_2)«(a:-l) ' 

^-^±1. 1 . 1 , ^ -and ^^'-^-^ 

x'ix + D' ?^=n:' a* - a?*' a;'- (a+J)a:+a*' a:'-6a:«+ lla;-6 ^ ^ 

^ ''- y_ { ^)^ ^' ,\ t ' Digiti^ediDyVLyOO 
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SECTION IIL 

THE BINOMIAL FORMULA. 

IQS* Theorem. — Letting x and y represmt any quantities 
whatever (L e. ^ variahUs) and m any constant^ 

i X- ^ . .-—1 . ^(w*— l).-iii-i « . w(wi— l)(m— 2)^^.. , 

If. l£- 

Dbm. — ^We may write (jr+y)" = aj* ( 1 + - ) . Now put - = f and assume 
(1 + e)» = -d 4- Be + Cfe* + i>«» + J28* + i7fe» + etc., (1) 

in which -4, B, C, etc., are indeterminate coefficients independent of e (». e. con- 
Btants), and are to be determined. To determine these coefficients we proceed 
as follows ; 

Differentiating (1), we have 

mli^->t^-^^-==^BdA-\-'StC2M-v^I)^dz-\'^Ez*dZ'\'^Wdz^ etc. 

Dividing by (2z, we have 

w(l+2)— >=B+2Ci8 + 32)2» + 4fife»+62!Tfe*+ eta (2) 

Differentiating (2) and dividing by (2z, we have 

w(m-lXl+2)^'=2C'+ 2 . 8i)a + 3 . 4^*+ 4 • 6infe5»4- etc. (3) 

Differentiating (3) and dividing by <fo, we have 

fn(w-lXw-2XH-2)*-»=2 - 32> + 2 . 3 • 4^4-3-4 - 5-W+ etc. (4) 

Differentiating (4) and dividing by (2e, we have 

fii(«»-lX«»-2Xw-3Xl+e)-^=2 . 3 - 4^+2 . 3 - 4 • 6i?fe + etc. (5) 

Differentiating (5) and dividing by da^ we have 

wK«»-lX»»-2X«»-3X«»--4Xl4-2)*-»=2 .3.4. 6i^+ etc (6) 

We have now gone far enough to enable us to determine the coefficients -4, 
Bt C, D, E, and F, and doubtless to determine the law of the series. 
As all the above equations are to be true for all values of 2, and as the coeffi- 

* This form is read '' factorial 8," " fiictorial 4," etc ; and Biguifles the product of the nat- 
ural Bombers lh>m 1 to 3, 1 to 4, etc. 
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dents A,B,C, etc, are constants, i. e., have the same values for one value of 9 
as for another, if we can determine their values for cme value of e, these will 
be their values in all cases. Now, ni^kipg f=0, we have from (1) ^=1 ; from 

(3), B=m; from (3), C = — ^-r^ — ■ (the factor 1 being introduced into the de- 
ll 

nominator for the sake of symmetry) ; from (4), D = — ^ ^^ ; from (5), 

li 

^ m(m-lXw-2Xw-8) . ^,«. „ f7i(m-lXm-2Xw>-3Xm~4) 
B=. jj ; from (6), /^= j^ . 

These values substituted in (1) give 
(1 + r)- = 1 + «M + ^^>,. + m(m-Wn-2) ^^ m(n.-lX.>^2X«t-3)^, 

•\ 7= r + etc 

t 

Finally, replacing f by its value - , we have 



(aj + y)- =a?- (l + |-)" = «^ |l + 



y m(m - 1) y' m(m - l)(w - 2) y* 
aj "^ [2 x*"^ [3_ aj» 

fyi(m-lXm-2Xm~3) y* ^ m{m - IX^i - 2Xm - 3X^ - 4) y» ^ ^^ , 

^y ^ ^m-lX^-2Xm-3Xm-4) ^y ^ ^^ 
'^169. Cor. 1. — 7>^e n^A, or general term of the aeries is 

For we observe that the last factor in the numerator of the coefficient of any 
particular term is «» — the number of the term less 2, i. «., for the nth term. 
m — (»— 2), or m — n 4- 2 ; and the last factor in the denominates is the number 
of the term — 1, i. e,, for the nth term, n — 1. The exponent of x in any par- 
ticular term la m — the num1}er of the term less 1, i. e., for the nth term, 
wi— (n — 1), or «» — n + 1 ; and the exponent of y in any term is one less than 
the number of the term, i. e,, for the nth term, n — 1. 

170* Def. — In a series the Scale of Relation is the relation 
which exists between any tenn or set of terms and the next term or 
set of terms. 

17 !• CoR. 2. — The scale of relation ifi the binomial series is 

( 1 j =y > since the nth term multiplied by this produces the 

(n -f \)th term. 
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This is leadily seen hj inspecting the series, or by wriUng the {n + l)th term 
and dividing it hj the nth. Thus, sabetituting in the general term as given 

above, n + 1 for n, we have '-^ '— ^ ^aj— -y*, as the 

(n+l)Ui tarm. Thl^ divided by the nth, or preceding term,* gives -^ , 



(=?-')!■ 



Examples. 

^ 1 to 6. Expand the following : (a — S)» ; (ic — y)** ; (a — ic)" ; 
(l^xy; (1-yy; (1-y)*. 

7 to 11. Expand {x + y)-» ; {x - y)"* ; (a - x)'' ; ^^ ^ ^^, ; 

— ^, or (a; + y)'^ 
X + y ^ ^' 

[Note. — For practical suggestions in the use of this theorem, see Complbtb 
School Algebba, pages 148-154, or Pabt I. of this volume, pages 58, 59.] 

12. Expand (a -v x)^ by using the scale of relation. 

Solution. — The scale of relation ( 1 )- becomes in this case 

\ n J» 

1 )- . Now the first term is a". To obtain the next n = l, whence 

n /a 

the scale of relation 5~ . Multiplying a° hj thi» scale of relation, we find the 
a 

X 

second term 6a^x. For the next the scale of relation is 2 - . Hence the 3d 

a 

term is lOa'^r*. For the next the scale of relation is - , giving for the 4th 

a 

(6 \^ X 

-T — 1 )- or f- , 

giving for this term 6ax*. For the 6th term the scale of relation equals 

(r- —l)— or i-, giving a?*. For the 7th term the scale of relation is f ^ — 1 ) - 

or 0. Hence the series terminates. 

13. Expand {m — »)"• by using the scale of relation, and also 
by the general formula. 

14 to 17. Expand (1 - a*)* ; (2 + x^)^; {x - y)'^ ; (a + x)~^. 

* The numerator of the coeflBcient of the preceding, or nth. term, contains all the factors of 
the nnmerator of the (n+l)th except m — n+1, as the factor in the (n+l)th preceding m - n+1 
i8 m^n + % etc. Similarly in the denominator. 
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18to20. Expand (a* -ic«)*; (3a -a;*)-*; (a«+c*)*. 

SuG's. — In cases in which the terms of the binomial are not single letters or 
figures, it will be best to substitute single letters, expand and then replace the 

values. Thus, to expand (x* — 8a)"^,put »•= y, and 8a = 6, and expand (y— 6) * ; 
and in this expansion restore the values of p and b. In like manner the for- 
mula maj be applied to any polynomial. Thus, to expand (1—2*+ 8^)', put 
(1 — X*) = e, and dp = u, expand (f + u)*, and then restore the values. 

21. Expand — into a series. 

SuG's. = fl(&«— fl»ai«)~* Put 6*=«, and c»«*=y, and expand 

Vb'—e^x* 

(« - y)~*» etc. The result is 

a __a( ^ IJB cV 1.3-5 <^a^ 1 • 3 ■ 5 • 7 cV j 

V'SfZTiJt"" 6 r"^*^"*"2 . 4 ■ 6* "^2. 4. 6' &• ■*"2 • 4 • 6 • 8 * fr^'^^^f 

22. What is the 4th term of the deyelopment of (a» + «)* ? 
(See 169.) 

SuG.-The general term is ^^-D • - • - (^ -^ + 2) jj-»-+iy^i i^ ^^ 

\n — 1 

case m = i, » = 4, « =a*, y = e. Whence the 4th term is -?— - . 

16a* 

23. What is the 7th term of (a«- S«)*? The 10th term? 



.\3^ < 



SECTION IV. 

LOGARITHMS. 



172. A Iiogarithm is the exponent by which a fixed number 
is to be affected in order to produce any required number. The 
fixed number is called the Base of the System. 

III.— Let the Base be 3 : then the logarithm of 9 is 2 ; of 27, 3 ; of 81> 4 ; 
of 19683, 9 ; for 3«= 9 ; 3»= 27 ; 3*= 81 ; and 3^= 19683. Again, if 64 is the 
base, the logarithm of 8 is i, or .6, since 64*, or 64*= 8; i.e., i, or .6 is the 
exponent by which 64, the base, is to be affected in order to produce the num- 
ber 8. So, also, 64 being the base, 4, or .333+ is the logarithm of 4, since 64', 
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or 64»'^+=r 4 ; i. e., i, or .3834- is the exponent by which 64, the baee, is to be 

affected in order to produce the number 4. Once more, since 64*^, or 64****+ =16, 

t, or .666+ IB the logarithm of 16, if the base is 64. Finally, 64"*, or 64-» 
= i, or .135 ; hence — i, or — .5 ie the logarithm of i, or .125, when the baae ia 
64. In like manner, with the Bame base, — i, or —.333-1- is the logarithm of i, 
or .25. 

173m Cob. — Sinee any number with for its es^xment is 1^ the 
logarithm of 1 isO^in att systems. Thus 10®= 1, whence is the 
logarithm of ly in a system in which the base is 10. 

174. A System of Logarithms is a scheme by which all 
numbers can be represented, either exactly or approximately, by 
exponents by which a fixed number (the base) can be affected. 

17 5. There are Two Systems of Logarithms in common use, 
called, respectively, the Briggean or Common System, and the Na^ 
pierian or Hyperbolic System.* The base of the former is 10, and of 
the latter 2.718284-. In the present treatise we shall confine our 
attention to systems whose bases are greater than 1. 

176. Cor. 1. — Neither 1 nor any negative number can be used 
as the base of a system of logarithms. 

For aU numbers cannot be represented either exactly or approximately by ex- 
ponents of such numbers. Thus with 1 as a base we can represent no other 
number than 1 by its exponents, for 1 with a/ny exponent is 1. Moreover, with a 
negative base the logarithms which were odd numbers would represent negative 
numbers, and those which were even numbers would represent positive numbers. 
For example, with —2 as a base, 3 might be considered as the logarithm of —8, 
since (— 2)'= — 8 ; but no number could be found as a logarithm to correspond 
to 8 (t. e. -f8), since —2 cannot be affected with any exponent which will pro- 
duce 8. 

177. One of the most important uses of logarithms is to facilitate 
the multiplication, division, involution, and the extraction of roots 
of large numbers. These processes are performed upon the following 
principles: 

178. Prop. 1. — The logarithm of the product of two numbers 
is the sum of th^r logarithms. 

Dem. — ^Let a be the base of the system. Let m and n be any two numbers 
whose logarithms are x and y respectively. Then by definition a*=im, and a^=:n. 

* The common eystem is the one used for practical pnrpoges, and the only one of which 
there are tablee> in common use. Napierian logarithms are usually implied in abstract mathe* 
matical discussion. 
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Multiplying the corresponding members of these equations together we have 
a'+y=m/i. Whence a:+y is the logarith of mn, <l, k. d. 

179. Prop. 2. — The logarithm of the quotient of two numbers 
is the logarithm of the dividend mintis the logarithm of the divisor. 

Dem. — Let a be the base of the system, and m and n any two numbers whose 
logarithms are, respectively, a?, and y. Then by definition we have a?'=m, 

and a^ = n. Dividing, we have a»-» = — . Whence a? — y is the logarithm 

- m 
of — . Q. K. D. 
n 

180. Prop. 3. — The logarithm of a power of a number is the 
logarithm of the number multiplied by the index of the power. 

Dem. — Let a be the base, and x the logarithm of m. Then a'=m ; and raising 
both to any power, as the zth, we have a**=m\ Whence xz is the logarithm of 
the eth power of m. q. e. d 

181. Prop. 4:. — The logarithm of any root of a number is the 
logarithm, of the number divided by the number expressing the degree 
of ths root, 

Dem. — Let a be the base, and x the logarithm of m. Then aF—m. Ex- 
tracting the zth root we have a*= ^m. Whence - is the logarithm of ^^/m. 

Q. E. D. 

182. It is evident that in any system, the logarithms of most 
numbers will not be expressed in integers. Thus in the common 
system the logarithm of 100 is 2, and of 1000 3 ; hence the loga- 
rithm of any number between 100 and 1000 is between 2 and 3, L c. 
2 and some fraction. This fraction is usually written as a decim«l 
fraction, and, as we shall see more clearly hereafter, can in general bu 
expressed only approximately. 

183. The Integral Part of a logarithm is called the Character- 
istiCf and the decimal part the Mantissa. 

184. Prop. — The Mantissa of the logarithm of a decim^al frac- 
tion^ or of a mixed number^ is the same as the mantissa of the num- 
ber considered as integral,^ 

♦ Uenally, in speaking of logarithms, if no particular system is mentioned, the comm<»n 
system is to be understood as meant, especially when practical numerical operations ar« 
referred to. 
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Dem.— It will be found hereafter that log 2845672=6.454185. Now this 
means that 10«*»*^ »* =2845672. Dividing by 10 successively we have 

106.46 4185 - 284567.2, or log 284567.2 = 5.454185, 

104.4641 86 _ 28456.72, or log 28456.72 =4.454185. 

103.4641 86 _. 2845.672, or log 2845.672 = 3.454185, 

lOt.464186^ 284.5672, or log 284.5672 =2.454185, 

101.464186 _ 28.45672, or log 28.45672 =1.454185, 

100.4541 86 _. 2.845672, or log 2.845672 = 0.454185. 

Now if we continue the operation of division, only writing 0.454185 — 1, 
1.454185, meaning by this that the characteristic is negative and the mantissa 
positive, and the subtraction not performed, we have 

IOT.454185 -_ .2845672, or log .2845672 = 1.454185, 

IOT.464185^ 02845672, or log .02845672 =2.454185, 

IOT.464185 ^ .002845672, or log .002845672 = 3.454185, 
etc., etc. q. b. d. 

18S» Cor. 1. — The characteristic of the logarithm of an integral 
number, or of a mixed integral and decimal fractional number^ is one 
less than the number of integral plaices in the number. 

The cfiaracteristic of the logarithm of a number entirely decimal 
fractional is negative and numerically one greater than the number 
of 0'« immediately following the decimal point. 

Thus the characteristic of the logarithm of any number between 1 and 10 
is 0, between 10 and 100 1, between 100 and 1000 2, etc. Or let it be asked, 
" What is the characteristic of the logarithm of 5126 ? " Now this number lies 
between 1000 and 10000, hence its logarithm lies between 3 and 4, and is, there- 
fore, 3 and some fraction. 

Again, as to the numerical value of the characteristic of the logarithm of a 
number wholly decimal fractional, consider that 10"* =-Aj=.l ; 10"«=rtiy=.01 ; 
10~3 = ttAjit = .001. Thus it appears that any number between 1 and .1, i. e., any 
number expressed by a decimal fraction having a significant figure in tenth's 
place, as .2564, .846, .1205, etc., will have its logarithm between (the logarithm 
of 1) and —1 (the logarithm of .1). Hence such a logarithm will be — 1 + some 
fraction (the mantissa). In like manner, any number between .1 and .01. *. 6., 
any decimal fraction whose first significant figure is in lOOth's place, as .02568, 
J0956, .01203, etc., will have for its logarithm —2 -f some fraction. 

186* Cor. 2. — T?ie common logarithm of is — co. 

Since a number less than unity has a negative characteristic, and this char- 
acteristic increases numericaUy as the number decreases, when the number 
decreases to 0, the logarithm increases numericaUy to oo. Hence log 0=— oo. 
To illustrate, log .1=1, log .01= 2, log .001 = 3, log .0001=4. Hence when the 
number of O's becomes infinite, and the number therefore 0, we have log 



Digitized by VjOOQ IC 



172 ADYANOBD COUBSE IN ALGEBBA. 



CoMPUTATioK OP Logarithms. 

18V. The ModtUtis of a system of logarithms is a constant 
factor which depends upon the base of the system and characterizes 
the system. 

188. Prop. — The differential of the logarithm of a number is 
the differential of the number multiplied by the modulus of the system^ 
divided by the ttumber ; 

Or^ in the Napierian system^ the modulus being 1, the differential 
of the logarithm of a number is the differential of the number divided 
by the number. 

Dem. — Let X represent any number, i. «. be a variable, and 7i be a constant 
each that y=aj". Then log p=n log x (180). Differentiating y=aj", we have 
dy=na^^^dx; whence 

y^- dp _ dy _ dy _ y 

^"'^ ^dx y.dx ^y 

XXX 

Again, whatever the differentials of log y and log x are, n being a constant 
factor, we shall have the differential of log y equal to n times the differential of 
log X, which may be written 

di\og y)=n - (f(log x\ whence n = |jj^. (2) 

Now equating the values of n as represented in (1) and (2), we have "j ^ " 

dy 

= -7-. Whence d(log y) bears the same ratio to — , as d(log aj) does to — . Let 
dx y X 

X 

m be this ratio. Then c?(log y)z=!"^^y and cZ(log «)= . 

We are now to show that m is constant and depends on the base of the 
system. 

To do this, take y=2»', from which we can find as above n'= ";- ^ ^^ 

ci(log 2) 

= .i. Now as m is the ratio of d(log y) to — , it is also the ratio of c^og g) to 

— ; and <f(log 2)= . Thus we see that in any case the same ratio exists be- 
tween the differential of the logarithm of a number and the differential of the 
number divided by the number. Therefore m is a constant factor. 
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Thftt m depends upon the base of the system is evident, since in a system of 
logarithms i]^e only quantities involved are the number, its logarithm, and the 
base. Of these the two former are variables ; whence, as the base is the only 
constant involved in the scheme, m is a function of the base * 



189* JPvob, — 2'o produce the logarithmic series. 

SOLUTIOK. — The logarithmic series, which is the foundation of the usual 
method of computing logarithms, and of much of the theory of logarithms, is 
the development of log (1 + ar). To develop log (1 + «), assume 

log (l-^x) = A + Bx + Cx*-\- Dx^ -^ Ex* + me'' -{- etc., (1) 

in which a; is a variable, and A, B,C, etc., are constants. 

Differentiating (1), we have ^ 

^:M =Bdx-\- 2Cxdx 4- SDx*dx + ^Ex*dx + 6Fx!*dx + etc. 

1+x -. 

Dividing by dtc, " I 

-^ z=B + 2Cx + ZDx^ + 4Eu« + 5i^* + etc. (2) 

1+0? 

Differentiating (2), and dividing by dx, we have 

-w^-JL^ =2(7+2 3i>a? + 3 4Eu« +4-5i^« + etc. (3) 

(1 + xy 

Differentiating (S^and dividing by 2 and by dx^ we have 

m — -1— : = 32> + 3-4JZfe + 3 8 5i^* + etc. (4) 

(1 + xY 

Differentiating (4), and dividing by 3 and dx, we have 

- m ^^ ^ ^ r= 4& + 4 52^ + etc. (5) 

(1 + «)* 

Differentiating (5), and dividing by 4 and dx, we have 

We have now gone far enough to enable us to determine the coefficients A^ 
B, C, D, Ef and F, and these will probably reveal the law of the series. 

As all the above equations are to be true for all values of x, and as the coeffi- 
cients A, B, (7, etc., are constant, i. «., have the same values for one value of x as 
for another, if we can determine their values for one value of x, these will be 
their values in all cases. Now, making « = 0, we have, from (1), A = log 1 = ; 

♦ What the relation of the modnlnsi to the base is, we are not now concerned to know ; it 
will be determined hereafter. 

t The nnmber is 1 + a? ; hence the differential is m times the differential of 1 + a; divided by 
the number 1 + a;. 

t Of conrse the stadent will observe what forms the sacceeding torms in this and the other 
similar cases would have. Thus here we shoald have 6F+6-60x-\-ZS- IHx* + etc. 



Digitized by VjOOQ IC 



i 



174 ADYANOED OOUBSE IN ALGEBBA. 

from (2), B = m; from (8), 0= — im ; from (4), D = im; from (5), jB'= — Jm ; 
from (6), F= Jw. These values substituted in (1) give 

X* x^ X* aj* 
log (1 + ar) = m(x —^ + -- — +-- etc.), 

the law of which is evident. This is the Logarithmic Series, and should be fixed 
in memory. 

ScH. — The Napierian system of logarithms is characterized by the modu- 
lus being 1 (w = 1). Hence the Napierian logarithmic series is 

X^ X'^ x^ x^ 

log(l + aj) = a;--+---+-- etc. 



190* Cor. 1. — The logarithms of the same number in different 
systems are to each other as the moduli of those systems. 

This is evident from the general logarithmic series. Thus the logarithm of 
1 + a; in a system whose modulus is m, is expressed 

log«.(l + a:)» = m(a;- ^ + ^ -^ + ^ - etc.); 

and the logarithm of the same number in a system whose modulus is m' is ex- 
pressed 

log^l + a;)» = m'(a?- ^ + ^ - ^ + J - etc.). 

Now, as the number (1 + x) is, by hypothesis, the same in both cases, x is the 
same. Hence, dividing the members of the first by the corresponding members 
of the second, we have log, (1 + a?) _ m^ ^ 

191m Cor. 2. — Saving the logarithm of a number in the Napierian 
system, we have but to multiply it by the modulus of any other system, 
to obtain the logarithm of the same number in the latter system. 

Or, the logarithm of a number in any system divided by the loga- 
rithm of the same number in the Napierian system, gives the modulus 
of the former system, 

192. J?TOb. — To adapt the Napierian logarithmic series to nu- 
merical computation so that it can be conveniently used for computing 
the logarithms of numbers, 

2/' X^ X^ X^ 

Sol. — ^That log (l + a;) = aj— -5- + — — t "^ ~k ~ ®*^"» ^^ ^^^ ^^ * practica- 

« o 4 O 

ble form for computing the logarithms of numbers will be evident if we make 

the attempt. Thus, suppose we wish to compute the logarithm of 3. Making 

♦ The subscripts m and m' are need to dlBtingnish between the systems, as log (1 +x) is not 
the same in one system as in the oiher. Read logm(l + a;), ^Mogarithm of 1 + ce inaqratem 
whose modulus is m/' etc. 
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2* 2' ™ 
a; = 2, we have log(l-h2) = log3 = 2 — — -f — — — -f— — etc., a series 

« o 4 O 

in which the terms are growing larger and larger (a diverging series). 

We wish a series in which the terms will grow smaller as we extend 
it (a converging series). Then the farther we extend the series, the more 
nearly shall we approximate the logarithm sought. To obtain such a series, 
substitute —x for a? in the Napierian logarithmic series, and we have v- ^ ^ 

, ,^ ^ aj« aj* aj* ju* ^ -*. -- A "^ 

l0g(l-«): 



6 



etc. 



2 3 4 
Subtracting this from the former series, we have 

log (l+a;)-log(l-aj) = log (jz^) = 2(aj+iaj» + iaj«++aj^+ etc.), 



^v 



1 1 2« + 2 2« 

Now put « = ^_j. whence l+*=H.^^j=^^j. l-^ = ^^j,and 



. — ~ = . Hence, as log ( ) = log (1 + e) — log z, substituting, and trans- 

1 — X Z \ z / 



posing, 



log (!+«) = log 2+2(^;j-^+. 



^^^^^•)- 



(A) 



8+1)^ 5(2e4-l)' 7(2z-^iy 

This series converges quite rapidly, especially for large values of z, and is 
convenient for use in computing logarithms. 

V 193. Prob. — To compute the Napierian logarithms of th^ natural 
numbers 1, 2, 3, 4, etc., ad libitum. 

Solution. — In the first place we remark that it is necessary to compute tlio 
logarithms of prime numbers only, since the logarithm of a composite number 
is equal to the sum of the logarithms of its factors (17 S). 

Therefore beginning with 1, we know that log 1=0 (173). 

To compute the logarithm of 2, make e=l, in series (A), and we have log (1 + 1) 

The numerical operations are conveniently performed as follows : 



8 


2.00000000 






9 


.66666667 


1 


.66666667* 


9 


.07407407 


3 


.02469136 


9 


.00823045 


6 


.00164609 


9 


.00091449 


7 


.00013064 


9 


.00010161 


9 


.00001129 


9 


.00001129 


11 


.00000103 


9 


.00000125 


13 


.00000009 




.00000014 


15 


.00000001 




.-.log 2 = 


= .69314718* 



• Thongh the decimal part of a logarithm is generally not exact, it is not customary t« 
annex the + sign. 
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Second. To find log 3, make e =r 2, whence 

log 8 = log a+3(l+ J^.+ J3-.+^+g-Lj+ etc.). 



Computation, 


6 


2.00000000 






25 
25 
25 
25 


.40000000 
.01600000 
.00064000 
.00002560 
.00000102 


1 
8 
5 
7 
9 


.40000000 
.00538888 
i)0012800 
.00000366 
.00000011 




log2 = 
.-. log3 = 


.40546510 
: .69314718 




: 1.09861228 



Th^M. Tofindlog4. Log 4 = 2 log 2 = 2 x .69814718 = 1.! 

Iburih. To find log 5. Let 2 = 4, whence 

log 6 = log 4 + ag + jl; + j^ + ^-1^ + etc.) 



OomputaUon. 9 


2.00000000 




81 
81 
81 


.22222222 
.00274848 
.00008887 
.00000042 


1 
8 
5 
7 


.22222222 
.00091449 
.00000677 
.00000006 




log4 = 
.-.log 5 = 


J^14d54 
: 1.88629436 




: 1.60948790 



In like manner we may proceed to compute the logarithms of the prime num. 
bers from the formnla, and obtain those of the composite numbers on the prin- 
ciple that the logarithm of the product equals the sum of the logarithms of the 
factors. 

Thus, the Napierian logarithm of the base of the common system, 10, = log 5 
+ log 2 = 2.80258508. 



194. Prop, — T?iemx>didtL8 of the common system is .43429448+. 

Dem. — Since the logarithm of a number, in any system, divided by the Na- 
pierian logarithm of the same number is equal to the modulus of that system 
{191), we have 

•^T °^' ,^^ !; = modulus of common system. 
Nap. log 10 



Digitized by VjOOQ IC 



TABUS OF LOaABITHMS. 177 



(But com. log 10 = 1, and Nap. log 10 = 2.30258606. as found aboye. Hence, V 
ModtUtis of common system = , o/^«>o»r/^ = .43429448. I 




Tables of Logarithms. 

195. As one of the most important uses of logarithms is to 
facilitate the performance of multiplication, division, involution, and 
evolution, when the numbers are large, according to (17 8^18 1)^ 
it is necessary to have at hand a table containing the logarithms 
of numbers. Such a table of common logarithms is usually found 
in treatises on trigonometiy and on surveying, or in a separate 
volume of tables.* These tables usually contain the common loga- 
rithms of numbers from 1 to 10000, with provision for ascertaining 
therefrom the logarithms of other numbers with sufficient accuracy 
for practical purposes. Four pages of such a table will be found 
at the close of this volume. 



196* JPvobm — To find t?ie logarithm of a number from the table. 

Solution. — The logarithm of any number from 1 to 100 inclusive can be 
taken directly from the first page of the table. Thus log 2 = 0.301030, and 
log 21 = 1.322219.t 

To find the logarithm of any number from 100 to 999 inclusive, look for the 
number in the column headed N, and opposite the number in the first column at 
the right is the mantissa of the logarithm. The characteristic is known by 
{1851 Thus log 182 = 2.260071 ; log 135 = 2.130334. 

To find the logarithm of any number represented by 4 figures, find the first 3 
left-hand figures in column N, and opposite this at the right in the column which 
has the fourth figure at its head, will be found the last four figures of the man- 
tissa. The other two figures of the mantissa wiU be found in the column, oppo- 



* Mathematicians and practical computers generally nse more complete and extended tables 
than those foand In connection with snch elementary treatises. The common tables give five 
places of decimals in the mantissa. Tho9e in connection with this series give six. Callers 
tables edited by Easier are standard eight-place logarithms. Vega's tables are among the be^t. 
Dr. Bremiker*s edition, translated by Prof. Fischer, is a favorite. KOhler's edition of Vega's 
contains Oaasslan logarithms. Vega's tables are seven-place. Ten-place logarithms are neces- 
sary for the more accurate astronomical calculations. Prof. J. Mills Peirce, of Harvard, has re- 
cently issued an elegant little folio edition of tables containing among other things a table of 
three-place logarithms which is very convenient for most uses. 

t This page is really unnecessary, since nothing can be found from It which cannot be found 
with equal ease fh)m the succeeding part of the table. Thus, the raantisAa of log 2 is the same 
as the mantissa of log 200 ; and the mantissa of log 21 is the same as that of log 210. 

12 
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site the first three figures of the number or just above, unless heavy dots have 
been passed or reached iu running across the page to the right, in which case the 
first two figures of the mantissa will be found in the column, just hdow the 
number. The places of the heavy dots must be supplied with 0*s. The charac- 
teristic is determined by (185). Thus log 1316=3.119256 ; log 2042=3.310056 ; 
log 1868 = 3.271377. 

To find the logarithm of a number represented by more than 4 figures. Let 
it be required to find the logarithm of 1934261. Finding the mantissa correspond- 
ing to the first fQ.ur figures (1934) as before, we find it to be .286456. Now in the 
same horizontal line and in the column marked D, we find 225, which is called 
the Tabular Difference. This is the difference between the logarithms of two 
consecutive numbers at this point in the table. Thus 225 (millionths) is the 
difference between the logarithms of 1934 and 1935, or, as we are using it, 
between the logarithms of 1934000 and 1935000, which differences are the same. 
Now, assuming that, if an increase of 1000 in the number makes an increase of 
225 (millionths) in the logarithm, an increase of 261 in the number will make an 
increase of iWn, or, .261, of 225 (millionths) in the logarithm,* we have .261 
X 225 (millionths) = 59 (millionths), omitting lower orders, as the amount to be 
added to the logarithm of 1934000 to produce the logarithm of 1934261. Adding 
this and writing the characteristic (185) we have log 1934261 = 6.286515. In 
like manner the logarithm of any other number expressed by more than four 
figures may be found. 

197 • ScH. — As the mantissa of a mixed integral and decimal fractional 
number, or of a number entirely decimal fractional, is the same as that of an 
integral number expressed by the same figures (184)^ we can find the man- 
tissa of the logarithm of such a number as if the number were wholly inte- 
gral, and determine the characteristic by {18S)» 

198. Prohm — To find the number corresponding to a given 
logarithm. 

Solution. — Let it be required to find the number corresponding to the log- 
arithm 4.234567. Looking in the table for the next less mantissa, we find .234517, 
the number corresponding to which is 1716 (no account being taken as to 
whether it is integral, fractional, or mixed ; as in any case, the figures will be the 
same). Now, from the tabular difference, in column D, we find that an increase 
of 253 (millionths) upon this logarithm, would make an increase of 1 in the 
number, making it 1717. But the given logarithm is only 50 greater than the 
logarithm of 1716 ; hence, it is assumed (though only approximately correct) 
that the increase of the number is -/4A,- of 1, or .1976 + . This added (the figures 
annexed) to 1716, gives 17161976 -h . The characteristic of the given logarithm 
being 4, the number lies between the 4th and 5th powers of 10, and hence has 5 
integral places. .*. 4.234567 = log 17161.976 +. In like manner the number 
corresponding to any logarithm can be found. 



purpose;*. 



* This a«8iimpiion, though not strictly correct, is sufficiently accurate for all ordinary 
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109. Prop.— The Napierian hose is 2.718281828. ^^ ola. 

Dem. — Let e represent the base of the Napierian system. Then by (100) 
com. log e : Nap. log e : : .43429448 : 1. 
But the logarithm of the base of a system, taken in that system is 1, since 
a* = a. Hence, Nap. log e = l, and com. log e = .43429448. Now finding from 
a table of common logarithms the number corresponding to the logarithm 
.43429448, we have e = 2.718281828. 



Examples. 

1. If 3 were the base of a system of logarithms, what would be the 
logarithm of 81 ? Of 729 ? If 5 were the base/of what number would 
3 be the logarithm ? Of what 2 ? Of what 4 ? 

2. If 2 were the base, what would be the logarithm of J ? Of ^ ? 
Of^? 

3. If 16 were the base, of what number would .5 be the logarithm ? 
Of what .25? 

4. In the common system we find that log 156=2.193125. Show 

81 93 1?(! 

that this signifies that 10^^^""""^ =156. 

5. Log 1955=3.291147. To what power does this indicate that 
10 is to be raised, and what root extracted to make 1955 ? 

6. Find from the table at the close of the volume what root of 
what power of 10 equals 2598. 

7. Multiply 1482 by 136 by means of logarithms, using the table 
at the close of the volume. (See 178*) 

8. Perform the following operations by means of logarithms: 
1168 X 1879; 2769- 187; 15.13 x 1.3476; 257.16 -r- 18.5134; 
.126-6.1413; .11257 x .00126; (1278.6)*; (112.37)1 

9. Perform the following operations by means of logarithms: \/2 
to 5 places of decimals ; ^5 to 3 places of decimals ; '\/2341564273 
to two places of decimals ; V3015618 to 4 places of decimals. 

10. Perform the following operations by means of logarithms: 
aJ^.01234 to 4 places of decimals ; \/.03125 to 5 places of decimals • 
1^^.0002137 to 5 places of decimals. 

SxjG*8.— Log .01234=2.091315. Now to divide this by 3. we have to remember 
that the characteristic aUme is negative, t. e. that 2.091315= — 2 +.091 315, or 
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-1.906685, which is all negative. Dividing this by 3, we have -> .636228, o? 
0— .636228=1.363772. But a more convenient way to effect the division is to 
write 2.091315 = 3 + 1.091315, and dividing the latter by three we obtain 
1.363772, in which the characteristic alone is negative, thus conforming to the 
tables. 

To divide 13.341652 by 4, we write for 13.341652, -16+3.341652, and dividing 
the latter obtam 4.835413. 

11. Divide as above 11.348256 by 3; 17.135421 by 5; 1.341263 
bye. 

12. Given the following to compute x by logarithms : 
201.56 : 134.201 : : 18.654 : x ; 2350.64 : .212 : : 1.1123 : x ; 
x: 234.008 : : 15.738 : 200.56 ; 123 : a; : : 2.01 : .03. 

■^•- c>= : 

13. Having y = A/ — to express the equivalent operations 

in logarithms. 

Bug's, y = V(a — aj) (a + «)-i-(l + «). .*. log y= i [log (» — «) + log (a+a?) /v ' 

14. Given y=:a;^(l— a;*)* to express the equivalent operations in 
logarithms. Also y = 4/^' Also y = a/ 

Also y= "^ ' Also y= i/_. Also given ^' -i'-: 

^m*—x* : y to express log y. ^^^'^^li^ "^ 

15. Differentiate y = log(a* —x^). ^j \ " 

Bug's. — ^Write y = log (a 4- a?) + log {a — x). Then differentiating, we have 

nidx fndx did* — a?*)* 

dy = ■■ — . Or differentiating without factoring, we have dy = ^_ ^ - 

= = =. When reduced the results are the same, hut the former is usually 

a* -a;* ^ ^^ 

the more elegant method. ^^^ ^ ^ 

16. Differentiate the following : y = log (1 — a:) ; y = log ax ; 
y = log a;» ; y = log ?; y = log VTT^. 

* This form fignifictt that a*-x* istolit differentiated. The operation is only indicated, not 
performed. 
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Suc^'s. — Remember that log a?* = 3 log x; and also that log ^1 -\-x = 
tlog(l+a?). 

17. Find from the table at the close of the volume that Nap. log 
1564=7.3550018. Find in like manner the Napierian logarithms of 
5, 120, and 2164372. > 

18. Knowing that the Napierian logarithm of 22 is 3.0910425, how 
would you find the common logarithm of 23 from the logarithmic 
series (192) ? 

19. The common logarithm of 25 is 1.39794. What is the modu- 
lus, and what the base of a system which makes the logarithm of 
25 2.14285? , , u H "'"i q 

QusRT. — How do jou see at a glanee ihtd i\^ requ^rpd base is a little less 
than 5? ■ ^\ 



SECTION V. 



SUCCESSIVE DIFFERENTIATION, AND DIFFERENTIAL 
COEFFICIENTS. 

200. Prop. — Differentials^ though infiniteaimaUy are not necea- 
aarily equal to each other, 

Dem. — ^Thus, let y=2aj'. Then (fy=6a;*daj. Now, for all finite values of aj, 
dy is an infinitesimal, since no finite number of times the infinitesimal dx 
can make a finite quantity, and dy is 6a;' times dx. But for 2;=1, dy is 6 times 
dx ; for a;=2, dy is 24 times dx\ lot fl;=3, dy is 54 times dx, 

201* Cor. — When y=f (x), dy is generally a variable^ and hence 
can be differentiated as any other variable. 

202. Notation. — The differential of dy is written d^y, and read 
" second differential of y." The differential of d^y is written d^y, and 
read " third differential of y" etc. The superiors 2 and 3 in such 
cases are not of the nature of exponents, as the d is not a symbol of 
number. 

203. In differentiating y=zf{x) successively, it is customary to 
regard dx as constant. This is conceiving x to change (grow) by 
equal hifinitesimal increments, and thence ascertaining how y varies. 
In general, y will not vary by equal inciements when x does, as 
appears from the demonstration above. 
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204. A Second Differential is the difference between two 
consecutive states of a first differential. — A Third Differential 

is the difference between two consecutive states of a second differ- 
ential, etc. 

III. — In the function y=2aj**,if x passes to the next state, we have dy=^*dx. 
Now dy, though an infinitesimal, is still a variable, for it is equal to Mx times 
X*, and 2 is a variable. Hence if x takes an infinitesimal increment, dy will pass 
to a consecutive state. In other words, we can differentiate dy=Qdxx*, just as 
we could u = mx*, dy being a variable function. Mx a constant factor, and x the 
variable. Representing the differential of dy by d*y, we have d*y = Qdx • 2xdx, 
or d*y=12xdt* , dx* being the square of dx, not the differential of aj*. To indi- 
cate the latter we would write d(x*). 



Examples. 

1. Given y = 3a^ — 2a:* to find the third differential of y, or Vfy. 

Solution. — Differentiating y=3a;*— 2a;*, we have dy=:15x*dx—4xdx. Now, 
regarding dx as constant, and differentiating again, we have d'y=COx^dx* 
—4dx** Differentiating again in like manner, we obtain d*y=180aj*<faj', the 
second term disappearing, siuce 4dx* is constant. 

2. Given y =i2a^ — 3x -\- 5 to find the second differential of y, 
i. e. d^y, 

3. Given y = (a; — of to find the third differential of y. 
SuG's. dy=.^x—aYda, d*y=Q{x-a)dx* , d^y=:6dx^. 

4. Given y z= Ax + Bx' -{- Ca^ -^ Da^, to find the 4th differential 
o{ y, Ay By (7, and D, being constant. ^y = 4 • 3 • 2 Ddo^. 

5. Differentiate y = A -\- Bx -\- Ct? -\- Da!" -\- Eo^ ^- Fod" -^^ etc., 5 
times in succession. 

6. Differentiate y = (a; — \){x — 2)(a: — 3)(a; — 4) twice in suc- 
cession without expanding. 

SUG*8. dy = (x—2)(x-d){x—4)dX'h{x-l)(xS){x-4)dxA-(x—l)(x-2)(x—4:) 
dx-^(x-l) (x-2)(x—d)dx. 

= [(x-2) (x-d) (a?-4) + (x-l) (aj-8) (aj-4) + (x-1) (a?-3)(a;-4) 
^(x-l)(x-2)(x-d)]dx. 

d*y = [{xS){x-4)dx-h(x-2)(x-4:)dx+(x-2)(xS)dx-\-(x-Z)(x-4)dx-\-(x-l) 
(a;-4) <to+(aj-l) (a;-3) dx-\-{x-2) (x-4) dx-h(x-l) (x-4) dx+(x-l) {x-2) 
dx -\-(x—2) (x—B) dx-\-{x—l) (»— 3) dx+{x-l) (x—2)dx]dx. 

* To differentiate ibx^dx, calling dx constant, we may write i5dx x*. Now Ifidx is con- 
itanr. Hence differentiating x4, we have 4x^dx, which maltiplied by the constant IScte, gives, aa 
above, GOx^dx^. The dx* is ** the square of cte," not the differential of «'. 
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= [(a;-3) (aj-4) + (x-2) (x-4) + (x-2) (x^S) 4- (^-3) (x-4) 4- (x-1) (a;-4) 
+ (aj-l)(a;-3) + (x-2) (x-A) + (x-l)(x-A) -h (x-l)(x-2) + ix-2)(x-d) 
4- (aj-1) (aj-3) H- («-!) (aj-2)](ic«. 

7. As above, differentiate y = {x — a){x — h){x — c) twice in suc- 
cession without expanding. 



Differential Coefficients. 

20s. The First Differential Coefficient is the ratio of 
the differential of a function to the differential of its variable. Thus, 

if y=f{x), and dy=f'{x)dxy ■^=f\x), and -^ , or its equivalent 

f'(x)y is the first differential coefficient of y, orf{x). 

III. — ^The meaning of this is simple. Thus, if y = 2x*, — = Sflj' ; that is, if 

(tx 

X takes an infinitesimal increment dx, y takes an infinitesimal increment dy, 

which is to dv, as 8^'-* is to 1, or the ratio of dy to dx is %x^. In still other words, 

y increases %x^ times as fast as x. The reason for calling this a differential 

coefficient, is that it is the coefficient by which the increment {dx) of the variable 

must be multiplied to give the increment {dy) of the function. 

206. The Second Differential Coefficient is the ratio of 
the second differential of a function to the square of the differential 
of the variable. Thus, if y=f{x), dy=f\x)dx, and d*y=f"(x)da^y 

d^ti d^y 

-^=f\x), -^ or its equivalent /"(a;), is the second differential coef- 
ficient of y, orf{x). In like manner Third, Fourth, etc., differential 
coefficients are the ratios respectively of the third, fourth, etc., dif- 
ferentials of a function, to the cube, fourth power, etc., of the dif- 
ferential of the variable. Thus, if y=f{x), dy=f\x)dx, d^y—f\x)d':^, 
d^y=f"'{x)d7^, and d^=f^{x)dx^y the successive differential coeffi- 

cieuts are |=/'(a:), g=/"(^), g=/"'{^), and ^=/"(.:). 

III. — ^Too much pains cannot be taken by the student in order to get a clear 

conception of the meaning of the various symbols f{x), f'{x), f"{x), /'"(«), etc. 

di/ d^u * 

To illustrate, suppose we have y = 2a;*— aj*4-6, whence -p = 8aj'—3i;*, -^ 

* To produce the sncceBBive differential coefficients we may produce the corresponding suc- 
cessive differentials as In the preceding examples, or we may proceed thus: - -=^r>— 3ar«can 

dPv 
be differentiated, remembering that dy is variable and dx constant, and it gives -=^=%ik3fldx 

dpy 

-dcEtfx, whence ^=84a;«-6aj. 

Digitized by VjOOQ IC 



184 ADVANCED OOUBSE IN ALGEBRA. 

d*v d*tt 

= 24aj*-to, — I = 48aj— 6, and ^ =48. Now in this case p =f(x), i. 6., y is a 

function otx; so -^ is also a function of a?, being equal to 8*'*— Sa?* ; but, as it 

is not the same function of x that y is, we call it the / prime function, and write 

-^ = f'(x). In like manner ^-? = /"(«) means that ^-? is some function of x, 
dx "^ ^ ^ dx* *' ^ ^ dx* 

but a different one from either y, or -~ . It may be observed that, in this example, 

d*v 

-7-^ is not a function of x, and hence the inquiry arises as to the propriety of the 

d*y 
notation ^ =/*^ (x). It must be remembered that this form of notation is the 

d*y 
general form, and it is the general fact that -r-^ is a function of x, though in 

special eases it may not be. 



Examples. 

1. Produce the Ist, 2d, 3d, and 4th differential coeflBcients of 

Operation, dy = 5x*dx — 9x*dx + dx, whence ^ = 5aj* — 9«* + 1. Differ- 

dx 

entiating the latter * ^ = 20x^dx - ISxdx, whence ^ = 2(te» - ISx. Again 

differentiating, = (60aj* - lS)dx, whence = 60aj« - 18. Finally, ^ 
= 120a?. 

2. If y=5a:^—dx, what is the ratio of the increase of y to that of a;, 
in general ? What is it when x=l ? When x=2 ? When x=3 ? 

Ans. In general, y increases 10a;— 3 times as fast as x. When 
a;=l, y is increasing 7 times as fast as x. When x=2, y is increas- 
ing 17 times as fast as x. 

3. If •y=a:* + 2a;*— a;+10, what is the ratio of the 3d differential of 
y to the cube of the differential of a:? What is it when a:=l? 
When a;= J ? When x=^ ? What is the name of this ratio ? 

< 4. If y={a-\- x)"^, what is the 1st differential coeflBcient of the func- 
tion? What the 2d? What the 3d? What the 5th? What 
the 11th? 

^ = m(m-l)(m-2)(w-3)(m-4)(a+a:)— •. 



* See root-note on preceding page. 
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5. Produce the first 5 saccessiye differential coeflScients of 

207. ScH. — ^The successive differential coefficients of a function of the 
form A+Bx+Gx* -{-Dx'^ -^ etc., or iff^+Aon^-^ +-Ba?»-«+ etc., are readily writ- 
ten by inspection. Thus, call«*— 2jiJ*-h5aj*-ha?— 12,/(a;). Let /'(a?) mean the 
first differential coefficient, f'\x) the second, /'"(«) the third, etc. We have 

/(a;) = »♦ - aiJ» + 6aj* + « - 12. 
fix) = 4flj» - (te* + lOc + 1. 
/"(a?) = iaaj*-12aj+10. 
/'"(aj) = 24aj-12. 
f^{x) = 24. 
p(x) = 0. Here the processes terminate. 

Each of the above is produced from the preceding by multipl3ring the 
coefficient of a; in each term by the exponent of a; in that term and diminish- 
ing the exponent by 1. 

6. According to the method indicated in the last scholium, write 
out the successive differential coefficients of the function 22;'-t-3a^ 
-5a^-M0. Alsoof2ic*-3a:^^-i-a;". Also of 3-h2a;-4a;»-h3ic". 



SECTION VL 

TAYLOR'S FORMULA. 



208. Def. — Taylor^ 8 Formula is a formula for developing 
a function of the sum of two variables in terms of the ascending 
powers of one of the variables, and finite coefficients which depend 
upon the other variable, the form of the function, and its constants. 

209. Def. — If u =f{x -f y), i. «., if w is a function of the sum 

of the two variables x and y, and we differentiate as though one of 

the variables, as x or y, was constant, the differential coefficients thus 

formed are called Partial Differential Coefficients. The 

partial differential coefficients of u, when x is considered variable 

, , , i^ -. ii. dn d^u cPu d^u , 

and y constant, are represented thus: -^, ^, -7-3, -i-j, etc. 

When y is considered variable and x constant, we write the coeffi- 
du ^u ^ ^ 
dy' df' df dy"' 



cients ;^, -^^^ -^^y -^^, eta 
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210. Lemma. — If u = f(x + y), tJie partial differential coeffi- 

dents T- and j- are equal. 
dx dy ^ 

Dem. — Having u=J{x-ty), if x take an increment, we have u + dxU* 
=f(x + dx + y)=f[{x-hy) + dx]; whence <^w = /[(a?4-y) + (to]-/(a; + y), 
since a differential is the difference between two consecutive states of the func- 
tion. Again, if y take an increment, we have u + dyU=/[X'{-y + dy) 
=/[(« + y) H- dy] ; whence dyU =/[(« + y) + dy] —f(x + y). Now the form of 
the values of dxU and dyU, as regards the way in which x and y are involved, is 
the same ; hence, if it were not for dx and dy, they would be absolutely equal 
Passing to the differential coefficients by dividing the first by dx and the second 

bydjr.wehave ^=-^£^±^?^±^t^35±^. and ^ =fV^+M}±^^tf!^+») . 
'^ *' dx dx dy dy 

But, in differentiating, the differential of the variable enters into every term ; 

hence /[(aj + y) H- dx] ^f(x H- y), as it would appear in application, would have 

a di; in each term which would be cancelled by the dx in the denominator in the 

coefficient, and — would be independent of dx. In like manner — is independ- 

«nt of dy. Hence, finally, as these values of the partial differential coefficients 
are simply functions of {x 4- y), of the same form, and not involving dx or dy, 
they are equal. Q. E. D. 

III.— To make this clear, let w = (a? -h y)'. Then dxU = 3(a? H- y)*dx, or 

— = 3(aj 4- y)*. Again, dyU =3(a; 4- y)*dy, or -r- = 3(a; 4- y)\ Hence we see that 

du du „ . .- , , K du 1 J du 1 , 

-- = -—, So, again, if u => log (x 4- y), -r- = — ; — , and -^ = — ; — ; hence 
dx dy ^ ^^ ^'* dx aj 4- y dy x-^y* 

du __ du 

dx ~ dy' 



211. JProb. — To produce Taylors Formula. 

Solution. — Let u =^f{x 4- y) be the function to be developed. It is proposed 
to discover the law' of the development when the function can be developed in 
the form 

u =f(x + y) = A + By + Cy* + Dy^ + Ey* + etc., (1) 

in which A,B,C, etc., are independent of y, and dependent on x, the form of the 
function, and its constants. 

Supposing X constant and differentiating with reference to y as variable, re- 
membering that, as A, B, (7, etc., are functions of a?, and not of y, they will be 
considered constant, we have 

P =B + 20y-h 32>y« +4Ey^ + etc. (2) 

dy 

* As we are to consider the effect prodaced npon u by an increment in x. and aleo by an in- 
crement in y, we adopt a form of notation to dif>tingai8h between the increments of u. Thao 
(fxf/ means the increment which ti takes in consequence of a; having talcen the increment dx, 
while y remained constant So dtfli represents the increment of u conseqaent upon the incre' 
ment dyoty. 
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Again, differentiating (1) with respect iox,y being supposed constant, and re* 
membering that A, B, C, etc., are functions of x, we have 

p = ^A\ f; ^ f y. + ^y3 ^ ^y« ^ et,. (3) 

Hence by (210) 
5+2Q^ + 3i>y«+4^^etc.= ^ + ^y + ^y« + ^y»+ ^y*+etc. (4) 

Now, by the theory of indeterminate coefficients, the coefficients of the like 
powers of y are equal, and we have 

B = ^, 20=^, 32)=^, 4i?=^, etc. 
dx dx dx dx 

But as (1) is true for all values of y, we may make y = 0; whence 
A =f(x) = u' ; letting u' represent the value of the function u, when y = 0. t^ 
Now, as J. is independent of y, it will have the same value for one value of y as 
for another; hence A =/(a?) = u' is the general value of -4. \ 

dA du' 

Again, B = —-. But as ul = t^', a function of a?, dA = du', and B = — . 
dx dx 

In like manner 2(7 = — — . But as B = — , dB = dl — ) = — — , and 
dx dx \dxj dx 

(?a^ * Veto*/ 2 dx* [3^ daj=» 

Similarly we find E= -ri "TT* *°^ *^® ^^^ ^^ *^® series is apparent. 

Finally, substituting the values of A, B, C, etc., in (1), we obtain 

' du' y d*u' V* d^u' v* d*u' y* 
«=/(x + y) = «' + ^f+^| + _|+_^+etc.. (5) 

which is Taylor's Formula. 

212. ScH.—Taylor's Formula develops u=f(x-{-y) into a series in 
which the first term is the value of the function when y = ; the secoiid 
term is the first differential coefficient of the function when y = 0, into y ; 
the third term is the second differential coefficient of the function when 

y = 0, into ^ ; etc., etc 
li 

As u' is/(a?4-y) when y = 0, we may write /(«) for u', and for — , f'(x) ; for 

d*u' d^u' 

-izt* / '(*) J '^' -ji,* f"'i^) * ®*c., as before explained. The formula then be- 



*Tae8e forms are indicated operations. Thas, as ^ is a function of x, when we differentiate 
with respect to a; we write dA, and to pass to the differential coefficient have to divide by dx. 
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**=/(« ^y)=/(«)+/'W f + /"(«)^ -+-/"'(aj)|^' +/'"(*)^ + etc. (6) 

This is a very important method of writing Taylor'a Formula, and should be 
clearly understood, and firmly fixed in memory. 



Examples. 
1. Develop (x+y)^ by Taylor's Formula, 



du' dhi' 

Solution.— Putting u = (aj+y)', we have u' = «», -p = Sfe*, ;^ = 20ki?», 



^ = 60«», — ^ = 120aJ, and — ^ = 120. Here the coefficients terminate, as 
(ur dor dar 

the differential of a constant is 0. 

Substituting these values in (5) {211\ or (6) (212), we have 

u = (ajH-y)»= aj»+ 5x*y -f IOuVH- 10aJ*y'-+- 5a!y*-+-y*. 
The same as by the Binomial Formula. 

2. Develop (x—yy by Taylor's Formula^ and compare the result 
with that obtained by means of the Binomial Formula. Also («+y) . 
Also (x—yy^ Also (a;+y)~*. 

3. Show that 

u = log(a;4-y)=loga:+|-^ + |^-^ + ete. 

4. Develop (ar+y)* by Taylor's Formula, thus deducing the Bi- 
nomial Formula. 



213. Taylor's Formula is much used for developing a function 
of a single variable after the variable has taken an increment When 
so used the increment may be conceived as finite or infinitesimali 
only so that it be regarded as a variable. 

Ex. 1. Given y = 2x^ — a;* + 5a; — 11, to find y', which represents 
the value of the function after x has taken the increment A. 

SoLtJnoiT. — In the function as given, we have y = f(x), and are to develop 
y' = fix 4- h). By Taylor's Formula we have 

" -^^dx"^ dx*2 ^ (te» [8 ^ <to« (4 ^ ***• 
Froiny = 2a»— a!*+ Sas — 11, we have ^ =(te«— aB + 5, ^ = 12ir-8, 
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— ^ = 12, and subsequent differential coefficients 0. Substituting these values 
in the formula, we obtain 

y'=(2a:«-««+5aj-ll)+(ftc»-au+5yH-(12aj-3)-+(12)— 

= 2sc»-a!»4-5aj-ll 4-(6a!«-2a?+5)*+((te -1)A«4-2A". 

This result is easily verified by substituting x-\-K for x in the value of y, aa 
given in the example. Thus, 

y'=2(a;+;i)"-(a;4-;i)«+5(«+A)-ll ; 
a result which will reduce to the same form as the other. 

2. Given y=3a;*^— 2a;*, to develop y', the value of y when % takes 
the increment A. 



SECTION VII. 
INDETERMINATE EQUATIONS. 

214:. An Indeterminate Equation between two qnan- 
tities, as x and y, is an equation which expresses the only relation 
which is required to exist between the two quantities. 

IlIa, — Suppose we have 2a;H-3y=7, and that tliis is the oidy relation which is 
required to exist between x and y. Then is 22; + 8^=7 an indeterminate equa- 
tion. So also, if 6=cy is the only relation required to exist between x and y, 

(Jb 

this is an indeterminate equation. In like manner y* = 2x^ — 3a; is an in- 
determinate equation if it expresses the only relation which is required to exist 
between x and y. 

The propriety of the term indeterminate is seen if we observe that such an 
equation does not fix the values of x and y, but only their relation. Thus, in the 
equation 2a; + 3y = 7, a; may be 2, and y 1, and the equation be satisfied. So x 
may be 3, and y i, and the equation be satisfied. In fact, any value may be 
assigned to one of the quantities and a corresponding value found for the other. 
Hence the equation does not determine the values of the quantities. 

213, An equation between three quantities is indeterminate if it 
expresses the only required relation between the quantities, or if 
there is but one other relation required to exist. 

III. — Thus, if 2a; + 3y— 52=10 is the only relation which is required to exist 
between x, y, and 2, it is evident that the equation does not determine particular, 
definite values for x, y, and z. So also if, in addition to the relation expressed 
by this equation, it is required that 2x shall equal 6y, or 2xs=Qy, these two 
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^ : J» 



equations will not fix the values of x, y, and z. For if 2x=ty, the fonner 
equation becomes 9^—52=10, which may be satisfied ior any value of z, and 
a corresponding value of y, as shown above. 

216. In general, if there are n quantities involved in any 
number of equations less than n, and these are the only relations 
required to exist between the n quantities, the equations are in- 
determinate. 

217* In indeterminate equations the quantities between which 
the relation or relations are expressed are properly variables, i. e,, 
they are capable of having any and all values.* 

III. — Thus in the indeterminate equation 5y — 3a; = 12, any value may be 
assigned to x, and a corresponding value found for y; or any value may be 
assigned to y, and a corresponding value found for x. 

218. There are, however, many classes of problems which give 
rise to equations which are called indeterminate, although they are 
not absolutely so : in such problems there is some other condition 
imposed than the one expressed by the equation, but which con- 
dition is not of such a character as to give rise to an independent, 
simultaneous equation. Such an equation may have a number of 
values for the variables, or unknown quantities, involved, but not an 
unlimited number. 

III. — Let it be required to find the positive, integral values of x and y which 
will satisfy the equation 2x +By = 35. Now, if 2a; H- 3y = 35 were the only rela- 
tion required to exist between x and y, there would be an infinite number of 
values of each which would satisfy the equation, as shown above. But there is 
the added condition that x and y shall be positive integers. This greatly re- 
stricts the number of values, but does not furnish another equation between x 
and y. We may usually solve such a problem by simple inspection. Thus, Jn 

this case, we have y = . Now, trying the integral values of x till 2a; be- 

o 

comes greater than 35, i. e. till x = 18, we can determine what integral values 
of X give positive integral values for y. For a; = 1, y = 11. For a; = 2, 
y = lOi ; hence a; = 2 is to be rejected. For a; = 3, y = 9J, and a; = 3 is to be 
rejected. For a; = 4, y = 9 ; hence a; = 4 and y = 9 are admissible^ etc. 

[Note. — This subject is not of sufficient importance to justify our going into 
a general discussion of it. We shall content ourselves with a few practical 
examples concerning simple indeterminate equations between two or three 
quantities, and these restricted to positive integral solutions. The chief thing of 
importance is that the student comprehend the nature of an indeterminate equor 
tion.] 

* This statement reqairee us to luclade imaginary valaea 
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Examples. 

1. What positive, integral values of x and y will satisfy the equa- 
tion 5a; +7y= 29? 

29— 7y 4— 2v 2(3— v) 

Solution. — ^We may write a? = — -^-^ = 6— y H — r-^ = 5— y4- -^— . Now 

to make x positive we must have 7y<29; and as y is to be an integer it can 

2— V 
only have values less than 5. Again, to render x integral — =^ must be integral, 

or 0. Finally, as no value for y less than 5 will render — ^ integral or 0, ex- 
cept y—%, this is the only value of y which fulfills the conditions. Hence the 
answer is y=2, a;=3. 

2. What positive, integral values of x and y will satisfy the equa- 
tion lla;-17y=5? 

Solution.— We have x = — j^ — = y + ^f— • From this we see that any pos- 
itive value of y which will render ^ - integral, will meet the conditions. Put 
^i- =m (an integer) ; whence y = — ^ — =m4-5 ~1 . To make this value 

of y integral ^ must be integral. Put = « (an integer) ; whence m 

=6«H- 1. Now any positive integral value for 8 will fulfill the conditions. Thus, 
put « = ;* whence m = 1, y = 1, and x = 2. Again, put 8 = 1; whence m = 7, 
y=12, and x=19. For « = 2, 7?i=13, y=23, and a;=36, etc. Hence there is an 
infinite number of positive, integral values of x and y which satisfy the equation. 

3. What positive, integral values of x and y will satisfy the equa- 
tion 21a;+17y=2000? 

„ , 2000-17y . ,,« , . 2000-17y _ . 5-17y 
SUG'8. X = ^p-^ . .-. y is < 118. Again x = ^j — ^ =^^'*""~21 ' 

, 5-17y . ^. ^ 5-4m .,., 5-4m 

and — ^r — = m. .*. w is negative, and y=: —m-\- ^„ . Whence — r= — = «, 

and m = — j — = 1 — 4« + -^ . .*. « is 4-, and any value of 8 which renders 

- J- , or integral, and gives y < 118, wiU meet the conditions. 

« = 1, gives m = — 3, y = 4 and x = 92. 

« = 5, " m = — 20, y = 25 and a; = 75. 

« = 9, " m = — 37, y = 46 and a; = 58. 

« = 13, " m = — 54, y = 67 and a; = 41. 

« = 17, " »7i = -71, y= 88 and a? = 24. 

« = 21, " 771= — 88, y=109andar= 7. 



* is couBidcred an integer. 
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Since any greater value of s makes p> 118, these are all the valnes of x and p 
which fulfill the conditions. 

4. Find the poBitive, integral yalues of x and y which satisfy the 
following : 

(a) bx + lly = 254; (S) 1x + 13y = 71; 

(c) 92: + 13y = 2000; [d) Vtx = 542 - lly; 

(e) 11a: + 35y = 500; (/) 19a: - 117y = 11 ; 

(jr) 117a? - 128y = 95; (A) 39a; + 29y = 650; 

(t) 5a: ± 9y = 40; (*) 5a; ± 9y = 37. 



Applications. 

1. In how many ways can I pay a debt of $2 with 3-cent and 
5-eent pieces ? 

Bug's. — Let x = the number of 3-cent pieces and y = the number of 5-cent 
pieces required. Then we are to determine in how many ways the equation 
8a;+5^=200 can be satisfied for positive, integral values of x and y. 

We find it to be in 13 ways, as follows : 

y = 11 41 7 I 10 I 13 I 16 I 19 I 22 I 25 I 28 I 31 I 34 I 37 I 
a: = 65l60l55l50l45l40l35l80l25l20ll5ll0l 51 

This means that 1 5-cent piece and 65 3-cent pieces will pay the debt, or 4 
5-cent and 60 3-cent, or 7 5<:ent and 55 3-cent, etc. 

2. A man hands his grocer $5 and tells him to put up the worth 
of it in ll-cent and 3-cent sugars. Can the grocer do it in even 
pounds? If so, in how many ways? What is the greatest number 
of pounds of the poorer sugar that he can use ? What the least ? 

3. In how many ways can a debt of £50 be discharged with guineas 
and 3-shilling pieces ? Ans.^ Not at alL 

4. If my creditor has only 3-shilling pieces and I only guineas, can 
he so make change with me that I can pay him £50 ? Can I pay him 
£201 ? In how many different ways ? What is the least number of 
guineas and 3-shilling pieces ? How is it if I have crowns instead of 
guineas ? How if I have guineas and my creditor crowns ? How if 
I have crowns and my creditor pounds ? 

5. In how many ways can a debt of £1000 be paid in crowns and 
guineas ? 

SuG. — Having obtained a few of the possible values of x and y, the law will 
become evident. 
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219. Iin)ETERMIKATE EQUATIONS BETWEEN ThRBE QUANTITIES. 

1. What are the positive integral values of x, y, and z which 
satisfy '3a; +5^ + 7«=100 ? 

Solution. — We have x = ^ ; whence as 1 is the least value that y 

or e can have, x cannot be greater than 29. Also y = — — ^ "" ; whence y 

cannot be greater than 18. Also «= — ""j^"* ; whence z cannot be greater 
than 14* 

Write X = mn^ =83-y-2.+ i=^^ Hence 1=^« must be an 

IX x> X 1— 2y— 8 , 1—9— m _ ^, , 
integer. Put j| =m ; whence y = — m H 5 . From this we see 

that m is negative. 

Let us now proceed to examine in succession for »=1, «=2, e=3, etc. 

For 2=1. — For this value of z, x=Sl—y— -~ , and y= —m — -^. From the 

latter we see that m must be an even negative number ; and from the former, 
that y must be a multiple of 3. Hence the following computation : 

For m = 0, y= 0, which is inadmissible. 

For w = — 2, y = 3, and x = 26. 

For m = — 4, y = 6, and aj = 21. 

For m = — 6, y = 9, and a? = 16. 

For m = — 8, y = 12, and x = 11. 

For m = — 10, y = 15, and a; = 6. 

For w = — 12, y = 18, and a; = 1. 

Since the values of x decrease as m increases numerically, and 1 is the least 
admissible value of x, we have all the values of y and x which correspond to 

2=1. 

Fob z = 2.— For this value of e, aj = 28 — y H- Z , and y = — m 

jr — . From the latter we see that m must be a negative odd number ; 

a 

and from the former, that y must be 1, or a imit more than a multiple of 3. 
Hence the following computation : 

For m = — 1, y = 1, and a? = 27. 

For m = — 3, y = 4, and a? = 22. 

For m = — 6, y = 7, and x = 17. 

For m = — 7, y = 10, and x = 12. 

For m= — 9, y = 13, and a? = 7. 

For 7» = — 11, y = 16, and a; = 2. 
Hence, these are all the values of y and x which correspond to « = 2. 

' • Of ooarae tfaie quantities ueed not come ap to these limits. 
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The other Talues are as follows : 

8<y=2| SI 8|11|14|. e-4^»'=«| « I » 1 12 

' ''U=83|l8|l3| 8l 3l' '"* U=19 I 14 I « I 4 

=16 I 11 I 6 I 1 1 



•="!::ji;h —SSI- 



4 I 7 
8 I 3 



2. What positive, integral values of x, y, and z satisfy 17a; + 19p 
+ 21z = 400 ? 

SuQ. — There are 10 sets of values. 

3. What positive, integral values of x, y, and z satisfy 6x + 7y 
+ 11^ = 224? 

4. What positive, integral values of x, y, and z satisfy 6x + Sy 
+ 5;? = 12 ? Also 2x-hSy -\-6z = 4:l? 



220. If the conditions of a problem furnish less equations than 
unknown quantities, the problem is indetertninate, and in general 
can have an inlBnite number of solutions. But if the solution be 
limited to positive, integral values, it can be effected as above. Thus, 
if there are two equations and three unknown quantities, one of 
the unknown quantities can be eliminated and the resulting equation 
solved as heretofore. In like manner if there are three equations 
and four unknown quantities, a single equation between two may be 
found and solved ; or if four unknown quantities and but two equa- 
tions, a single equation between three unknown quantities may be 
found and solved. 

Examples. 

1. Given 2a; 4- 6y + 3^^ = 51, and 10a; 4- 3y + 22; = 120, to find all 
the positive, integral values of a;, y, and z, 

2. Given 3a; + 5y + 7« = 560, and 9a; + 25y + 49^; = 2920, to find 
all the positive, integral values of x, y, and z. 

3. Given 2a; + lly — 3« = 10, and 3a; — 2y + 3;? = 30, to find all 
the positive, integral values of a;, y^ and z. 
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Applications. 

1. I wish to expend 1100 in the purchase of three grades of sheep, 
worth respectively 13, 17, and 117 per head. How many of each kind 
can I buy ? In how many diflTerent ways can I make the purchase ? 
How many of the first two kinds must I take in order to get the least 
possible number of the third kind ? 

2. A merchant has three kinds of goods. The value of 20 yards 
of the first, less the value of 21 yards of the second, is $38 ; while 
the value of 3 yards of the second and 4 yards of the third is 134. 
What is the price per yard of each kind, the question being restricted 
to even dollars ? What if the latter restriction be removed ? 

3. In how many ways can I pay a debt of 1171 with $20, $15, and 
$6 notes ? What is the least number of $20 notes that I can use ? 
Of $15 notes ? What the greatest number of $6 notes ? 

4. A farmer has calves worth $10, $11, and $13 per head. What 
relative number of each must he take and sell them at the uniform 
rate of $12, without gain or loss ? If he is to sell only 15 animals, 
how must he select them ? 

5. A man bought 124 head of cattle, viz., pigs, goats, and sheep, 
for $400. Each pig cost $4^, each goat $3|, and each sheep $1J. 
How many were there of each kind ? 

6. A grocer has an order for 150 pounds of tea at 90 cents per pound, 
but having none at that price, he would mix some at 75 cents, some 
at 87 J cents, and some at $1.00 per pound. How much of each sort 
must he take ? 

Bug's. — The nature of the 4th and 5th problems restricts their solutions to 
positive integers. The 6th is, however, only restricted by its nature to positive 
numbers ; they may be fractional as well as integral. 

[See Complete School Algebra, subject AUigatian,] 

7. What quantity of raisins, at 10 cents, 18 cents, and 20 cents per 
pound, must be mixed together to fill a cask containing 150 pounds, 
and to be worth 19 cents a pound ? 

8. Awheel in 36 revolutions passes over 29 yards; and in a; of 
these revolutions it describes z yds., y ft, and 5 in. What are the 
values of x, y, and z ? 
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LOCI OF EQUATIONS. 

[Note. — This subject, though properly geometrical, is introduced here for the 
purpose of the elegant and clear illustrations which it affords of the abstract 
principles of the subject of Higher Equations. It is thought that the aid which 
it will afford the pupil in comprehending the principles of the succeeding chapter 
will more than compensate for the time required to master this. Moreover, the 
subject of Loci of Equations is of prime importance in a mathematical course, 
and is always pursued with pleasure by the pupil. No geometrical knowledge 
is required in reading this chapter, farther than the ability to draw and measure 
straight lines.] 

221. Prop. — Every equation between two variables* having 
real roote,f mat/ be interpreted as representing some line either 
straight or curved. 

This proposition will be made sufficiently evident for our present purpose, if 
we show how such equations can be made to represent lines. This we shall do 
by means of particular examples. 

Examples. 

1. Draw the line represented by the equa- 
tion y = 2x -\- 6, 

Solution. — First, in all cases, draw two straight 
lines, as X'X and YY',at right angles to each other, 
as in the figure. Then, in the equation y = 2aj H- 6, 
assign values (arbitrarily) to x, and find the corre- 
sponding values of y. Thus, 

Also, if x=—l, 

" aj=-2, 

-»-« ^ I { I i } ! { " ai=2. «=lft. " aj=— 3, 



-a-i-iAl 



If aj=0. 


y= 6, 


" aj=l. 


y=8. 


" aj=2. 


y=io, 


" aj=3. 


y=i2. 


" aj=4. 


y=i4. 


etc.. 


etc. 



iC=-.4, 
aj=— 5, 
etc.. 



»= 4. 

y= 8. 

V= 0, 

y=-3, 
y=-4. 

etc. 



Pio. 1. 



Having computed a few corresponding values 
of X and y in this way, we proceed with the figure, 
as follows : Measure off a distance Al to t?ie ligM 



♦ This means eimply, ** having two variables, and only two, in it." 

t The geometrical interpretation of imaginary loci does not come within our present 
purpose. 
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of A, of some convenient length, and call it the unit of distances. Draw b 1, 

at 1, perpendicular to AX, and make it 8 units long (t. e., 8 times as long as A 1). 

Now, d is at a distance 1 to the right of the line YY', and 8 above the line X'X, 

and is hence a point in the line which our equation represents. In like manner, 

find the point c, 2 to the right of YY', and 10 above 

X'X ; and c is another point in the line represented 

by our equation. Again, when a; = 3, y = 12. 

Hence, laj off three units to the right, as to 8 in the 

figure, and draw d8 perpendicular to X'X and 12 in 

length. Then is d another point in the line we 

seek. When a? = 4, y = 14. Hence 6 is a point in 

the line ; since it is 4 from YY', and 14 from X'X. 

When a? = 0, y = 6 ; whence a is a point in the 

line, as it is distance from YY', and 6 from X'X. 

For negative values of aj, we have, when aj = — 1, 
y = 4 Now, laying off negative values of a; to the 
left from A, since we laid off positive values to the 
right, we measure from A to —1, the unit's distance, 
take /I equal to 4 units, and thus find the point /. 
When a? = — 2, y = 2, and g is the corresponding 
point. When aj = — 3, y = ; whence A is a point 
in the line, as it is 3 to the left of YY' and above 
X'X. When a; = — 4, y = — 2. As this value of y 
is negative, we lay it off below X'X. Thus, taking 
from A to —4, a distance of 4 units, and from — 4 to €, a distance of 2 units, i is 
a point in the line. Thus also k ia a point in the line, since when a; = — 5, 
y = — 4, and k is taken 5 to the left of YY' and 4 
below X'X. 

This process might be continued indefinitely, 
both for positive and negative values of x. We 
might also use fractional values of a;, as a; = i, 
X = i, X = 2i, etc., and, finding the corresponding 
values of y, locate points between those found by 
taking integral values. 

Finally, joining the points e, d, e, b, a,f, y, h, i, 5?" 
k, we have the ^Jne MN, which is represented by 
the equation y = 2aj 4- 6. This line does not stop 
at M and N, of course, since we might produce 
it indefinitely either way, by continuing to take 
larger and larger values of x (numerically). In 
this case it is easy to see that the line is an indefi- 
nite straight line. 

2. What line is represented by the equa- 
tion y = 3a; - 6 ? (See Fig. 3.) 

Bug's.— Plrst compute a table of corresponding values of x and y, as in the 
pieceding example ; and then locate the points thus designated. 




Fig. 8. 
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3. What line is represented by the equation y = — 2a;+4? (See 




Fig, 4.) vL '-^ 4 ' 



- -^ / 



't 



H 



222. Definitions.— The assumed fixed 
lines X'X and YY' are called the Aoces of 
Meferenee, or simply the Axes. A is 
called the Origin. X'X is the Axis o/Ab^ 
scissas, and YY' the Axis of Ordinates. 
The distance of a point from the a^is of ab- 
scissas is called the Ordinate of the point ; 
and the distance of a point from the axis of 
ordinates is called its Abscissa. The ordi- 
nate and abscissa of a point taken together 
are called its Co-ordinates. 

Abscissas measured to the right from the axis of ordinates are -h, 
and those to the left — . Ordinates measured above the axis of 
abscissas are +, and those below — . 

4 to 13. Draw as above the lines represented by the following equar- 
tions: y=x+5; y=a;— 6; y= — a;+6; y= — a;— 5;^y=4cH-6 j 

y=4a;-6; y= -4a;+6; y= -4a;-6; 2a;-3y=-6;^i^ =2. 



\3^ 



SuG. — Put Buch equations as the last two into the same form as the others 
before proceeding with the solution as above. 



223. Dbf. — The line which is represented by an equation is 

called the Loons of the equation ; and drawing the line in the 

manner indicated, is called Constrticting the Locus of the equation. 

/»» 
14. Construct the locus of the equation y = ^ . 

Y 








I 


Y' 










Pio. S. 






r.— For oj = 0, 


y = o. 


For « = 


-i. 


y=-f. 


" aj = 4. 


y = A, 


" «=: 


-1, 


y=-h 


" aj = t. 


y = h 


" a; = 


-2, 


y=-f. 


" a; = l. 


y = i. 


" « = 


-3, 


y= -A. 


" a? = 2, 


y = f. 


" « = 


-4, 


y=-TV. 


" aj = 3, 


y = A, 


etc. 




etc 


" « = 4, 


y = A. 








etc. 


etc. 
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Now, hkjing off on the axis of abscissas to the right distances equal to i, i, 
1, 2, S, and 4, on some convenient scale, and at these points erecting ordinates 
equal respectively to -,^, f , i, f , t%, and iV of the same scale, we find the points a, 
b, e, d, e, and /of the locus. We also see that if we continued to give x greater 
and greater values^ y would continually grow less, but would only become when 

a? = 00, for then we should have y = - 



---1-1-0 

■ 1 -hiB* ~ aj* ~" oj "" 00 ~ 



In like manner laying off the negative values of x^ and the corresponding 
values of y, we find the points a\ h\ c', d' , e\ Andf\ and also find that y dimin- 
ishes numericaUy as x increases numerically, and that for x negative y is 
always negative, and only becomes when x= — oo. Hence, the curve ap- 
proaches the axis of abscissas to the left from below, as it does to the right 
from above, reaching it in either direction only at an infinite distance from the 
origin. 

A line sketched through the points found represents the locus sought 





15 to 18. Construct the loci of the following equations : y=a^ 
4-a;-6t (see Fig. 6); y=34-a;— ^a;* (see Fig. 7); y=a:*— 4a;+4 
(see Fig. 8) ; y=a:*— 3a;+5 (see Fig. 9). 





* Dropping the finite quantity 1, as prodacing no effect when added to the infinite a:*. 

t In determining points in the locas. It is often necessary to attribute fractional values to x. 
Thns, in this case, to sketch the carve from a to ^, we need an intermediate point. If there is 
any doabt about the character of the curve between two points, resolve the doubt in this way. 
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19 to 23. OonBtmct the loci of the following equations: y=a:* 
Y — }a;*+2a; + 2 (see Fig. 10); y=Q^—%a^ 

+ 13a;— 10 (see Fig. 11) ; y=a:'— 2a;— 5 (see 
Fig. 12); y=a^(5-a;) (see Fig. 13); and 
y=a:»-6a:'+lla;-6 (see Fig. U). 
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24 to 28. Construct the loci of the following .equations : y=a^ 
— 5a;2-|-4 (see Fig. 16); y=a^+2a;'— 3a;*— 4a:+4 (see Fig. 16); 
y=a;*-9a:»+4a; + 12 (see i^Vjr. 17) ; y=a^-2a;'-7a;*-8a;+16 (see 
Fig. 18) ; and y=a^+a^-\-a?-hx-\-l (see i^igr. 19). 



h 



x--3~n« 



yi 



X' A 



> X 



PlO. VJ. 



d 

Fig. 18. 




29. Construct the locus of the equation y=a;' + 4a^— 14a;'— 17a:— 6. 

Bug's. — In attempting to construct this 
locus, it is necessary to give x values from 
—3 to +2, including these values, and also 
to observe the character of the locus beyond 
these limits. But it will be found that for 
some values of x between these limits, y is in- 
conveniently large. In sketching the figure, 
we may use one scale for laying off values of 
a?, and another for laying off values of y. 
Thus in the figure given, the unit used for x 
is 6 times as great as that used for y. This 
is equivalent to constructing the locus 6y=x'^ 
4- 4flj*— 14aj*— 17aj — 6, or y = i** + Ja;*— TfOJ* 
— ^x — 1. This locus has all the peculiar- 
ities of the one required (that is, all the turns, 
flexures, or bends), but is not of the same pro- 
portions. The portion represented is 6 times 
as wide in relation to its length as the re- 
quired locus would have been. 

30 to 41. Construct the loci of the 
following equations, using a smaller 
scale for y than for x, as explained in 
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1^ 



the suggestions above, when more convenient : y = a:*— 2a; — 15 ; 
Vy = a:»+2a; + 2; >/y = a:'-10« + 25; y = 0^ — da^ — Sx—10; 
y = 2a;'- 12a;* + 13a; — 15; y = a;» - a;*— 8a; + 12 ; y = a;» — 2a;» 
— 25a; + 50 ; y= a;*— 2a;'+ 8a; — 16 ; y=a^-{- 2a;»— Sa:*- 4a; + 4 ; 
y = a;*- ea;" + 5a;* + 2a; - 10; y = a;* + 5a;«+ a;"- 16a;«- 20a;- 16 ; 
and y = 5a;" — 4a;* + 3a;*— 3a;* 4- 4a; — 5. 



224:m Proh. — To construct the real roots of an equcUion contain" 
ing only one unknown quantity. 

Solution. — Put the equation in the form /(ar)=0, then write y=f{x). 
Construct this equation., and the abscissas of the points where the locus cuts the 
axis of abscissas are the roots of the equation f{x) = 0. This is evident, since 
for these points, and for these only, y = 0, and we have f{x) = 0. 

Examples. 
1. Construct the real roots of the equation a;*— 3a; — 2 = 0. 

Solution. — We will first write y = «• — 3a; — 2. Now, for a? = 0, y = — 2 ; 

for a? = 1, y =: — 4 ; for a; = 2, y = — 4 ; 
for a; = 3, y — — 2 ; and for aj = 4, y=2. 
Hence we see that the locus of the equa- 
tion y = «•— 3aj — 2, cuts the axis of ab- 
scissas between a; = 8, and a; = 4, since it 
passes from below the axis of abscissas 
"x (where y is — ) to above this axis (where 
y is H-). There is therefore a root of x* 
— 8aj — 2 = between 3 and 4. To con- 
struct this root, we sketch the curve be- 
tween a; = 8 and a; = 4, by finding the 
values of y for a few intermediate values 
of X, and then sketching the curve. Thus 
for a; = 8i, y = — i ; for a; = 8}, y = +J. Sketching the curve mn through 
these points, we find by measurement Aa = 3.56, as an approximate value of x 
in the equation a;*— 8aj — 2 = 0. (Verify by solving the equation.) To construct 
the other root, we notice that for a; = 0, y = — 2, and the curve cuts the axis of 
abscissas again at the left of the origin (probably, as it certainly does not cut it 
again at the right). Now, for a; = — 1, y = 2 ; whence we see that the locus 
cuts the axis between aj = 0, and a; = — 1. For aj — — i, y=:--i; and for 
a; = — t, y = tj. Sketching the curve through these points, we have m'n' ; 
and measuring A a', we find the other value of a; to be —.56. 

SuG. — For constructing the approximate roots in this manner, as we only 
need to sketch a small portion of the locus, in the vicinity of its intersection with 
the axis, we can use a much larger scale than would otherwise be practicable, 
and thus obtain a nearer approximation. With good instruments and some care. 





Pio. 81. 
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we can usually construct the root with tolerable accuracy to hundredths. When 
the locus cuts the axis quite obliquely, the approximation cannot be made as 
accurate. 

2 to 7. As aboye, construct the real roots of the following: 
a^—Sx=14:; of - 12x^ -{• 36a;- 7 = 0; a^-x'-lOx-^ 6 = 0; 
af*- 7a; 4- 7 = 0; i»* - 12a;^ + 50a;* - 84a; + 49 = 0; and 

2af^^W-\- 10a; = 9. 

223, ScH. — This method of approximating the roots of equations geo- 
metrically is not given as a good practical method ; but simply to assist thQ 
learner in comprehending some subsequent processes, and for its geometrical 
importance. 



CHAPTEE in. 

HIGHER EQUATIONS. 



SECTION /. 

SOLUTION OF NUMERICAL HIGHER EQUATIONS HAVING COMMEN- 
SURABLE (OR RATIONAL) ROOTS * 

226» Equations of higher degrees than the second are called 
Higher Equations {6-10, or same in Complete School Algebra). 
No general, practicable method of resolving such equations is known. 
Theoretical solutions of equations of the third and fourth degrees 
(cubics and biquadratics) are known; but these solutions are 
attended with practical difficulties in many cases, which render 
them nearly or quite useless. We are, however, able to obtain the 
real roots of Numerical Higher Equations, in all cases, either exactly, 
or to any required degree of approximate accuracy. 

227. The Real, Commensurable Roots of numerical equations are 
usually found with little difficulty by the methods given in this 
section. 

♦ A commensurable root (or number) la one which can be exactly exprcBsed in the decimal 
notation, either In an integral, fractional, or mixed form. Thns, 4« ^S", t25, etc, are com:- 
mensnrable. Bat t21, t17> etc., are incommensnrable. 
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228* Prop, — Emery equation with one unknown quantitf/j 
having real and rational coefficients^ can be transformed into an 
equation of the form 

x»+ Ax»-'+ Bx"-*+ Cx"-» . . - - L = 0, 

in which the exponents are aU positive integers^ the coefficient of x^ is 
1, and the coefficients of the other termSy A, B, C, etc,, and cUso the 
absolute term L, are integers. 

Dem. — let. If the unknown qoantity occurs in any of the denominaton in the 
given equation, remove it to the numerator by clearing of fractions. If there 
are then any negative exponents, multiply each term by the unknown quantity 
with a positive exponent equal to the numerically largest negative exponent. 
Then unite the terms with reference to the unknown quantity, and write them 
in order with the term containing the highest exponent, at the left, and so that 
the exponents shall diminish toward the right, transposing all the terms to the 
first member. The most complicated form which can then occur is 

^r +1^+11^ .... i=o, (1) 

in which any or all of the exponents may be fractions ; and —>-> t, etc 

n 8 
is supposed. 

2d. To free the equation of fractional exponents, substitute for the unknown 
quantity a new unknown quantity with an exponent equal to the least common 
multiple of the denominators of the exponents in the equation. Thus, in (1) 

m r 

put y^sf**, whence y » = 2i~ , y • = 2"" , and y^ = si^. These values substituted 
in the equation, will evidently g^ve an equation of the form 

|«« + |2«-i + ^«-« .... ; = o, (3) 

in which all that is essential concerning the exponents is that they should be 

all positive integers, decreasing in value from left to right, since in (1) 

m ' T 

- > - X, etc. 

n % 

8d. Now divide by the coefficient of «•, and let the resulting equation be 
represented by 

2«-h^ «•-'+--«•-« - . . . r=0. (3) 

Finally, put «» = -r- , and substitute in (8), thus obtaining 

Multiplying (4) by A?», and representing the absolute term by L, we have 
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If now A; be 80 taken that these numerators will be divisible by the denomina- 
tors, and the qnotients represented hj A,B, C, etc., we have 

aj«+-4aj»-»H-Baj»-«4-Cfc»-« - - - - Z=0, 
the form required. 



Examples. 

1. Transform - + ix'* + ix^ = 2x^ + Ix"^ + -:t — 2> into a form 
X or 

having positive integral exponents and coeflScients, and having the 

coefficient of the highest power 1. 

Solution. — ^Multiplying by a^, we have 

aJH-5a;-«+ta;*=2aj*+iaj"*+8-2aj«. (1) 

Multiplying (1) by «*, we have 

«*+SH-Jaj^=2aj^+ia;*H-ar»-2aj». (2) 

Putting a;=y®, there results 

»'*+S+4y"=2y»*+iy»+3y»-V*. 
Arranging with reference to the highest power of y, 

2y»*-ty'»-2y"-y«*+3y»+iy"-|=0, or 
y"-ft3^'-y*»-iy"+ly"H-iy»-4=0. (8) 



Finally, 


paty = |. 


whence 


















52" g»» 


a" 32» 
2k^ "^ 2A;*« 


*^ 


1 
^3" 


rO, or 






^ 12 


j" - A;*«" - 




3A;«' 

2 ' 


,..^ 


«•*- 


3 ■" 


0. 



Now, if khe made 12, this equation will be of the required form.* 

Notice that as a? = y*, and y z=.—,x = -pr^ ; so that, if the value of z could 
be found, the value of x would be known by implication. 

2. Show as above how to transform the following: 

{a) 2y-^ + iy'^ + ~ - i^~* = ^ + if - ^tTl 



(b) --3x + ix^ -1 = 
1+a;* 

f 


1; 


,^, 1-x* a;-' +3 
^"^ 1+a:-'- x+i ' 


(e) Vl-a:» = l-3a;*; 


(/) V2a;-3a;» - a; = Vl-a^ 



* This sabstitntloii would be tedious, and as it is our present purpose simply to show the 
possibUity of the transformation, and the method of making it, the substitution is unnecessary. 
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229* — Since every equation with one unknown quantity, and real 
and rational coefficients, can be transformed into one of the form 

af + ^a:-* + ^af-«+ac*-' i=0, (1) 

this will be taken as the typical numerical equation whose solution 
we shall seek in this and the succeeding sections; and we shall 
frequently represent it by/(a;)=0, read " function x equals 0." The 
notation /(a;) signifies in general, as has been before explained, simply 
any expression inyolving x. Here we use it for this particular form 
of expression. We shall also use f'{x) as the symbol for the first 
differential coefficient of this function. 



230. Pvop* — When an equation is reduced to the form x" 
+ Ax""' + Bx»-* + Cx"-* - - - . L = 0, «A6 roots, with their signs 
changed^ are factors of the absolute (knovm) tenn, L. 

Dem. — Ist. The equation being in this form, if a is a root, the function is 
divisible by «— a. For, suppose upon trial a?— a goes into the polyn<miial x» 
+ Ax^-^ + , etc., Q times toUh a remainder R, (Q represents any series of terms 
which may arise from such a division, and R any remainder.) Now, since the 
quotient multiplied by the divisor + the remainder, equals the dividend, we 

have (aj— a) Q + i2=a?» + ^a;»-» + Bx*-^ + Cx*-* L, But this polynomial = 0. 

Hence (x—d) Q+5=0. Now, by hypothesis a is a root, and consequently x—a 
=0. Whence 22=0, or there is no remainder. 

2d. If now x—a exactly divides ic» + -4a:"-' + 5aj»-' + (7aj»--* X, a must 

exactly divide Z, as readily appears from considering the process of division. 
Hence —-a is a factor of L, a being a root of the equation. Q. E. D. 

231. CoR. 1. — Ifd, is a root o/f(x)=0, f(x) is divisible by x— ay 
and, conversely, «/^ f(x) is divisible by x—a, a, is a root of f(x)=0. 

Dem. — The first statement is demonstrated in the proposition, and the second 
is evident, since &af[x) is divisible by «— a, let the quotient be (p(x); whence 
(x^a) (p(x)=0. Now x=a will satisfy this equation, since it renders x—a=zO, 
and does not render <p(x) infinity, since by hypothesis x does not occur in the 
denominator.* 



232. JProp. — If the coefficients and absolute ter^n in x"" -\- Ax"""^ 

+ Bx°"'4-Cx"'' L=0, are all integers, the equation can have 

710 fractional root. 

♦ Could there be a term of the form in (p (ar), x=a would render it oo, and (pe-a)^ (ar) would 

x-a 

be X 00, which is indeterminate, since x oo =0 x J= J. 
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8 8 

Dem. — Sappoee in this equation « = --,- being a simple fraction in its lowest 



terms. Substituting this value of x, we have 
Multiplying by i^^* we obtain 



z:+A—+B^ + C^....L=0. 



t 

Now, by hypothesis, all the terms except the first are integral, and the first is a 
simple fracticm in its lowest terms, as by hypothesis 8 and t are prime to each 
other. But the sum of a simple fraction in its lowest terms and a series of in- 

g 
tegers cannot be 0. Therefore x cannot equal -, a fraction. 

233. ScH. — Thi^ proposition does not preclude the possibility of surd 
roots in this form of equation. These are possible. 



234. JProp.—A?i equation f (x) = (229) of the nth degree^ 
has n roots {if it has any *), and no more. 

Dem. — Let « be a root of f{x) = 0, which is of the nth degree. Dividing 
f{x) by aj — a (231), we have g)(x) = 0, an equation of the (»— l)th degree. 

Let 6 be a root of (p(x) = 0,and divide q){x) by x—b (231), Call the quotient 
tp' (x), whence <p' (x) = 0, an equation of the (w— 2)th degree. In this way the 
degree of the equation can be diminished by division until, after »— 1 divisions, 
there results g/* (x) f of the first degree, and the equation is «— /=0. Therefore , 

f(x) =i(x ^a) <p{x) = (aj— a) (x — b) <p'(x) = (a? — a) (x — b) (x — c) (p" (x) 

= (a? — o) (a? — 6) (a; — c) (a; — = ; 

%.€,, /(a?) is resolvable into n factors, of the form x — m, 

* We Bball assume that every eqnatlon has a root real or Imaginary ; i.e., that there la some 
form of expression which sabstituted for the unknown quantity will satisfy the equation. It 
is shown In works treating more largely upon the theory of equations, that the general form of 
a root l9 a-i-0 i^. When ff=0, the root is real. The general demonstration of this propo- 
sition is too abstruse for an elementary treatise. That every equation of the form «"+ Ax^-i 
+ 5aj»-8+ Caj*-8 - - - - X = {229) has a real root when n is an odd number, and also 
when n is an even number if L be negative, is very simple. Thus, if n is odd, and L +, when x 
is made - « the value of the first member is - ; and when x is 0, the value is +. Hence while 
z passes from - oo to 0, the function changes sign, and hence must pass through ; i. «., for 
some value of x between - « and 0, the equation is satisfied. In like manner, if L is -, when 
a; = 0, the fn net ion is -, and when a: = w oo the function is +. Hence some value of a; between 
- and + 00, satisfies the equation. It follows from this that in an equation of an odd degree, 
if the absolute term is +, there is at least one real, negative root ; and If the absolute term is -, 
there is at least one real, positive root. 

If n is even and i -, a; = makes the Ainction - , and a? = ±oo makes it +. Hence while x 
passes from - oo toO, the function changes sign IVom ^ to -, and there is at least one real, 
negative root; also, while x passes from to + oo, the function changes sign from - to + , and 
there i* at least one real, positive root. Therefore every equation of an even degree In which 
the absolute term is -, has at least two real roots, one negative, and one positive. 

The difficulty occurs in proving that an equation of an even degree has a root when X ia + . 
The roots of such an equation may be all imaginary. 

t Thto it read *• the nth q* ftinction of a." 
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Now, as x = a, or x = b,oT x = any one of the quantities a,b, e ' ' - - i, 
will render /(x) equal to 0, each one of these will satisfy the equation f(x)=0. 
Therefore this equation has n roots. 

Again, since it is evident that we have resolved f(x) into its prims factors 
with respect to x, there can be no other factor of the form x—m in f(x), hence 
no other root of f{x)=0, and this whether m is equal to one or more of the roots 
a,b,e ' - - - w, or not. Therefore f(x) = has only n roots. 

235. Cob. l.—77ie polynomial x'+ Ax»-*-h Bx"-'+ Cx""' 

L, or f (x), = (x — a) (x — b) (x — c) - - - - (x — 1), in which 
a,b, c---- 1 are the roots of f{x) = 0. 

236. Cor. 2. — The equation f (x) =0 may have 2, 3, or even n 

equal rootSy as there is no inconsistency in supposing a = b, a = b 

= c, or a = b = c = - - - - Lin the oAove demonstration. 

"^ b - V X -^ is J 
237m Cor. 3. — Imaginary roots enter into equations having only 

real coefficients, in conjugate pairs {225, Part I.) / that is, i/f{x)=0 
has only real coefficients^ if it has one root of the form a 4- /^V— 1> 
it hoA another of the form a — pV— 1 ; o^^if *^ ^.as one of the form 
/JV— 1, it has another of the form — /^V — !• 

This is evident, since only thus can/(a;)=:(aj— a) (a;— 6) (oj— c) - - - - (a?— w) ; 
that is, if one root, a for example, is a^fi V—1, there must be another of the 
form a +13 V—1, in order that the product of these two factors shall not involve 
an imaginary. Thus. [x-(a-\-/3 V^)] x [x-(a-/3 V^)]=aj*-2aa;+(a*H- /?*), 
a real quantity. So also (x — fl V^) (x-\-(i V^) = x*+ P*, a real quantity. 
But if the assumed imaginary roots be not in conjugate pairs, the product of the 
factors {x — a) (x —h) {x — c) - - - - (x— I) will involve imaginaries. 

238m Cor. 4. — Hence an equation of an odd degree must have at 
least one real root ; but an equation of an even degree does not neces- 
sarily have any real root. 

239m Cob. 5. — If an equation hxis a pair of imaginary roots, the 
known quantities entering into the equation may be so varied that the 
two imaginary roots shall first give place to ttoo equal roots, and then 
these to two real and unequal roots 

As shown above, imaginary roots arise from real quadratic factors in f(x). 
Let x*—2(ix + 6 be such a quadratic factor, whence x*— 2ax + 5 = satisfies 
/(x) = 0, and a ± Va* — b are the corresponding roots of f(x) = 0. Now, if 
b> a*, these roots are imaginary. If, however, b diminishes or a increases (or 
both change thus together), when b = a* the two imaginary roots disappear and 
we have in their place two real roots, each a. If the same change in a and b 
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continues, so that a* becomes greater than h, the two real, eqoal roots in tarn 
^ye place to twa real, unequal roots. Now as a and h are functions of the known 
quantities of the equation /(a;) = 0, such changes are evidently possible. 

240* ScH. 1. — That an equation has a number of roots equal to its 
degree, is illustrated geometrically by the fact, that, if we write y= /(a?) and 
construct the locus, we shall always find that a straight line can be drawn 
so as to cut the locus in 1 point and only 1, if f(x) is of the 1st degree 
(Ex's. 1-13, Chap. II.); in 2 and only 2 points, if /(a?) is of the 2d degree 
(Ex's. 15-18, Chap. II.) ; in 3 and only 3 points, if f{x) is of the 3d degree 
(Ex's. 19-23, Chap. II.) ; in 4 and only 4 points, if f{x) is of the 4th degree 
(Ex's. 24-28, Chap. II.), and specially illustrated by the line X/ X„ (Fig. 20), 
etc. 

241. ScH. 2. — The fact that imaginary roots enter real equations in 
pairs is also beautifully illustrated by the loci of equations. Thus the equa- 
tion a^— 3a; +5=0 has two imaginary roots, and no real roots. Now, by ref- 
erence to Fig. 9 of the preceding chapter, we see that the locus of y=x^—Zx 
+5 does not cut the axis of abscissas at all ; i, e., that no real value of x will 
give/(a;)=0. But, if the equation were so modified as to make each ordinate 
only V" less than it now is, i. «., if y=«*— 3a;-f J, we should 
have the same locus, but changed in position so as just to 
touch the axis of a?, as in c, thus giving /{x)=0 two real and 
equal roots. If, again, we wrote y=a;'— 3aj— 3, we should have 
the locus referred to the axis A"X", and f{x)=0 would have 
two real and unequal roots. Thus we see, conversely, how 
two real, unequal roots can pass into two real and equal roots 
by a proper change in the equation, and how by a further 
change ttoo equal real roots disappear at a time, passing into two 
imaginary roots as the equation changes form. All that is 
necessary in this change in the form of the equation is a pro- 
per change in the absolute term. 

Again, consider Fig. 14, and the corresponding equation 
y=aj*— 6aj*-f 11a;— 6. First we observe that as this locus cuts the axis of x 
three times, there are three real roots. Now change the absolute term —6 
by allowing it to increase gradually, becoming —55, — 5i, —5, etc. We shall 
find that the axis of x moves down, and the two roots A d and Af approach 
equality, first becoming equal when the axis just touches the lowest point e 
of the curve, and then loth becoming imaginary together. 

Or, in conclusion, this matter is illustrated by the fact that whatever the 
degree of the equation /(a;) =0, if we construct the locus of y=/(a;), we shall 
find that we can draw a straight line which will cut the curve in a number 
of points equal to the degree of the equation, and that if the line gradually 
moves from this position so as to cut the curve in any less number of points, 
it will always be found first to run two intersections together, corresponding 
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to a change of two unequal roots into two equal roots, and then drop oat 
loth these intersections, corresponding to the introduction of two imaginary 
roots at a time. 



24:2. Prop. — IftJie equation f(x)=0 hds equal roots^ the highest 
common divisor of f(x) and its differential coefficient* f (x), being 
put eq%uxl to 0, constitiUes an eqiuxtio7i which has for its roots these 
eqiuzl rootSy and no other roots.\ 

Dbm. — Let a be one of the m equal roots of /(2;)=0, and let the other roots be 

b,e / ; then/(ar)=(aj-a)"'(ju-6)(ic-c) («- l)(23S). Diflferentiating 

(152) and dividing by dx, we have 

f'{x)=m(x—ay*-^{x—b) (x—c) - - - - (x—l) + {x—ay* (x—c) - - - - (a;— 1)-\ 

. - . - + {x—a)r («— &) («—«) - - - - -f etc. 
Now (a?— a)*-* is evidently the highest common divisor of f{x) and f'(x), and 
{x^ay^~^ =0 is an equation having a for its root, and having no other. 

In a similar manner, if f(x)=0 has two sets of equal roots, so that 

f(x)={x-nY'(x-by(X'-e)(x-d) (x-l), 

differentiating and dividing by dx, we have 

f'(x)=m{x-ay^^(x-by(X'-c)(x-d) (a;- +(«-»)'* r(aj-6)^>(aj-c) («-€?> 

(x^l) 

+(X'-a)'^(x—by{x-d) - - - - {x-'n)-\-{x-a)r {x—by (x—e) (aj— 0+-- 

- \-(x-'a)'^{x—by(x—c^(x—d) - - - - -f etc. 

Now the highest common divisor of /(«) and /'(a;) is evidently (a?— a)*-' (a;— 6/-*. 
Putting this equal to 0, we have (aj~a)'»-*(a;— &)'-*=0, an equation which is sat- 
isfied by x=a and a; =6, and by no other values. 

Thus we may proceed in the case of any number of sets of equal roots. 

243. ScH. — In searching for the equal roots of equations of high degree, 
it may be convenient to apply the process of the proposition several times. 
Thus, suppose that /(a;)=0 has m roots each equal to a, and r roots each 
equal to b. Then the highest common divisor off{£) and f'{x) is of the form 
(x-~ay~^ (x^by~^ ; whence (x^aT~^ (x—by~^=0 is an equation having the 
equal roots sought. Therefore we can find the highest common divisor of 
(aj— a)"*"' (x—by-\ and its differential coefficient which will be of the fomx 
(a;— a)"*"' (a?— &)'"*, and write (aj~a)"*~*(a?~&)''"'=0, as an equation containing^ 
the roots sought. This process continued will cause one of the factors (x—a) 
or (x—b) to disappear and leave (a;— a)*-' =0, when w > r ; (a;— ft)'"* = 0, 
when r>m ; or (x—a) (a?— 5)=0, when w=r. From any one of these forms 
we can readily determine a root. 

* The differential coefficient of a function is sometimes called its first derived polynomial. 

t The student must not suppose that the roots o{f{x)=0, and its first differential coefficient 
/'(a?)=0, are necessarily alike. f(x)=a. series of terms some of which may be + and some -, and 
which may destroy each other, so as to render/'(ar)=0, fbr other values of x than such as render 
/Xa;)=0, and not necessarily for any which do render /)[a;)=0, except the equal roots of the latter. 
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244. Frop.—In an eqtuUion f(x)=0, f(x) mil change sign when 
X passes through any real root, if there^s but one such root, or if there 
is an odd number of such roots; but if there is an evek number of 
such roots, f(x) will not change sign. 

Let ay b, c ' - - ' e be the roots of /(a;)=0, so tliat/(.T)=(a?— a) (x—b) (x—c) 
... - (aj— e)=0 (235). Conceive x to start with some value less than tlie least 
root, and continuously increase till it becomes greater than the greatest root. 
As long as a; is less than the least root, all the factors x—a, x—b, etc., are nega- 
tive ; but when x passes the value of the least root, the sign of the factor con- 
taining that root will become -\-* and if there is no other equal root, this falbtor 
will be the only one which will change sign. Hence the product of the factors 
will change sign. But if there is an even number of roots, each equal to this, 
an even number of factors will change sign ; whence there will be no change in 
the sign of the function. If, however, there is an odd number of equal roots, 
the passage of x through the value of this root will cause a change of sign in an 
odd number of factors, and hence will change the sign of the function. 

Finally, as it is evident that the signs of the factors, and hence of the function, 
will remain the same while x passes from one root to another, and in all cases 
changes or does not change as above when x passes through a root, the proposi- 
tion is established. 

245. ScH. — ^This proposition is illustrated by putting y=f(x) and con- 
structing the locus, as in the preceding chapter. Thus, Ex. 15, Fig, 6. In 
this case y=f{x)=x*-hx—6. The least root is —3. When x is less than —3, 
as —4, or — 3i (anything less than —3), y, or /(a;), is -h. When x is —3, y, 
or/(ic)=0, and the equation /(a;)=0 is satisfied, and ~3 is a root of the equa- 
tion. When X becomes greater than —3, as —2, y, or f{x), becomes nega- 
tive, changing sign when x passes through the value of the root —3. As a; 
increases, y, or /(a?), remains — , till x reaches -h3, at which value of a;, 
y=/(aj)=0, and the equation /(a;) =0 is satisfied. When x passes this value, 
becoming anything greater than 2, y, or f(x\ becomes -I-, 1 «., changes sign 
as X passes through the root 2. The same thing is illustrated by the loci 
in Fig8. 7, 11, 12, 14, 15, and 18, with their corresponding equations. 

That/(a;) does not change sign upon aj*s passing through the value of one 
of two equal roots of /(a;)=0, is illustrated in Fig, 8 and its corresponding 
equation, Ex. 17. In this case y=/(ar)=a;*— 4aj+4, and the equation 
a;t«4a.+4=0 has two roots each equal to 2. Now when x is anything less 
than 2, y, i, e. f(x\ is -h ; when aj=2, y, or /(aj), is 0, and the equation /(a;)=0 
is satisfied. But when x passes the value 2, f{x) does 7U>t change sign ; it 
remains 4-. The same truth is illustrated by the loci in Figs, 10, 13, 16, 
and 17, and their corresponding equations. Fig, 16 illustrates the case in 
which there are two pairs of equal roots. 

♦ SappoBe c be the least root, and that c' is the next state of x greater than e; then </- c Is +, 
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• 

Ex. 29 will be found yerj instructive. The locus in Fig. 20 illustrates the 
case of 3 equal roots. Here y =f{x) = ic«+ 4fl!*— 14flj*— V7x — 6. The least 
root is — 3. When x < — 3, f(x) is — ; when a? = — 3,/(a;) = 0; whenxpasses 
— 3, increasing, f(x) changes from — to -h, and remains + till ir = — 1, when it 
becomes 0, and changes sign as x passes — 1, nottoUIigtanding there are equal 
roots. But there is an odd number of such roots, viz., three. 

Thus, if X,' X, were to revolve about c' until it took the position X'X, the 
intersections b' and d would run into c', the three intersections becoming one. 



246» JPvop. — Changing the signs of the terms of an eqitation 
containing the odd powers of the unknown quantity changes the signs 
of the roots. 

Deh. — If xz=za satisfies the equation a;^— Ax*+ Bx^— Cfe + 2) = 0, we have 
a* —Aa* -h Ba^ —Ca-h D = 0. Now changing the signs of the terms containing 
the odd powers of x, we have x^ — Ax*— Bx^-\- Cx+ D=rO. This is satisfied 
by x = —a,\t the former is by x = a. For, substituting — a for x, we have 
a* — Aa* -f Ba^ — (7a -h 2> = 0, the same as in the first instance. 

247m Cor. — Changing th6 signs of the terms containing the even 
powers will answer equally well, since it amounts to the same things 
and if toe are careful to put the equation in the complete fornix 
changing the signs of the alternate terms will accomplish the purpose. 

III. — The negative roots of a?'— 7a; + 6 = 0, are the positive roots of -- x^ 
-f 7aj + 6 = 0, or of aj' ~ 7a; ~ 6 = (0 being considered an even exponent) ; or, 
writing the equation x^ ± Ox* ~ 7aj -f 6 = 0, changing the signs of alternate 
term^, and then dropping the term with its coefficient 0, we obtain the same 
result. 

Agahi, the negative roots of a;«~ 7a;»— 5a;* 4- 8a;*-- 132a;* -h 508a;— 240 = 0, 
are the positive roots of x^-h 7a;*— 5a;*- 8a;3— 132a;*— 508a; — 240 = 0, or of 
- a>«- 7a;»4- 5a;*4- 8a;' -h 132a;*+ 508a; + 240 = 0. 



248. JProb* — To evaluate * f (x)/or any particidar value of x, 
as X = Sky more expeditiously than by direct substitution. 

Solution.— As f{x) is of the form a?» + ^a;»-> -h Bod*-^ + Caf-* - - - - X, 
let it be required to evaluate «*-h -4a;* -h Bx*-\- Gx + D for a; = a. Write the 
detached coefficients as below, with a at the right in the form of a divisor : thus 

1 +A +B +C -hi) \a__ 

a a*-hAa a^-\-Aa*+Ba a*-hAa^-\-Ba*-\-Ca 



a-\-A a^-^-Aa-^-B d^^-Aa^^-Ba-^-C a*H-^a'*-f5a* + Ca-hI> 

* This means to find the value of. Thns, suppose we want to find the value of a;6-5af« 
-I- 3a; ^ - 8a;-) + 6a;< - a; - 13, for a; = 5. We might suhstitute 5 for a;, of course, and accomplish the 
end. But there is a more ezpeditious way, aa the solution of this problem will show. 
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Haying written the detached coefficients, and the quantity a for which f(x) is 
to be evaluated as directed, multiply the first coefficient 1 by a, write the 
result under the second, and add, giving a-{- A, Multiply this sum by a, write 
the product under the third coefficient B, and add, giving a' + Aa + B. In like, 
manner continue till all the coefficients (including the absolute term, which is 
the coefficient of x^) have been used, and we obtain a* + Ad^ + Ba'^ -k- Ca-k- D, 
which is the value of f(x) for a? = a. 

Illustration.— To evaluate aj« — 5a;* + 3aj* — 8a5« + 6aj* — oj — 12, f or tu = 5 » 

1 -5 +2 -3 +6 -1 -13|_5 

5 10 85 205 1020 



2 7 41 204 1008 

Now 1008 is the value of a;"- 5a;*-h 2a;*— 3aj'-h 6a;*— aj — 12, for aj = 5; audit 
is easy to see that much labor is saved by this process. 

We are now prepared for the solution of the following important 
practical problem : 

249* jPvob* — To find the commensurable roots of numericcU 
higher equations. 

The solution of this problem we will illustrate by practical examples. 

Examples. 

1. Find the commensurable roots of a;"— 2aJ*— Ida;'^- Sa^'-f 68a; 
-f 48 = 0, if it has any. 

Solution. — By (232), if this equation has any commensurable roots they 
are integral : — it can have no fractional roots. 

Again, by (230), the roots of this equation with their signs changed are fac- 
tors of 48. Now, the integral factors of 48 are 1, 2, 8, 4, 6, 8, 12, 16, 24, 48. 
Hence, if the equation has commensurable roots, they are some of these num- 
bers, with either the -h or — sig^. We will, therefore, proceed to evaluate 
f(x) (i. e., in this case a;» — 2a;* — 15a;=*-h 8aj* -h 68a; -f 48), for a; = -h 1, a; = — 1, 
a; = H- 2, a; = — 2, etc., by (248), as follows : 

1 -2 -15 +8 +68 +48 1 +1 

1 _ 1 -16 - 8 60 



_1 -16 -8 60 108 

Hence we see that for a; = + 1, f(x) = 108, and +1 is not a root of f(x) = 0. 
Trying a; = — 1, we have 

1 _2 -15 +8 +68 +48 1 -1 ^^ 

-1 3 12 -20 -48 



-3 -12 20 48 

Thus we see that for a; = — t,f(x) = 0, and hence that — 1 is a root of our equa- 
tion. 
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We might now divide f(x) by ar-i-l (231) and reduce the degree of the equ*. 
tion by unity. But it will be more expeditious to proceed with our trial. Let 
UB therefore evaluate /(«) for aj=-h2. Thus : 

1 -2 -15 +8 +68 H-48 |j-2_ 

a -30 -44 4-48 

-15 -22 24 96 

Hence' for x= +2, /(«)=96, and +2 is not a root. Trying aj=— 2, we have 

1 -2 -15 +8 +68 +48 | -2 

-2 8 14 -44 -48 ^ 



-4-7 22 24 

Hence for a?=— 2,/(a;)=0, and —2 is a root. Trying x= +3, we have 
1 _2 -15 +8 +68 +48 | +3 



3 


3 


-36 


-84 


-48 


1 


-12 


-28 


-16 






^ 



Hence for a;=+3, f(x)=0, and +3 is a root. Trying x=S, we have 

1-2 -15 +8 +68+48 | -3 

-3 15 -24 -132 



-5 8 44-84 

Hence for aj=— 3,/(ar)=— 84, and —3 is not a root. Trying a; =4, we have 

1 _2 -15 +8 +68 +48 | 4* 

4 8 -28-80 -48 ^ 

2 - 7 -20 * -12 

Hence for x=A,f{x)=0, and 4 is a root. 

We have now found four of the roots, viz., —1, —2, 8, and 4. Their product 
with their signs changed is 24. Hence, by (230) 48-1-24=2 is the other root 
with its sign changed, i. e. there are tioo roots —2. 

That our equation had equal roots could have been ascertained by the princi- 
ple in (242) ; but as the process of finding the H. C. D. is tedious, it is generally 
best to avoid it in practice. 

'"^2 to 12. Find the roots of the following : 

(2.) a:* - a;* - 39a;« + 24a; + 180 = ; 

(3.) a;» + 5a:« - 9a; - 45 = ; ^^^ 

(4) a;» + 2a;» - 23a; - 60 == ; 

(5.) a;* - 3a;» - 14a:» + 48a; - 32 = ; 

(6.) a:*-8a;« + 13a;-6 = 0; 

* Of conrse it i^ not neceseary to retain the + sign, as wc have done in the preceding open- 
tions : it has been done simply for emphasis. 
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(7.) a^ - lla:» + 18a; - 8 = 0;* 

(8.) a^ - 3a:» + 6a:' - 3ir» - 3a; + 2 = ; 

(9.) a^-lSa^-h 67a;* - 1713;^ + 216a; - 108 = ; 

(10.) a;* - 45a;* - 40a; + 84 = ; 

(11.) a^ - 3a;* - 9a;» + 21a:» - 10a; + 24 = ; 

(12.) a;* - 73;* + llaJ* - 7a;' + 14af' - 28a; -h 40 = 0. 

13 to 20. Apply the process for finding equal roots (242, 243) to 
the following : i , ^ •♦ ^ ^ - . ^ 

X'^13.) a;' + 8a;* + 20a; + 16 = ; y^ -f- X^ 

«V(14.) a? - a;*- 8a; + 12 = ; x " ^ 

0^(15.) a;*- 5a;»- 8a; + 48 = 0; n^- ^ 

v\(16.) a;* - 11a;* + 18a; - 8 = ; / ' ' ^ 

^(17.) a^ + 133;* + 33a;» + 31a; + 10 = ; X.^i- >l >c T / 

Va(18.) a;* - 13a;* + 673;* - 171a;» + 216a; - 108 = ; 

\(19.) a;* + 3a;* - 6a;* - 6a;» + 9a;« + 3a; - 4 = ; 

^(20.) a;' + Sa;* + 6:^- 6a;*7r 15^- 3a;* + 8a; + 4 =^ 0. (See 243.) 

21 fo 27. Having found all but two of the roots of each of the fol- 
lowing by {248\ reduce the equation to a quadratic by (231), and 
from this quadratic find the remaining roots : 

(21.) a;»-6ar»+10a;-8 = 0; 

(22.) a;« - 4a;» - 8a; + 32 = ; 

(23.) a;»-3a;* + a5 + 2 = 0; 

(24.) a;*- 6a;* + 24a; - 16 = 0; 

(25.) a;* - 12a;* + 50a;* - 84a; + 49 = ; f 

(26.) a;* - 9a;^^+ 17a;* + 27a; - 60 = ; 

(27.) a;* - 4a;* - 163;^ + 112a;* - 208a; + 128 = 0. 



vri' 



28 to 34. Apply the processes of {228) to reduce the following to 

the form of + Aaf~^ + Bx*'^ -f Ca;*"* L = 0, before search mg 

for roots : 

(28.) 2af^ - 3a:* + 2a; - 3 = ; t 

* In order to apply the process of evalnation, the coofflcients of the misaiu^ powers must be 
supplied. Thus we have 1+0 - 11 +18 -8. 

t Apply the method for finding equal roots. The method of trial based upon (930) as applied 
by (248) is likely to lead to much unnecessary worlc when there are several equal roots, and all 
the others incommensurable. 

t Wehavea?J-ga;f+x-^=0. Putar=|, whence p-g^y* + jgy-|=0,ory3-j-y« +l;«y 

- -g- = 0. If now *=2, we have ys -3y«+4y-12=0, which can be solved as before, for one valut 
of y, and the equation then reduced to a quadratic and solved for the other values. Finally, 
remembering that «= ^Vi we have the values of a; required. 



Digitized by VjOOQ IC 



216 



ADTANOED C0UB8S IM ALQEBRA. 



(29.) 3af -^2af - 6a; 4- 4 = 0; 

(30.) 8a:* - 26a:» 4- Ha; 4- 10 = 0; 

(31.) a^ — iic 4- A = ^ 5 (Look out for equal roots.) 

(32.) aJ* - 6a:» 4- 9Ja:» - 3a; 4- 4J = 0; 

(33.) X = 19a:-' + A/l - - - 403a;-'; 



(34) 






250. By means of the property exhibited in (23S) produce the 
equations whose roots are given in the following examples : 



1. Eoots 1, -3, 4. 

2. Eoots V2, — \/2, —1, 3. 

3. Eoots 1, 2, 2, -3, 4. 

4. Eoots -3, 2-f V^, 2-V^^l. 
6. Eoots 3, -2, —2, —2, 1. 

6. Eoots I, i, -f 

7. Eoots 1±\/^, 2±Vi:3. 



8. Eoots li, 2, \/3", —Vs. 

9. Eoots V^, -V^, VS, 

10. Eoots 10, —13, i, 1. 

11. Eoots 3-2V3, 34-2^3", 

2-3>/^, 24-3\/:^, 1, 
-1. 



^ ■ » 



SECTION II. 

SOLUTION OF NUMERIQAfi HIGHER EQUATIONS HAVING REAL. 
- INCOMMENSURABLE, OR IRRATIONAL ROOTS. 



2S1* As all equations having real roots have real coeflScients* 
(237), and as all such can be reduced to the form a;*4--42f"* 
4- i?af-' 4- Caf''^^ - - - - X = 0, which we represent by f(z)=0 
(229)) we shall consider this as the typical form. Moreover, since, 
if an equation of this character has equal roots, they can be deter- 
mined by {242, 243)9 and the degree of the equation depressed 
by (231), we need only to consider the case in which /(a;) = has 
no equal roots. 

* This is evident from the feet that fix)=ix-a) (a?-6) (aj-c) - - - - (a?^n)=0. In which if 
m,b,Cj----n are real, no imaginary quantity will be found in the product of the bhiomiili. 
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252. The best general method of approximating the real, incom- 
mensurable roots of such equations, is : 

1st To find the number and situation of such roots by Sturm's 
Theorem and the method based on it. 

2d. Having found the first figure or figures of such a root by 
Sturm's method, to carry forward the approximation to any re- 
quired degree of accuracy by Horker's method of approxima- 
tion. 

These methods we will now proceed to develop. 



Sturm's Theorem and Method. 

253. Sturm/s Theorem is a theorem by means of which we 
are enabled to find the number and situation of the real roots of any 
numerical equation with a single unknown quantity, real and 
rational coefficients, and without equal roots.* 

iLii. — Thus, if we have the equation a?'— 7aj4-7 = 0, Sturm's Tlieorem 
enables us to determine tliat it has three real roots, t. e,, that all its roots are 
real. It also enables us to ascertain that one root lies between 1.3 and 1.4, 
another between 1.6 and 1.7, and the third between —3 and —4. Hence it shows 
us that the roots are 1.3+> 1.6+ , and —3. with a decimal fraction. 

254. ScH. — Of course it follows from the above that if the equation has 
commensurable (227) roots, Sturm's Theorem will enable us to find them, 
or even when the roots are not commensurable, it will enable us to find any 
number of initial figures. Thus in the equation aj'— 7a; + 7=0, we might 
by Sturm's Theorem find that the first root is 1.35689+ ; but it would be 
too tedious an operation to be of any practical utility, as will appear hereaf- 
ter. We use this theorem only to find one or two of the initial figures, or, 
enough of the figures to enable us to distinguish between (separate) the roots. 
Thus, if we had an equation /(a?) = 0, of which two roots were 2.356873+ and 
2.3569564, we migJU use Sturm's Theorem to find the first five figures of each 
root, i, e., to distinguish between (separate) the roots; but this is not the 
best practical method, as will appear hereafter. 

255. The Sturmian Functions of f(x) = (which has 
no equal roots) are functions obtained by treating f(x) and its first 
differential coefficient f'{x), as in the process of finding their H. C. 
D., except that in the process we must not multiply or divide by a 
negative quantity, and the signs of the several remainders must be 

• If the equation which we wish to solve has equal roots, they can be discovered by 
(949 f 943), and the degree of the equation reduced by division. 
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changed before they are used as divisors. These remainders with 
their signs changed are the Sturmian Functions.* 

III.— Let the equation /(«) = Obeaj'— 4r»— 05 + 4 = 0. The first differeatial 
coefficient of «'— 4i;* -r » + 4 is 8a;*— 8aj — 1. Dividing «'— 4a*— « + 4 by 
8lc*— &b — 1, first multiplying the former by 8 to avoid fractions,! exactly as in 
the process of finding the H. C. D., we find the first remainder of lower degree 
than our divisor to be — Ifta? + 16. Hence 19* — 16 is the first l^wrmian Fum- 
Hon of a?* — 4i;* — » -h 4. Again, dividing 3a;»— 8aj -h 1 by Iftu — 16 (introdudng 
such constant factors as necessary), we find the next remainder to be — 20^. 
Hence 2025 is the second Sturmian Function of x\— 4aj* — « 4- 4. 

256* Notation. — As the function which constitutes the first 
member of our equation is rejHresented by f{x)y and its first difier- 
ential coefficient by f'{x), we shall represent the Sturmian Func- 
tions by fi(x)y fi(x)y fs{x), etc., read '\fBub 1 function of a;/* ^'fsnh 
2 function of x,^ eta, or simply " function sub 1," "function sub 2,** 
etc 

2S7. In any series of quantities distinguished as + and — , a 
succession of two like signs is called a Permanence of signs, and a 
succession of two unlike signs a Variation. 

III. — In the function x^ — 8aj* — 2aj* + a;'4- a' + 5aj — 4, the signs of the terms 
are 

+ -- + + + -. 

The first and second constitute a variation; the Second and third a perma- 
nence ; the third and fourth a variation ; the fourth and fifth a permanence ; the 
fifth and sixth a permanence ; and the sixth and seventh a variation. Thns^ in 
this case, there are three permanences and three variations of signs. 

So also if we have 

/(aj) = aj»- 7aj*-h 18a;«+ aj«- 16« -h 4, 

fix) = 5aj*- 28aj'4- S9x*+ 2x - 16, 

fi(x) = lla;3- 4ac*4- 51aj + 2, 

/,(aj) = 8aji-8a; + 4, 

Mx) = x^2, 

A(x) = 0. 
For aj = 0, fix) = +4, or f{x) is -h ; f'(x) is - ; fi(x) is + ; f,(x) is +; 
f-iix) is — ; and f^{x) being 0, its sign is not considered. Hence the series ot 
signs of these functions, for a? = 0, is -h — 4- -h ~ ; and has three variations 
and one permanence. 

* I have thought it best not to include f(x) and f'{x) under the tenn Stnrinlan Fonctioiis. 
There seems to he no propriety in inclnding them, inasmuch as they are not peculiar to 
Storm^s method ; and hy excluding them an important distinction is marked. 

t We introduce or reject constant factors Just as in finding the H. C. D., only we may not 
introduce or reject n^^a^iv^ factors, since the signs are an essential thing in these functions, and 
to multiply or divide hy a negative number would change the signs of the functions. 
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For « = 1, we find /(«),-; /'(a*. + ;/,(ar), -!-;/,(«),-; and /,(«),-; the 
series of idgns being h 4- . This gives two variations and two per- 
manences. 



258. Prop.— In the series of functions f (x), f (x), f,(x), f,(x), 
f,(x), ^(x), f^(x) - - - - fB(x), when f (x) = has no equal roots, if 
X ds eonceived to pass through aU possible real values, that is, to vary 
eontinuouslt/, from — oo to + oo , there will be no change in the number 
of variations and permcmences in the signs of the functions, except 
when X passes through a root of £{x) =0 ; and when it does pass 
through such a root, there will be a loss of one variation, and only 
one.* 

Deh. — 1st. Any change in z which does not cause some one of the functions 
to vanish, cannot cause any change in the signs of the functions ; for no function 
can change its sign without passing through or oo , and from the form of the 
functions which we are considering, they cannot be oo for any finite value of x, 
(These functions are all of the form Aai^ + Ba*-'^ + Cx^^ X.) 

2d. No two eonsecuHve functions can vanish^ i. e., become 0, for the same 'oalue 
cf X. For, in the process of producing the Sturmian functions from f(x) and 
/'(«), let the several quotients be represented by g, q', y", g"', q^, etc. ; whence, 
by the principles of division, we have 

f¥)=r(x)q -/,(aj), (1) 

f\x)=f,(x)q^ -/.(a;), (2) 

f,(x)=f^{x)q" ^fM\ (3) 

f,{x) =f,{xW"-A{x), (4) 

fM=A(x)q^''-Ai^h (5) 

etc., etc., etc. 

Now, if possible, suppose that some value of x, as a? = a, renders two consecutive 
functions, as f2(x) and fi{x) each ; that is, that they vanish simultaneously. 
Then, since from (4) we have f^(x) —f.i(x)q"'—ft{x), f^(x) = 0. So, also, from 
(5), fsix) =fA(x)q^''—fi(x), and fti{x) = 0. Thus, as a consequence of the simul- 
taneous vanishing of any two consecutive functions, we could show that all the 
functions would vanish. But as, by hypothesis, f(x) and f'{x) have no common 
divisor containing oj, the last remainder found by the process of finding the 
H. C. D. cannot contain x, and hence cannot vanish for any value of x. It is 
therefore impossible that any two consecutive functions of the series should 
vanish for the same value of x (i. e., simultaneously). 

3d. When any one of tlie functions, except f (x), vanishes for a particular mine 

♦ This is the snbstance, though not the exact form, of the celebrated theorem discorered by 
M. Sturm in 1829, and for which he received the mathematical prize of the French Academy of 
Sciences in 1834. It Is certainly one of the most elegant discoveries In algebraic analysis made 
in modern times. It is a masterpiece of logic, and a monument to the sagacity of its discoverer. 
The original memoh- containing this theorem is found in the "Memoires pr6»cnt68 par divers 
savants & TAcaddmie des Sciences/* Tom. VI., 1835. 
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of X, (he adjateni functiom have opponte 9ign$ for this value. Thus, if f^tx) is 
for ar = 6, we have, from (4),ft{^) = —fxix), t. «., the adjacent functions, neither 
of which can vanish for this value (2d), have opposite signs. 

4th. When any value of t, aa -^ = c, eaitses any function except f (x) to vanish, 
the number of variations and permanences of the signs of the functions is tlie same 
for the preceding and the succeeding values of x, i. e,,for x = c — h and x = c + h, 
h being an inflnitesim^. Thus, let a; = <j render f^ix) = ; then, since the adja- 
cent functions have opposite signs for this value of x, we have either -hftix), 0, 
— /4(«)» or —ftix), 0, -f /4(«), i. e., -h, 0, — , or — , 0, -h (3d). Again, as neither 
of these adjacent functions vanishes for x = c (2d), neither of them can change 
sign as x passes through c (1st). But fi{x) may or may not change sign as x 
passes through c (244) ; hence its signs may be 4^ * =» ± » or T , the upper sig^ 
representing the sign otf3(x) just before x reaches c, and the lower its sign just 
after it passes, i. e., for xz=c — h, and x = 6 + h, respectively. Hence all the 
changes in signs which can occur are represented thus: + :}: — , + = — , 
+ ± — , + T ~, — + -h, — = -f , — ± +, and — T 4-. These taken in 
any way give simply one permanence and one variation. Hence tlure can he no 
change in the number of variations and permanences of the signs of the functions, 
consequent upon the vanishing of any intermediate function, 

5th. We are now to examine what changes, if any, are produced in the num- 
ber of variations and permanences by the vanishing of an extreme function. 
And in the first place we repeat that the last function cannot vanish for any 
value of X, as it does not contain x. We have then to examine only the case in 
which /(a?) vanishes, *. e., when x passes through any root of f(x) = 0. For this 
purpose let us develop f(x + h) by Taylor's Formula, considering h an infinitesi- 
mal. Thus, 

f(x + h) =f{x) +f\x)h +rW-j + r"(x) ^^ + etc. 

Now let r be any root of f{x) = 0, and substitute in this development r for a: ; 
whence 

f(r + h) =/(r) +/'(r)A +/"(r) |' +/"'(r) ^ + etc. 

As r is a root of f{x) = 0, f(r) = ; and as h is an infinitesimal, the terms con- 
taining its higher powers may be dropped {151 f and foot-note). Thus we have 
f(r -h A) = f'(r)h. Hence, as A is -f , we see that /(r -h h), that is the function 
just after x passes a root, has the same sign as /'(?')» *.^. f'(x) when a; is at a 
root. But as /'(a?) does not vanish when aj = r(2d), f\r — h\ f\r), and 
f'{r -h h) have the same signs.* Again, since, by hypothesis, f(x) = has no 
equal roots, i^changes sign when x passes through a root (244), i. e., f(r — 7i) 
and f(r -h h) have different signs. Thus, as f(x) and f'(x) have like signs just 
after x has passed a root, and f(x) changes sign in passing, while f'(x) does not, 
these functions have unlike signs just before x reaches a root,f and what was a 
variation in signs becomes a permanence ; that is, a variation is lost. 

* That is, the first difiSerential coefficient of f(x) does not change sign when x passes throagh 
a root of f(x)=0. 

t Prom this we see that the roots of /'(aj)=0 are intermediate between those of /(a;)=0^ 
since if a, &, and c are roots of /(a:)=0, in the order of their magnitudes, just liefore x reaches • 
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Finally, as we have before shown that as x passes through all values from 

— 00 to -h GO , there can be no change in any of the functions except f(x) which 
will affect the number of variations and permanences in the signs of the func- 
tions, there is only one variation lost when x passes through any root of f(x)=0, 

250 • Cor. 1. — To ascertam the 7iumber of real roots of the equa- 
tion f (x) = 0, we substitute in f (x), f (x), f,(x), U{ii) - - - - f„(x*),* 

— 00 for X, and note the number of variations of signs. Then sub- 
stitute + 00 for X, and note the number of variations. The excess 
of the number of variations in the former case over that in the latter 
indicates the number of real roots of the equatio7i. 

This is a direct consequence of the proposition, since as x increases from — oo , 
there is no change in the number of variations of the signs of the functions ex- 
cept when X passes through a root ; and every time that it does pass through a 
root one variation is lost, and only one. But in passing from — oo to + oo , x 
passes through all real values. Hence the excess of the number of variations 
for a? = — 00 over the number for x= + co is equal to the total number of 
real roots. 

260. Cor. 2. — To ascertain how many real roots of f (x) = lie 
between any tioo numbers as a and b, substitute the less of the two 
numbers in f(x), f (x), fi(x), f2(x), etc, and note the number of vari- 
ations of signs. Then substitute the greater and note the number of 
variations. The excess of the number of variations in the fonn^ 
case over that in the kUter iiidicates the number of real roots between 
the numbers a and b. 

This appears from the proposition in the same manner as CoR. 1. 

261. ScH. — Since the total number of roots of an equation corresponds 
to the degree of the equation (234), if we ascertain as above the number of 
real roots in any given equation, the number of imaginary roots is known by 
implication. 

262. Proh. — To compute the numerical values of f (x), f '(x), 
fi(x), f9(x), etc,y i.e., of any function of x for any particular value 
of X, when the function is of the form Ax" + Bx**"* -f Cx""' 
+ Dx°-3 . . - . p. 

Solution. — Of course this can be done by merely substituting the proposed 
value of X in the function. But there is a more elegant and expeditious way, 
which we proceed to exhibit. 

root a, fix) and f'(,x) have diflferent signe, and just iifter^ they have like signs. But just before 
X reaches 6, /(a?) and /'(«) have unlike signs, and as fix) cannot have changed sign, the sign 
of fix) mast have changed ; i. «., x must have passed through a root of /'(a;)=0, in passing 
from a to 6. In like manner it may be shown that a root of fix) lies between each two con- 
secntive roots of /(aj)=0. This makes /'(aj)=0 have one root less than /(a;)=0, as it should. 

♦ By this notetlon is meant the nth or last of the Sturmian functions, in which x does not 
appear; or, what is the same thing, that in which the exponent of x is 0. 
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Tliii8,let it be required to evaluate -4»* + &*-f Cfe'-f />!»*+ JSu-fi?' for 
z = a. Multiply A by a and add the product to B. Multiply this gum bj a 
and add the product to C. Multiply this sum by a and add the product to B. 
Continue this operation till all the coefficients have been involved and the abso- 
lute term added. The last sum is the value of the function when a is substi- 
tuted for X, as will appear from considering the following : 



a 

Aa-hB 
a 




Aa* 


-hBa-ho 
a 




Aa* 


-\- Ba* -\- Ca -h B 
a 


Aa* 


+ Ba^ + Ca* 


-\-Ba-hB 



Aa" + Ba* + Ca* ^ Ba* + Ea + K 
This is evidently the value of the function when a is substituted for x. 

N. B. — 1. If the function is not complete, t. «., if it lacks any of the succes- 
sive powers of «, care must be taken to supply the lacking coefficients with 0*8. 
Thus the coefficients of a;* — 2a;* -h 5 are to be considered as 1, 0, — 2, 0, and 
5 (which may be called the coefficient of x^). 

2. When the numbers involved are small the operation can be performed 
mentally. 

Ex. 1. Evaluate 257a:» — ^Vta? 4- 1553a; - 5247865 for x = 342. 

OPERATION. 
257 

842 

614 
1028 
771 
87894 
- 312 
87582 
842 
175164 
850328 
262746 
29953044 
1553 
29954597 

3^ 

59909194 
119818388 
89863791 



10244472174 
- 5247865 



10239224309 The value required. 
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Ex.- 2. Evaluate a^ — Sa:* -»- 6a; — 20 for a; = 2, performing the 
operation mentally. 

Examples of the Use op Sturm's Method. 

1. Find the number and situation of the real roots of a:* — 4a^ 
— 6aj + 8 = 0. 

8uG's. — If the Btadent has attended carefully to what precedes, he will have 
po difficulty in determining that 

. /'(«) = 8aj«-8aj-6; 
/,(«?) = 17a5- 12; 
and /,(a;°) = 1467. 

Now, for a? = - 00 , we have /(a?) — , f\x) +, /,(«) — , and /t(«®) +; »*. «.,the 
signs of the functions are — -h h. There are therefore three variations. 

Again, when a? = + oo , the signs are + -h 4- +, giving no variations. Hence 
the number of real joots is 3 -- = 3 ; i,e., they are aU real. 

To find the Mtuaium of these roots we observe that i(x x = 0, the signs of the 

functions are h \-, giving two variations, or one less than ^ ou gives. 

Hence there is one root between — oo and ; i. e,, one negative root. The other 
two must of course be positive. We will first seek the situation of this negative 
root. ^Yalu&iehj(262). 

For ss = 0, the signs of the functions are H +. 

" jB = - 1, - " " '* '*+ + -+. 

" « = - 2, " " " " " _ + - + * 

Hence, as one variation is lost when x passes from — 2 to — 1, there is one root 
between — 1 and — 2 ; i. e., the negative root is — 1 and a fraction. 

In like manner seeking the situation of the positive roots, evaluating the 
functions by (262), we have 

For aj = 0, the signs H h, 2 variations. 



a; = l. 


€t 


tt 


-•- + +, 


1 


a; = 2. 


it 


*t 


+ +, 


1 


a? = 8, 


tt 


tt 


+ +, 


1 


« = 4, 


U 


tt 


- + + -h. 


1 


a? = 5. 


tt 


tt 


4- + -h +, 






^ The evalaation of these functions is most eleganUy and ezpeditionsly effected by (^92). 
Thus for x= -2 we have 

1 _4 -6 +8 1^ 8 - 8 -« I -« 

-2 12 -12 - « 28 

-6 6 - 4=/(a?) -14 22=/'(a?) 

When the valae of x for which we are eyalnatin? is small, and the coeffldentt also small, this 
process can be carried on mentally without writing, and shoold be so done. 
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Therefore, as one variatioii in lost when x passes from to 1, there is one root 
between and 1, t. «., an incommensurable decimal. Again, one variation is lost 
when X passes from 4 to 5 ; hence the other root lies between 4 and 5, or is 4 
and an incommensurable decimal. 

263. ScH. 2. — It is usually unnecessary to find /.(a;") (the last of the 
Stunnian functions), since its sign, which is all that is important, can be 
determined by inspection from the next to the last function and the pre- 
ceding divisor. Thus, if we were to divide ac'-i- 22a; — 102 by 122* — 393, 
first multiplying the former by 122, it would be clear that the remainder 
would be — , without going through the operation. Hence /»(aj°) would 
be -h. 

2 to 7. Find the number and situation of the. real roots of the 
following : 

(2.) ic» + 6a:* + 10a; - 1 = 0; (5.) a:» - 2a:* + a;* - 8a; + 6 = 0; 
(3.) a;» — 6a;* + 8a; + 40 = 0; (6.) a;* — 4a;' + 3;* + 6a; + 2 = 0; 
(4.) a;* - 4a;» - 3a; + 23 = 0; (7.) a;* + 2a;» + 17a;* - 20a; + 100 = 0. 

264, ScH. 8. — In case the equation has eqtud roots, we shall detect them 
in the process of producing the Stunnian functions, since in such a case the 
division will become exact at some stage of the process, and the last Stur- 
mian function will be 0. Having thus discovered that the equation has 
equal roots, we might divide out the factors containing them, and then ope- 
rate on the depressed equation as above for the unequal roots. But it is 
not necessary to depress the degree of the equation, since the several Stur- 
mian functions will have the same variations of signs in either case for any 
particular value of w. This arises from the fact that the common divisor of 
f{x) and f\x\ which contains the equal roots, is a factor of each of the 
Stunnian functions, and hence its presence or absence will not affect their 
signs for any particular value of x if the common factor is -h for this value, 
and will change the signs of aU U it ia — ; but in either case the variations 
of signs will not be affected. 

8. Find the number and situation of the uneqtuil real roots of 
a;" — 6a:* + 7a;* -h 22a:' — 60a: + 40 = 0, without depressing the equa- 
tion. 

Bug's. — Forming the required functions, we have 

f(x) = a;» - 6aj* + 7x^ + 22x* - 603? + 40; 
f'(x) = 5x* - 24x^ + 21a;« + 44c - 60 ; 
fi{x) = 37aj» - 228a;* + 468aj - 820; 
/,(a;) = aj«-4B + 4; 

/3W = 0. 

Now ft{x) is a factor of /(a?), /'(«), and /i(aj), and removing it from aU, we 
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shall have the foUowmg functions, which may be used instead of the Stnmiian 
functions derived from the depressed equation : 

f{x) = flj"* — 3a;* — 5a; + 10 ; 

/'(a;) = 5a;«-4a;-15; 

/,(a;) = 37a;-80; 

Hence, since the signs of these two sets of functions evaluated for any particular 
value of X will be the same, either set may be used at pleasure. 

Thus either set gives 

For a;= -00, - -\ h; 

and for a; = H- 00 , -|- 4. -|- + . 

Therefore there are two unequal real roots of f(x) = ; and from the existence 
of the factor (x —2)* in /(a?) and /'(a;), we know that there are three equal roots, 
each 2. 

The situation of the unequal soots can now be found as before. 

9 to 12. Find the number and situation of the real roots of the 
following : 

(9.) ar^ - 7a:* + 13a;» + lla;^ - ^Qx + 72 = 0; 

(10.) x^ - 18a:» - 28a:* + 24a: + 48 = 0; 

(11.) a:* - 43;* + a:* + 20a: + 13 = 0; 

(12.) a:* - 10a:» + 6a: + 1 = 0. 

265* ScH. 4. — Elegant as the method of Sturm is, and perfectly as it 
accomplishes its object, the labor of producing the functions required and 
evaluating them, especially when the roots are large and widely separated, 
is so great as to deter us from its use when less laborious methods will serve 
the purpose. In a great majority of practicdl eases in which there are no equal 
roots, the principle that f (x) changes sign when x passes through a root of f (x) = 
will enable v^ to determine the situation of the roots with far less labor than Sturm's 
Theorem, Often a simple inspection of the equation will determine the near 
value of a root. Methods are usually given for ascertaining the limits (as 
they are improperly called) of the roots of an equation^ from the coefficients. 
But these are of little practical value.* 

* For example, the two following, which are moet frequently given : 

1. In any equation the greatest negative coefficient •vVh U* Hffn changed and increased by unity 
is a 8UPBR10B LIMIT <if the roots. 

2. In any equation unity added to thai root of (he greatest negative coefficient udth its sign 
changed, whose index is equal to the difference of the exponents qf the first term, and the first nega- 
tive term is a bufebior limit. 

Now conBider the equation x^ + a^a -500=0. By the first rule the Buperior limit of a root is 
SOI, and by the second •n/600+ 1, or 38 + . Now the fact is, the greatest root is 7.6 + . Again, by 
1, the superior limit of the roots of jc» -dal^-4Sx-'t2s=0 is 78 ; and by 8 it is the same. But the 
greatest root is 9. 
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13. Find by inspection, and also by Sturm's method, the situation 
of the roots of the equation «" + ic* — 500 = 0. 

Sno*8. — Let the student apply Storm's method. The foUowing is a solntion 
by inspection : 

Since x = 4^500 — »•, there is a + root less than V500, or less than 8. Now, 
trying 7, W8 hare 



Trying 8, 



+1 

7 
8 




56 

56 


-500 |7 
892 

-108, i.e„ f(x) is-. 


+1 
8 




72 


-500 |8 
576 


9 


72 


76, i «., fix) is +. 



There is therefore a root between 7 and 8. 



Also from the relation x = 4^500— a?*, or from the operations above, we see 
that there is no other positive root ; since f{x) evaluated for any positive quan- 
tity less than 7 would certainly be — , and for anything greater than 8^ +, 



Finally, that there can be no negative root is evident, since V600— a>* cannot 
be negative until x* > 500, but then V'SOO— «* < V—x*, and y—x* is always 

a 

< X. Hence for x negative we can never have x = V500 — a?*. Therefore 
our equation has one real and two imaginary roots. 

NoTK. — ^1^ advantage of this method of inspection over Sturm's method, in 
this case, will not be fully seen unless the student observes that all this can be 
done mentally, without writing a single figure. 

14 Find by inspection, and also by Sturm'5 method, the number 
and situation of the real roots of a;* + a;* + a; — 100 = 0. 

Sug's. — A mere glance should show that there can be but one positive root, 
and that that is less than 5. In like manner writing sc' — a?* + « + 100 = 0, or 
x'* + X + 100 = a;', we see that no positive value of x can satisfy the equation ; 
for when x is less thai> 1, of course the first member is greater than the second, 
and when x is greater than 1, x^ itself is greater than x*, 

15. Find, by inspecting the changes of sign of /{x) for varying 
values of x, the situation of the roots of ^ — 3a; — 1 = 0, and also 
by Sturm's method. 

16. Find by inq)ection the Bituation of the roots of a^ — 22* 
- 24 = 0. 

Sug's.— Writing x(x* — 22) = 24, we see that any positive value of x which 
satisfies this must make x* > 22, that is, must be greater than 4 But 5 makes 
x(x^ — 22) = 15, and 6 makes it 84. Moreover, it is evident that no number 
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greaAet ihsao. 6 will wtiafj the equation. Seeking for negative roota, we write 
«'— 22a? + 24 = 0; and then a<a;« - 22) = - 24. To satisfy this, «« must be less 
than 22, or « < 5. For a? = 0, /(x) is +; for aj = 1, f{x) is +; for x = 2, f{x) 
is — . Hence a root of the given equation between — 1 and — 2. Finally, for 
« = 3, /(a?) is — ; but for « = 4. /(«) = 0. Hence a root of the given equation 
is -4. 

17, D^tenmne the sifcufttion of the roots of ^— iOa;»+ 6a; + 1 = 0, 
by examining the changes of sign of f(x). 

SuG'B.— For a? = 0, f(x) is +; for a? = 1, f(x) is -; for a; = 2, f{x) is -; for 
^ = 3, /(a?) is — ; for aj = 4, f(x) is +; and will evidently remain +, as x ad- 
vances beyond 4 This is seen from the f oUowing : 

1 -10 +6 +1 I 4 
4 16 24 +96 408 

"4 ~6 24 "1^ m 

Now any positive number greater than 4 would destroy the —10 in this pro- 
cess, and give the sum at that point greater than 6, and hence the aggregate 
would rapidly increase. Thus notice, when 8 is substituted, we have 

1 -10 +6 +1 |_8^ 

8 9 _3 _9 .9 

8 ~1 113^^ 

Now 8 is not large enough to destroy the —10 ; but every number larger than 
4 will destroy it. 

To examine for negative roots we write aj'- 10a;' + 6a; — 1 = 0. In this, ior 
a; = 0, /(a;)is -; for a;=l, /(a;) is -; for a; = 2, /(a;) is -; for a; = 8, /(a;) is 
— ; but for a; = 4, and all numbers greater than 4, /(a;) is +. 

We have now found that there are certainly three roots between — 4 and 
+ 4, and none beyond these limits either way. But it is iwt safe to conclude that 
the other two roots a/re imaginwry. The fact is, they a/re not. How, then, are we 
to find them ? Sturm's method is thought to possess particular advantage in 
saving us from such erroneous conclusions, and enabling us to find the situation 
of aU the reai roots with infallible certainty. And certainly it does do this ; but 
let us see if we cannot do it, in this instance at least, as readily without that 
method. It will be observed that we know only that — 8 is the initial figure 
of one root, and + 8 of another. The initial digit of the root between 
and + 1 we have not found. Let us seek it For a; = 0, /(a;) is + ; and 
by trying a; = .1, a; = .2, we should at once see that /(a;) changes very slowly, 
and as when « = 1, f(x) is only — 2, we should be led to try numbers nea/r 1. 
Trying x =.8, we would find that f(x) is +, and for x =.9, /(a;) is — . Hence .8 
is the Initial figure of the root lying between and + 1. 

We now know the initial figures of three of the roots. But where are the 
other two roots ? If they are real we know that they lie between — 4 and + 4, 
as we have seen above that no root can lie beyond these limits. Moreover, as 
the function changes value rapidly beyond \, and slowly between — 1 and 1, it 
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would naturally be suggested that there may be two changes of sign between 
and -h 1, or and — 1. Evaluating f(x) = a;» — 10a;=» -h to + 1 for .1, .2, .3, etc.. 
we soon see that U will not change sign for values of x between and + 1. 
Evaluating f(x) = x^ — lOaj* + Ou - 1 for .1, .2, .8, etc., we find that the other 
roots are between and — 1, and that their initial digits are —.1 and —.6. 

18 to 23. Find by inspection, by the change in sign of f(x), or by 
Sturm's method, the number and situation of the real roots of the 
following : 

(18.) ic»-3a:*-4a: + ll = 0; 

(19.) ic»-2a;-6 = 0; 

(20.) a^-4a;»-3a; + 23 = 0; 

(21.) a;» + llic* - 102a; + 181 = ; 

(22.) of" -.17a:* + 54a; = 350 ; 

(23.) a;» + 2a;* + 3a; - 13089030 = 0.* 

^66. 8cH. 5. — If we have an equation in which, when cleared of frac- 
tions, the coefiScient of the highest power of a; is not unity, it may be trans- 
formed by (228) into one having such coefficient. But this is not necessary 
in order to the application of Sturm's method^ as it is not required hy anything in 
the demonstration of that theorem that the coefficients should be integral, 

24 to 31., Find by Sturm's method the number and situation of 
the real roots of the following : 

(24.) 2a;»+ 3a;»- 4a; - 10 = ; (28.) 3a;*- 4a;«+ 2a; - 1000 = 0; 

(25.) a?- 18^a; + 29^1^^ = ; f (29.) W- 83a; + 187 = ; 
(26.) 8a;»- 36a;* -h 46a; - 15 = ; (30.) a?- 1\^- l|a; = 440; 
(27.) 4a;»-. 12a;»+ 11a; - 3 =; ; (31.) a;*- |a;«- \x = 312. 



Horneb's Method of Solution.J 

267* Homer's method of solving numerical equations is a method 
of finding the incommensurable roots of such equations to any re- 

* Observe that neglecting the terms 2a;^ + Sa;, which, since x is lai^e, are small as compared 
with X*, we have x*= 13089080, or x lies between 900 and 900 probably. 

t Clear of fractions first. 

X Among the many methods discovered, and doubtless to be discovered, for this purpose, it 
is scarcely possible that Homer's should be superseded, since the solution of such an equation 
will certainly require the extraction of a root corresponding to the degree of the equation ; and 
the labor required by Homer's method is not greater than that required to extract this root. 
Nor is this merely a method of approximation, except as any method for incommeMurable roots 
is necessarily a method of approximation. If the root can be expressed exactly in the decimal 
notation, or by means of a repeating? decimal, this process eflects it. The method was flrft 
published by W. G. Homer, Esq., of Bath, England, in 1819, about fifteen years before Sturm'i 
Theorem was published. 
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quired degree of approximate aconracy. It is based upon the two 
following problems and proposition : 

268. Prob. — To transform an equation^ as f (x) = 0, into another 
whose roots shall he a less than those of the given equation. 

Solution. — Let x=a-i-Xi, whence flj,=aj— a, and we have f{x)=f{a-k-x i)=0, 
or 0=/(a4-aJi). Developing the latter by Taylor's Formula* we have 

0=/(a + aj,) = /(a) + /'(«>»i+/"(a)y -h /"'(«)^ + /"^WjJ + etc., or 

{g* Xi aji* 

=/(a) +/'(a)aJi +/"(«) -^ +/'"(») 13 + /'^(«) jf » etc., as the required equa- 
tion. 

2690 ScH. — ^The meaning of this may be stated thus : The absolute term 
of the transformed equation is the value of /(«) when a is substituted for 
a?; the coefficient of the first power of the unknown quantity, a?,, in the 
new equation is the first difierential coefficient of f(x), when a is substituted for 
w in this coefficient ; the coefficient of the second power oixi\a ^ the second dif- 
ferential coefficient of f(x\ when a is substituted for x ; etc. 

Ex. — ^From 6a^ — 12a:* -^3a^ + ix + 6 = deduce a new equation 
whose roots shall be each less by 2 than the roots of this. 

SOLUTION. 

f{x) = &»* - 12a* + 3aj« + 4flj + 5 =9 =/(a). 

a;=a=8« 

f\x) = 20aj» - 86aj« + 6aj + 4 =82 =/'(«). 

x=% 

f'\x) = eOB* - 72aj + 6 =102 =/"a. .-. t/"(«) = 61. 
aj=8 

f"\x) = 12(te - 72 =168 =/'"(«). .-. ii r"(a) = 2a 

f^{x) = 120 = 120 =/'n«). .-. fi/'^W = 6. 

x=% ^" 

Hence = 9 H-32a?, -h 51aJi«H- 28a;,'»+5a?,*, or 6a;i*+ 28a;,'+51a;i«+32a;i+9 = 0, 
is an equation whose roots are 2 less than the roots of the given equation, 
since a?i = a; — 2. 

270. Prob. — To compute the numerical values of f (a), f '(a)> 
if "(a), -^^"\^)y ii7f"'(a), etc., from f(x), when f(x) Aa« ^Ae /orm 
Ax»+ Bx»-' + Cx"-*4- Dx"-» P. 

Solution.— Let f(x) = Ax^-Jf Bx^-k- Cx*+Dx + E\ whence, forming f\x\ 
f'\x\ f"'(x), and /*^(a;), and substituting a for a;, we have 

* The meaning of this notation i» that x is made equal to 3 in the function, whence reralts 
the following value. 
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f(a) = Aa^ + ^ai-f Ca* -k- Da -k- S\ 
f'{a) = 4ila» + ZBa* + 2Cii + i> ; 
t/"(a) = 6^a« + 85a + C\ 
,4/"'(a) = 4ila + 5; 
~i/«-(a) = A, 



Now, we ma7 oompu^ tbeae a^ f ollowa : 



+ 
+ 

M 

+ 

+ 



arq 



+ 



<§ 



+ + 



t 

II 

+ 
+ 



<§ 


O 




^ 




+ 


+ 




+ 






e 


e 


« 


CS 


^ 


05 


Kl 


Oq 

O) 


Kl 




+ 


+ 


+ 


+ 




M 


w 


M 


M 




« 


e 


« 


Q 




^ 


^ 


^ 


^ 






CQ 


CO 


CO 



ftl 



3 

IJ 

+ 

i 

+ 

M 

CO 

+ 




V S -3 
^ «5 S 

-%1 






r-3 

g p. § I CO 

® 4* Ph •^^ « 

Pill 



5 



1 



I 



H 

5 
tl 






g CO -g * -s 

Hi 



'II 



}Z5 S 



Examples. 

1. Transfdrm 3a^— 4a;' + 7a^ + 8a;— 12=0 into another equation 
each of whose roots shall be 3 less than the roots of this. 

Solution. — Arranging the coefficients and proceeding as in the above Bolu 
tion, we ha e the following : 
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OPERATION. 




s 


-4 


+7 


+8 


-12 1 3 




_9 


J15 


66 


222 




5 


22 


74 


210=/<3) 




J9 


4^ 


192 






14 


64 


266: 


= /'(8) 




9 


69 







23 133 = i/"(8) 

32 = ii/"'(3). 
Hence the transformed equation is 

3«/ +32aj,» + 133a;,« +266aj, +210 = 0. 

2. Transform 3a^ — 13a:* + 7a:* — 8a: — 9 = into another equation 
whose roots shall be less by 3 than the roots of this. 

The new equation is 3a:* 4- 23a:* + 52a:' 4- 7a: -78=0.* 

3. Transform a:* + 2a:* — Ba:* — 10a: + 8 = into another equation 
whose roots shall be 2 less than the roots of this. 



* 


PROCESS. 






1 


+2 


-6 


-10 


+8 1 2 


2 


4 


12 


12 


4 


2 


6 


6 


2 


12 


2_ 


_8 


28 


_68 




4 


14 


34 


70 




2 


12 


_52 






6 


26 


86 






2 


J6 








8 


42 








^ 










10 










.-. The equation is aj* + 10a;* 


+ 42aj»+86««+70aj+12=0. 




4. Transform a^ - 6a^ + 7.4a;* + 7.92a:* - 


- 17.872a:- 


-.79232 = into 


another equation whose roots shall be each less by 1.2 than the roots 


of this. 











5. Transform a:*— 2a?+3a?+4=0 into another equation whose roots 
shall be 1.7 less than the roots of this. 

6. Transform a:*+lla:*— 102a: +181=0 into another ^nation whose 
roots shall be 3 less than the roots of this equation : transform the 

* For conTenience in leading and writing, it is cuetomary to omit tlie flubscripts which dis- 
tinguish the nnlcnown quantity in the transformed equation from that in the given equation. 
Bot it should be borne in mind that the unknewn qamtiaeB ore different 
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resulting equation into another whose roots shall be .2 less than the 
roots of the last : transform this equation into another whose roots 
shall be .01 less than those of the last : transform this into another 
whose roots shall be .003 less than its roots. 

OPERATION. 

1 +11 -102 +181 [3 

_8 _^ -180 

14 -60 !♦ |_^ 

_8 Jl -.992 

17 -9» .0081 1^ 

3 4.04 - .006789 

20» -4.96 .001261t | .003 

2 4.08 -.001217403 

20.2 -.88t .000043597§ 

.2 .2061 

20.4 -.6739 



.2 



EXPLANATION. 



20.6t -.4677t 

.01 .061899 



20.633 
.003 



♦ These, together with the first, 
are the coefficients of the equation 
whose roots are 3 less than those 

20.61 —.405801 of the given equation. Theequa- 
•Q^ '061908 tion written out is aj^ + 20aj» — 9aj 

20.62 -.343893§ +1=0.(^1). But, instead of re- 
.01 writing these coefficients for the 

20.63t second transformation, we operate upon them just as 
.003 *^®y stand. 

f These, together with the first, are the coefficients 
of the equation whose roots are .2 less than those of 
{A), and consequently 3.2 less than those of the given 
20.636 equation. This equation written out is aj* + 20.6aj*— 
003 .88a: + .008=0. (B), But instead of rewriting these co- 
20.639§ efficients we effect the next transformation upon them 
just as they stand. 
J These, together with the first (which remains the same in all), are the co- 
efficients of the equation whose roots are .01 less than the roots of {B), .21 less 
than the roots of (A), and 3.21 less than the roots of the given equation. This 
equation is aj^ +20.63a!« -.4677aj+ .001261=0. (C). 

§ These are the coefficients of the equation whose roots are .003 less than 
those of (O, .013 less than those of (5), .213 less than those of {A), and 3.213 
less than those of the given equation. The last transformed equation is 
x^ + 20.639aj« - .343893a; + .000043697=0. 

7. Transform, as above, the equation a.^— 12aj* + 12a;— 3=0, suc- 
cessively, into equations whose roots shall be 2 less, 2.8 less, and 2.85 
less than the roots of the given equation. 
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OPERATION. 





_2 

2 
_2 

4 

2 


-12 

4 

-8 

8 



12 


+ 12 

-16 

-4 



-4» 
15.232 


-3 1 2.85 
-8 
-11* 
8.9856 

-2.0144t 
1.71940625 


6 
2 


12* 
7.04 


11.232 
21.376 


-.29499375t 


8» 
.8 


19.04 
7.68 


32.608t 
1.780126 




8.8 
.8 


26.72 

8.32 


34.888125 
1.808375 




9.6 

.8 


86.04t 
.5625 


36.196500t 




10.4 
.8 


35J6025 
.5650 






11.2t 
.05 

11.25 
.05 


36.1675 
.5675 
36.7350t 







11.30 
.05 

11.85 
.05 
11.40t 
Hence the successive equations are. 

The Primitive, a;* -12a;« + 12a? -3=0 ; (-4). 

One whose roots are 2 less than those of {A), 

aj* + 8aj^ + 12aj^-4a?-ll=0; {B), 

One whose roots are .8 less than those of {B), or 2.8 than those of (A), 

aj* + 11.2»3+36.04B« + 32.608aj-2.0144=0; (C7). 
One whose roots are .05 less than those of ((7), .85 less than those of {B), or 
2.85 less than those of {A), 

a;* + 11.4i;» + 36.735a;« + 36.1965aj- .29499375=0. 

8. Transform, as above, the equation tc*— 7a; + 7=0, successively, 
into equations whose roots shall be 1 less, 1.3 less, 1.35 less, and 1.356 
less than the roots of the given equation. 

271. Prop. — If a-\-Xi is a root off{x)=0, andxi is sufficiently 
smaU loith reference to a, Xi=^ — '^f^L approximately. 
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Dem.— If a + 0?! is a pool of / (a?) =0, /(a + •{ ) =0. Developing this by Taylor's 
Fonnala, we have 

/(a+aJ|)=/(a)+/'(a)aj, +/"(a)^ + /"'(a)^+ etc.=0. 

Now, to determine Xi approximately » wliich is all the proposition proposes, when 
27, is quite small with reference to a, all the terms in the development involving 
higher powers of oh than the first may be neglected ; whence we hf^ve f{a) + 

Ex. — Knowing that 4.+ some decimal fraction which we will call 
Xi is a root of a:'-fa:* + a?— 100=0, required the approximate value of 
the decimal fraction x^. 

Solution. — Finding /(a), i. «., in this case/ (4)* i|^ the ordinary way, we have 

1 



+1 


+ 1 




-100 1 4 


4 


20 




84 


5 


21 




-16 =/(«), or/(4)» 


4 


36 






9" 


57 = 


=/'(«), 


or/'(4)» 


4 








13 









Hence — t^-^ = ==- =.28 + is approximately the decimal part of the root. 

/ {a) 07 

In fact, 2 M the tenths figure of the decimal part of the root, the root being 

(as we shall find hereafter) 4.2644+ . 

We thus have «,•+ 18a;i*+ 57aj, -16=0, an equation whose roots are 4 less 

than the roots of the given equation. We will now transform this into another 

equation whose roots shall be .2 less than the roots of this equation, or 4^ less 

than the roots of the gioen equation. Thus 



1 


+ 57 


-16 1 .2 


.2 


2.64 


11.928 


12 


59.64 


-4072 =/<4.2)t 


.2 


2.68 




U 


62.82 =/'(4.2)t 





13.6 
and the transformed equation is 

«,• + 13.6a;,« + 62.82a?, -4.072=0, 

* This notation meanB, the value of/ (a;) when 4 is substituted for x therein. 

t That these are the values of /(a?) (the first member of the given eqnation) aiid/'(ar), when 
4.3 is substituted for x, will lie evident if it is considered that they are the ^ame results as 
would have been obtained by transforming the given eqoation immediately (by one pcooMs) 
into another whose roots are 4.2 less. 
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-vrhicli is aa equation whoee roots are 42 less than those of the giren eqoation, 

—4072 
Hence by the proposition «, = — '^ =.065 approximately. In fact, it will 

be seen that 6 is the hundredths figure of the root. 

Writing both portions of the above work together, it stands thus : 



+1 


+ 1 


-100 


Ij 


u 


4 

5 
4 • 


20 

21 
86 


84 

-16» 
11.928 


# . 


-16=/(a).or/(4) 


9 

4 


67» 
2.64 


-4.072+ 


» ' 


, 87=/'(a).or/-(4) 


13* 
.2 


59.64 
2.68 






. -4.078=/(4a) 


13.2 
13.4 


62.32t 


. «8.88=/'(45) 


.2 

13.6t 











Horner's Eule. 

272. BULK — ^1. Put the equatioic ik the toem 
Aar + 5af-" + C'af-' - - - - ilfa; + i=0, 

IK WHICH the coefficients Ay By G i, IF NOT INTBGRAL, 

abe expressed exactly in decimal fractions. 

2. Find the number and situation of the positive real 
ROOTS BY Sturm's Theorem, determining one or more (usually 
two) of the initial figures. (See Sen. 1.) 

3. Writb the coefficients in order with their psopek 
signs, being careful to supply with O's the places of co- 
efficients OF MISSING TERMS, IF THE EQUATION IS NOT COMPLETE. 

Taking the initial figures of one of these roots as thus 

FOUND, OPERATE ON THESE COEFFICIENTS SO AS TO OBTAIN THE CO- 
efficients of the transformed equation whose roots shall 
be less by the portion of this root already found. 

4 Having found these coefficients, if the coefficient of 

THE first power OF THE UNKNOWN QUANTITY IN THIS TBANS- 
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FORMED EQUATION AND THE ABSOLUTE TERM, f'{a) AND /(«), HAVE 
UNLIKE SIGNS, DIVIDE THE LATTER BY THE FORMER, AND THE FIRST 
FIGURE OF THIS QUOTIENT WILL BE (APPROXIMATELY) THE NEXT 
FIGURE OF THE ROOT. (See SCH. 2.) If THESE FUNCTIONS HAVE 
LIKE SIGNS, MORB FIGURES OF THE ROOT MUST BE FOUND BY StURM'S 

Theorem or by trial, before proceedlng to apply this pro- 
cess OF TRANSFORMATION. 

5. Having pound a figure of the root by dividing f{a) by 
/'(a), annex it to the root and operate on t^e coefficients 
of the last (transformed) equation as they stand, to pro- 
duce the coefficients of the next transformed equation, i. cy 
the one whose roots shall be less than those of the last, 
by the last figure of the root, and less than those of the 
given equation by the entire portion of the root now found. 
Having found these coefficients, divide the absolute term 
by the coefficient of the first power of the unknown 
quantity, if their signs are unlike, and the first figure 
of this quotient will be (approximately) the next figure 

OF THE ROOT. If THESE SIGNS ARE ALIKE, THE LAST ASSUMED 
FIGURE OF THE ROOT IS TOO LARGE AND MUST BE DIMINISHED. 

(See ScH. 3.) 

6. Proceed in this manner until the root is obtained; 
or, if the root is incommensurable, until as many figures 
of the decimal fraction are obtained as are desired. (see 

SCH. 4.) 

7. In LIKE MANNER ALL THE POSITIVE REAL ROOTS, OR THEIR AP- 
PROXIMATE VALUES, MAY BE FOUND. To OBTAIN THE NEGATIVE 
ROOTS, CHANGE THE SIGNS OF ALL THE TERMS CONTAINING ODD POW- 
ERS OF THE UNKNOWN QUANTITY, OR ALL OF THOSE CONTAINING THE 
EVEN POWERS ; OR, IF THE EQUATION IS COMPLETE, EACH ALTERNATE 
SIGN, AND PROCEED TO FIND THE POSITIVE ROOTS OF THIS EQUATION 
AS BEFORE. ThE VALUES THUS FOUND WILL BE THE NUMERICAL 
VALUES OF THE NEGATIVE ROOTS (246). 

This rule is based upon previously demonstrated principles, and needs no 
special demonstration. 

273. ScH. 1.— By means of {244:, 24&) we can usually find the initial 
figure or figures of the roots with less labor than by Sturm- ; Theorem. 
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274:. ScH. 2.— Since by (271) afj = - -^|, if both /(a) and /'(a) have 

the same sign at any time, this quotient will be — , and hence the value 
thus found for a?, will not be the amount to be added (annexed) to the por- 
tion of the root already found, for the assumption is that this portion is less 
than the root of the equation which we are seeking. 

275. ScH. 3. — That the figure of the root found by dividing /(a) by /'(a) 
is liable jto be too large is readily seen when we consider that instead of 
/'(a)a?i= — /(a) (in Dem. of 271), we should have, if no terms were 
omitted, 

r(a)x, + if"(a)Xi^ + if"'{a)Xi * + etc.= -/(a). 

Now a value of a?, which satisfies the former may evidently be quite too 
large to satisfy the latter. Thus consider aj' + lOtc* +5ir— 2600=0. Neglect- 
ing x^ and lOaj*, we have 5a;=2600, or a?=520. But this will by no means 
satisfy the equation when x'^ and lOa?* are not neglected. 

Again, the figure found by dividing /(a) by /'(a) may be too small. Thus, 
if we have a?*— 12aj* + 12a;— 3=0, and neglect a?*, and —12a;*, we have 12a;— 3 
=0, or a;=i. But this is too small a value to satisfy the equation, since for 
x=\, —12a;* will be numerically much larger than a;*, and hence retaining 
these terms will diminish the function, thus making i too small to satisfy 
the equation. 

276. ScH. 4. — ^From Sch. 2 it appears that f(a) cannot change sign in 
the process unless /'(a) also changes sign. But when f{a) changes sign, we 
know by (244) that we have passed a root of the equation ; if, however, f'(a) 
also changes at the same time, our work may still be right. In such a case 
there are two roots having their initial figure or figures alike, e. ^., one may 
be 23.56 + , and the other, 23.59 + . To obtain the less of the two roots, take 
the largest figure which will not cause either f(a) or f'(a) to change sign; 
and for the larger of the two roots take the smallest figure which will cause 
both f(a) and f'(a) to change sign. 

[Note. — These scholiums, as also the rule, will be better understood in con- 
nection with their applications in the following examples. But in review, after 
the solution of the examples, they should be carefully learned.] 



Examples. 

1. Required the roots of a:*-- 4a;'— 6a; + 8=0. 

Solution. — ^By Sturm's method we find that there are 3 real roots, one nega- 
tive, and two positive (see Ex. 1, page 223), and also that the negative root is 
—1. and an incommensurable decimal, that one positive root is an incommen- 
surable decimal, and that the other positive root is 4. + an incommensurable 
decimal. We will seek the latter first. 



Digitized by VjOOQ IC 



238 ADYANOED 00UB8S IN ALGEBRA. 

OPEBATION. 
1-4 -6 +8 1 4.892+ 



-6 




+ 8 
-24 


-6 
16 


-16.... 
13.632 


10.. 
7.04 


-2.368... 
2.309769 


17.04 
7.68 
24.72.. 
.9441 


-.058231... 
.053275288 

-.004955712 


25.6641 
.9522 




26.6163.. 
.021844 




26.637644 
.021348 




26.658992 





_4 


_4 

4 

4 

8.8 

.8 
9.6 

.8 

10.49 
.09 

10.58 
.09 

10.672 

.002 
10.674 

.002 

10.676 

Rbmabks. — The general features of the process, being the same as heretofore 
given {27 Of Example), need no further explanation than they have already re- 
ceived. Each decimal figure of the root is added the first time in the first 
column simply by annexing it. 

In finding the second figure of the root, we have — -777-r = — -^77- = 1.6. But 

/ W 10 

this cannot be the proper addition, since we know that the root lies hetWB&n 4 
and 5 ; hence this trial fails to give the second figure in the root. (See-;?75,) 
But as we know that this figure cannot be greater than 9, we try 9, and find 
that it makes the absolute term change sign so that f{a) and f'(ci) have the 
same sign, and consequently .9 is too much to add. (See 270 , and also consider 
that f(x) would thus be shown to change sign as x passed from 4 to 4.9, and 
hence that a root lies between 4 and 4.9, 24^ •) We therefore try .8, and find 
that it is the correct addition. We know that .8 is right, since we know that 
as X passes from 4.8 to 4.9, f(x) changes sign. 

In finding the third figure we have for trial —^7^ = — -^r^ = •^- Try- 
ing 9 as the third figure of the root, we find that the absolute term does not 
change sign, and hence we know that 9 is the next figure, %. e., we know that a 
root lies between 4.89 and 4.9. 

The process may be thus continued indefinitely, and as many figures found as 
we may desire. 

277 • N. B. — It will be observed that this process is simply one of substitu- 
tion in f{x) of values for x which come nearer and nearer to making f{x) = 0. 
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Tims Ik tilts example 4, bubstltnted in «• — 4a!* -^ ft» + 8, gives a?' — 4flj* — ftu 
H- 8 = — 16 ; 4.8 substituted for x, gives a;3-4u* — 6aj-|-8 = — 2.868; 489 
grives aj» - 4»« - 6aJH-8= -.058231 ; 4892 gives x^-4x*-Qx-hS= -.004956712. 
Thus we are coming nearer and nearer to the number which substituted for x 
would make x^ — 4c* — 6aj + 8 = 0, or would satisfy the equation. 

3. To FIND THE ROOT WHICH LIES BETWEEN —1 AND —2, we take the equa- 
tion X* + 4c* — 6ir — 8 = (changing the signs of the terms containing the even 
powers of x), and find the root of this equation which lies between 1 and 2 

Ot^RATIOK. 



1 +4 
__1 

5 
_1 

6 
_1 

7.8 

8.6 

.8 



-6 
_5 
-1 

6 

5... 

6.24 


-8 1 

-1 

8.992 


.007249504064 


11.24 
6.88 


-.000750495986 


18.12 

.00376016 




18.12376016 
.00376032 




18.12752048 





1.8004-1- 



9.4004 
.0004 

9.4008 
.0004 

9.4012 

3. To FIND THE ROOT WHICH LIES BETWEEN AND 1. We first find the 

initial figure either by evaluating /(«) successively for .1, .2, .3, etc., and no- 
ticing when it changes sign (244) ; or by Sturm's method. The former is much 
the less laborious, and is to be preferred (26S), In fact, to use Sturm's method 
involves exactly the same work as the former metJiod, with, considerable additional 
work. Moreover, the former method can be applied mentally till the proper 
initial JSgure is determined, and no other writing will need to be involved than 
just what Homer's method requires. No figures will need to be written but 
those in the following 

OPERATION. 



-4. 


-6... 
-2.79 
-8.79 


-t-8.. • • 1 .9082-+ 


.9 
-3.1 


-7.911 

.089 


.9 


-1.98 


-.086242688 


-2.2 


— 10.77-... 


.002757312 


.9 


.010336 




-1.3.. 


-10.780336 




.008 







-1.292 
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It ifl 80 evident thai the last figure is 2, that the opeiatioii for verifying it ia 
onneceaaary. 

2- Find the roots of a:* — 13a^ + 63iB* — 49a:* — 110a; + 150 = 0, 
extending the decimals to the 5th place. 

Bdo. — Apply Storm's method. If there are equal roots, depress the equa- 
tion. 

3 to 5. Find all the real roots of the following, extending the 
decimals to 4 or 5 places : 

(3.) ^ + lOx* + 5a; - 260 = 0; 
(4.) a;»4- 3a;» + 5a; = 178; 
(5.) a;» + 2a;* = 23a; + 70. 

The cubic equations on pages 223, 224, 226, 228, will afford further 
exercise. 

6. Find the roots of the equation aJ* — SOa;* + 1998a;» — 14937a; 
+ 5000 = 0. 

Bug's. — Of course we may always find the number and situation of the real 
roots by Sturm's method. But as the labor of substituting in aXi the functions 
used in this method is frequently great, we avoid it when we can. However, it 
is generally best to free the eqvMion from equal roots, and find the number of 
positive, and the number of negative roots by Sturm* s method. But the situcUion 
of the roots is almost always more readily found by inspection based mainly on 
the change in sign of f{x) (244). We will solve this example in this way. 

1. By Sturm's method we find Ihat our equation has no equal roots, an^i that 
it has 4 positive roots, and no negative root (see 264). 

2. Wb now proceed to find the least root. Observing that for x=0, 
f{x) is -♦-, and for x=l, f{x) is — , we know that at least one real root hes 
between these limits. To find it we have the following (see next page) : 
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FIRST OPERATION. 



1 -i 



-80 
.1 


+1998 
- 7.99 


-14937 
199.001 


+5000 
-1478.7999 


.1 
.2 


-79.9 
.1 


1990.01 
- 7.98 


-14737.999 
198.203 

-14539.796* 
391.636 


8526.2001* 
-2829.6820 


.3 
.02 


-79.8 
.1 


1982.03 

- 7.97 

1974.06* 

- 16.88 

1958.18 

- 15.84 


696.5681.... t 

- 27442385424 

422.14424576t 

- 272.88640240 

149.25784836§ 

- 185.86788711 


.02 
.01 


-79.7 
.1 


-14148.160 
388.468 


.35 


-79.6* 
.2 


-13759.692.. .f 
88.499288 




-79.4 
.2 


1942.34 
- 15.80 


-13721.192712 
38.467784 


13.39000625T 




-79.2 
.2 


1926.54.. t 
- 1.5756 


-13682. 724928t 
88.404808 






-79.0 
.2 


19249644 
- 1.5752 


-13644.320120 
88.373336 






-78.8-t 
.02 


1923.3892 
- 1.5748 


-13605.946784§ 
19.163073 






-78.78 
.02 


1921.8144t 
- 1.5740 


-13586.783711 
19.155211 






-78.76 
.02 


1920.2404 
- 1.5736 


-13567.6285001 






-78.74 
.02 


1918.6668 
- 1.5732 








-78.72t 
.02 


1917.0936§ 
- .7863 








-78.70 
.02 


1916.3073 
.7862 




-78.68 
.02 


1915.5211 
- .7861 








-78.66 
.02 

-78.64§ 
.01 

-78.63 
.01 

-78.62 
.01 

-78.61 
.01 

-78.60 


1914.7350T 
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Remarks. — ^Tliis work U given to show how we may proceed to find the first 
two figures of the root by successive simple approximations. If the student is 
familiar with the principles heretofore developed and applied, he will have no 
difficulty in seeing the reasons for the operations above. We are simply adding^ 
to the value of x substituted in /(«), so as steadily to diminish the absolute 
term, being careful not to add so great an amount to a; as to make this term 
change its sign; and when we can add no more of one order (as of tenths), we 
pass to the next lower order (hundreths) and proceed in the same manner. On 
this process we make two remarks, viz.: 

{€k) B i» not 9ure to mceeed. Thus, if there were two roots between .34 and 
.85, for example, the absolute term would not change sign when we passed from 
.84 to .35, although we would have passed both roots ; and it might occur that 
no root lay beyond .85, in which case our method would be fruitless. But such 
cases are rare. It is in such cases, and in such only, that Sturm's method is 
well-nigh indispensable for finding the situation of roots. 

(&.) In most cases the exa/st figure of any order can be told without such an 
approximation as the above ; or, what is equivalent, without trying a figure, and 
when it is found incorrect, erasing the work and trying another, and so on tUl 
the right figure is found. In this particular case, the first figure in the root being 
a smaU fractionf the higher powers of x might be neglected (and more especially 
as they differ in signs), and — 14937:i; + 5000 = would give the first figure 

in the root at once. Thus x = 77007 ='3 -h. So, in this case, for the second 

figure — -p^ = — _i3759 692 ~'^ "*"' which gives the next figure of the 
root. 

8. To FIND THE NEXT OREATEB ROOT. By substituting 1, we find, as on the 
next page,/(aj) = — 8018 ; and when 1 is added to this, f(x) = —17506. Now it 
is evident that any dight addition, as of 2, 3, or 4, to the value of x, wiU only 
make /(s) increase negatively. This is seen by inspecting the coefficients 1, 
—72, +1542, —7873, —17500. We therefore make a considerably larger addi- 
tion to iv, as 10. From this explanation the student should be able to see the 
significance of the following (see next page :) 
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SECOND OPERATION. 



-80 


+1998 


-14937 


+ 5000 


1 


1 


- 79 


1919 


-18018 


1 


-79 


1919 


-13018 


- 8018 


10 


1 


- 78 


1841 


- 9488 


12.7 


-78 


1841 


-11177 


-17506 




_1 


- 77 


1689 


13470 




-77 


1764 


- 9488 


- 4036.... 




1 


- 75 


1615 


3737.3441 




^76 


1689 


- 7873 


- 298.6569 




1 


- 74 


9220 






-75 


1615 


1347 






1 


- 73 


4020 






-74 


1542 


5367... 






_1 


- 620 


- 27.937 






-73 


922 


5339.063 






_! 


- 620 


- 42.931 






-72 


402 


5296.133 






10 


- 420 








-62 


- 18.. 








JO 


- 21.91 








^52 


- 39.91 








JO 


- 21.42 








W.42 


- 61.33 








JO 


- 20.93 








-32. 


- 82.26 








.7 










-31.3 










.7 










-30.6 










.7 










-29.9 










.7 










-29.2 











As now f(a) and f'{a) have opposite signs, and tlie iremainder of the root is 
quite small as compared with that already found, the approximation can be 

carried on in the ordinary way. Thus we have — '{,) . = gona iqo =*05h-, 

and the next figure of the root is 6. 

4. To FIND THB NEXT GREATER ROOT we resume the coefficients after the 
roots had been diminished by 12. Then adding 1 to the value of x, we find that 
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fbr a; = 18, f(x) = 1283, haying changed sign, as it should. Now as /'(aj), ». ». 
5289, and/(2) are both positive, and the other coefficients, though negative, are 
oomparativelj small, it will take considerable increase in a; to change the sign 
of f(x). We therefore add 10. Now f\x) has changed sign, and by inspecting 
the coefficients, 1, +12, —848, —1821, and 24872, it is evident that x cannot in- 
crease another 10 without changing the sign of f(x). Hence we try 5. For 
a similar reason we add 4 next. 

TUIBD OPERATION. 



-82 


- 18 


1 


- 81 


-81 


- 49 


1 


- 80 


-80 


- 79 


1 


- 29 


-29 


-108* 


1 


-180 


-28» 


-288 


10 


-80 


-18 


-868 


10 


20 


- 8 


-848t 


10 


85 


2 


-263 


10 


110 


12f 


-153 


5 


135 


17 


- 18t 


5 


144 


22 


126 


5 


160 


27 


286 


5 


176 


32t 


462§ 


4 




36 




_4 




40 




4 




44 




4 




48§ 




f(a)_ 


104 


no)" 


-1753" 



+5367 


- 4086 
5318 


13 


- 49 


1 


5318 
- 79 


1282* 
23590 


10 
5 


5239* 


24872t 
-13180 


4 


-2880 


32.+ 


2359 
-3680 


11692t 
-11588 

104§ 




-1821t 
-1815 




-2636 

- 765 






-8401t 
504 






-2897 
1144 







-1753S 



=.05+. But as the coefficients preceding —1763 are 
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all +, they will diminiBh it somewhat in the operation, and hence it is probable 
that .06 is the proper addition to make to the root. The process can now be 
continued to any extent desired. 

5. To FIND THE NEXT GREATEST (in this case the greatest) boot, we have the 
fcdlowing (^>eration, which we leave the student to trace: 

F0T7BTH OPERATION. 



-1-48 +463 -1753 H- 104 

-1343 

-1138* 

16 

-1154..... 

1086.8416 

- 07.1684 



1 


49 


49 


511 


1 
50 


50 
561 


1 
51 


51 
612» 


1 
52» 


53 
665 


1 
53 


54 
719 


1 


55 


"54 


774... 


1 


45.44 


55 


819.44 


1 


46.08 


56.8 


865.53 


.8 
57.6 


46.73 
913.34 


.8 
58.4 




.8 





511 


-1243 
561 


- 681* 
665 


- 16 
719 


703.... 
655.553 


1358.553 
693.416 



84.8- 



2050.968 



The student should extend thisse solutions 3 or 8 figures farther. 

7 to 13. Solve the following: 

(7.) ic* + 60a;» - 800a; = 60000. 

(8.) a:* + 2a^ + 3a:« + 4a;* + 5a; = 64321. 

(9.) a^ + 4a:» - 4a;» - 11a; + 4 = 0. 
(10.) a^ - 27a;» + 162a;» + 356a; = 1200. 
(11.) a;* - 3a;* = 48654231721. 
(12.) a;* + 2a^ + 3a;= 13089030. 
(13.) a;* - 10a;» + 6a; = 1. 
(14.) ^ + 173a; = 14760638046. 
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(15.) ^ - 7035a:* + 152627542; = 10000730880. 

(16.) rr« 4- 12a; = 35.4025. (Solve by Horaert method.) 

(17.) x" -^ ^x'-9z = 57.623625. 

(18.) 2a;* + 5a:»+ 4a;*+ 3a; = 8002. (Observe that it is not neces- 
sary to make the first coefficient unity. See examples in the first 
part of the section.) 

(19.) 3a;* - 4a5» + 2a; = 1000. 

(20.) 5a;» - 3.2a; = 41278.216. 

Note. — The roots of Beveral of the above are commensnrable ; and their solu- 
tion shows that Homer's method is adapted to such cases. 



21 to 25. Extract the roots of the following numbers by Homer's 
method : 

(21.) The cube root of 119736852154. 

(22.) The square root of 5126485. 

(23.) The fifth root of 2. 

(24.) The fourth root of 35718271002667691. 

(25.) The cube root of 3. 

Bug's. — To solve the 21st, write x^ — 119736852154, and solve as usual, being 
careful to remember that the coefficients are 1, 0, 0, —119736852154. To find 
the initial figure, point off as in the ordinary method of extracting roots. The 
following exhibits the first steps of the process : 




4 



. 16 


-119736852154 
64 


4 
4 

8 
4 


16 
32 

48. • 
1161 


- 55736 
53649 

- 2087852 


129 
9 


5961 
1242 




138 
9 


7208 




147 







26 to 29. Solve the following by first eliminating, and then solving 
the resulting equation by Horner's method : 

(26.) 2a;* - bx-\-dy = 2xy - 4a;* + 12, and 4^» - 3a; = 2y + 5. 
(27.) 2y* — 4:xy + 2a:* - 3?/ — 2a;-8 = 0, and 4y' + 4a:* = 11. 
(28.) 2y* — ixy + 2a:* — 3^ — 2a: =8,andy2 x 2y+a:2— 6a:=— 6. 
(29.) 2y^ - ^xy + 2a:*~3y - 2a; = 8, and y'+6y-hx'-4x + 9=0. 
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SxjG's.— From the 2d of (26) we have y = i± iV^aJH- V- Subetituting this 
in the 1st, we obtain 6aj* — V« — V^ = (aj-DV^ + ^> whence 36a;* — 69a;* 

- 101a;« +H^ + H^=0. And dividing by 36, we have x* - 1.917a;3 - 2.806a;« 
4- 3.687a; 4- 3.188 = 0, carrying the fractions to three places. 

278. ScH. — There are various methods by which Homer's process may 
be abridged, especially when a large number of decimals is required ; but 
we have thought it better to exhibit fully and clearly the principles essential 
to the process, than to spend time and distract attention by giving these 
arithmetical abridgments. The most simple of these are : (o) the omission 
of the decimal point ; (J) the writing of the sums only in the several working 
colimins, performing the various multiplications and additions mentally; 
(c) after several decimals have been obtained, instead of annexing O's 
(or • • • 's) to the working columns, dropping off figures from ths right in 
each new operation, as one from next to the last right-hand colimm, two from 
the next to the left, three from the next to the left, etc. ; (d) and, finally, 
when all the working columns but the last two have disappeared, continu- 
ing tjie operation as a process of simple division, only dropping off a figure 
from the right of the divisor at each step instead of annexing a to the 
dividend. "We condense an example from Todhunter as an illustration. 

Ex. — ^To compute to 16 decimal places the root of ic* + So:* — 2fl? 

— 5=0, which lies between 1 and 2. 





OPERATION. 




+3 


-2 


-5 


1 1.3300587395679824 


4 


2 


--3000 


5 


700 


-333000 


60 


889 




-663000000000 


63 


108700 




-98647524875 


66 


110779 




-8347885443 


690 


112867000000 




-446624425 


693 


112870495025 




-107998801 


696 


112873990075 




-6411112 


699000 


11287454929 




-767351 


699005 


11287510850 




-90100 


699010 


1128751574 




-11087 


699015 


1128752063 




-929 




112875208 




-27 




112875210 




-4 
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SECTION III. 

GENERAL SOLUTION OP CUBIC AND BIQUADRATIC EQUATIONS. 



Cardan's Solution of Cubic Equations. 

2119. Prob* — ^ resolve the genercU cubic equation x* +px' 
-h qx + r = 0. 

Solution. — Thia ■olation oonsistB of three steps: 1. To transform the equa- 
tk>ii into one of the form y' + my + n = 0, that is, an incomplete- cubic lacking 
the square of the unknown quantity. To effect this, we put x = y -ha, and 
substituting, have 

jr» H- 9y*» H- 8y»« -H «» 4-py« H- 2pysi +pz* +qy-\-qz + r = 0, 
or, y » + (8s + p)y* + (8»« -h 1^ + j)y + «« + j»« + ga + r = 0. (1) 

Now as we have only one condition expressed between y and s, viz., y+enor, 
we are at liberty to impose another. Let us put 8s 4- jp = 0, whence z = — {p. 
Then will this value of s substituted in (1) give 

y» + te-ip*)y + (Ap»-iOT + ^) = o. (3) 

2. Since the above transformation can always be effected, a solution of 

y* H- my -h n = (3) 

will include the solution of all cubic equations. Our second step is to trans- 
form this equation into one which can be solved as a quadratic. To do this we 
put y = tt 4- «, which gives (8) the form 

u* H- 8w*t> 4-Sw©* 4- 1>' 4- m{u 4- tj) 4- n = 0, 
or, u^ 4- 8wc(t* 4- «>) 4- «>' 4- m(u 4- f) 4- 7* = 0, 
or, t*' 4- «' 4- (3w« 4- m)(u + v) + n = 0. (4) 

Now, as we have but one condition expressed between u and v, viz., u-\-v=y, 
we are at liberty to impose another. Let us put 3uv 4- m = 0, whence v = 

— ^; and (4) becomes t*' 4- «>' 4- n = 0, 

or by substituting the value of v, 

u^ h ?i = 0. 

whence we have u^ 4- nu^ = iV^*. (5) 

8. Solving this quadratic we obtain 



and as c' = — (tt* 4- w), v = IZ—Vf^ T ^/itm* 4- ^. 
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Finally, taking the square root as + for the yalue of u, and — for the valne 
oi V, mnee these are corresponding values, we have 



P = // - in + Vijiyw^ H- in* + // - in - V*^m* + in' 



(6) 



280* Prop* — 1. In the equation jr* + my 4- n = 0, when m is 
positive, and when m is negative and ^m' < Jn*, the equation has 
one real and two imaginary roots, and Gardan^s formiUa (6) gives 
a satisfactory solution. 

2. When m is negative and ^m' = }n', two of the roots are equals 
and CardarCs method is satisfactory.* 

3. But, when m is negative afid -^m* > |^n', all the roots are real 
and unequal, while (JardarCs method maJces theim apparently imagi- 
nary, and the solution is unsatisfactory. 

Dem. — ^A cubic equation must have at least one real root (2S8). Let this be 
a. Now conceive the equation reduced to a quadratic by dividing/(aj) by x—a, 
and let h ■+■ \fct and 6 — ^^~i be the roots of this quadratic, these being the 
general forms of the roots of a quadratic, in which if c is 4- the roots are real, 
if c is — they are imaginary, and if c is these two roots are equal. 

Now, a, 6 -h A/~Ct and d — y^ being the roots of the equation, we have 
by (^235) 

(aj-a) (aj-p-H^]) (a?-p-/v/cD=aj»-(a4-26>u«4-(2a6+6«-c)a?-a(6«-c)=0. 

To transform this into the form y' 4- iwy -h n = 0, we must put a -h 26 = 0; 
whence a = — 2&, and we have 

y' -(36« 4- c)y -H 2J(6« -c) = 0. ^ 

Comparing this with Cardan's formula, we see that 



VAw' 4- i7i« = V - «V(36* 4- cY 4- 6*(&* - c)« = y-86*c-|-§6«c«--^» 

Hence we see that if c is 4-, that is, if all the roots of a cubic equation are 
real and unequal, Cardan's method gives a result apparently imaginary. But if c is 
— , that is, if two of the roots are imaginary, Cardan's method gives a. real form. 
Also when 6 = 0, that is, when the roots are a, b, and b, the form is real, since 

^^ftn^ 4- in* = (6« - ic) ^sf-^, is then 0. 



Now by inspecting the quantity ^ ifm^ + in* we see that it is real when 
m is positive ; and also when m Is negative if ^rW < in*. Hence in these 



♦ Tf off the roots are eqnal. the equation takes the fonn (« - a)« = a?» - 8aa;« + Sa'a; - a« = 0» 
a being the value of one of the eqnal roots {235). In this case the transformation which makes 
the term in «• disappear gives y» = 0, since a: = y-ip = y + a, and y = x - o = 0. 
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cases there are one real and two imaginary roots, and Cardan's method, giving 
a real form, enables us to determine one of them, and hence to solve the 
equation. 

2d. We have also seen above that when (5 = 0, that is, when two of the roots 
are equal (and not all three), ^-^rm* 4- in* = 0, in which case m must be nega- 
tive and rfrw' = in*, 

8d. It has also appeared above that when all the roots are real and unequal^ Car- 
dan's method gives an apparently imaginary result. But this can only be the case 
when m is negative, and i?tW > Jn*. 

281* ScH. — Cardan's method would seem to give a cubic equation nine 
roots instead of three, since as there are three cube roots of any number, 

a/— in 4- V^T^M^ i^* would have three values, and /u-in- VA'W* + \n* 

would have three other values. Now combining each of the former, in 
turn, with each of the latter, we should have* nine results. In order to ex- 
plain this seeming paradox, let us find the form of the three cube roots of a 
number, as of a'. To do this we have but to solve the equation x^ =a'. 
Thus «' — »' = (» — a) («• + oa? -h a*) = 0. Whence a; — a = 0, and x*-\-ax-\-a* 
=;0. From these we have aj = a, — la(l -h >v/ — 3), and — ia(l — y' — 3). 
Now let the roots of i/ — Jn -h ^h^* + in* be r, — ir(l4- \/--3), and 

— tr (1 — V — 3) ; and the roots of |/ — in — V i^m^ + in* be r', — Jr* 

(1 + y^ — 3), and — ir' (1 — y^ — 3). It will be remembered that we assimied 
wt) = — ~ ; that is, the products of the admissible roots must be real, 

Th^fore we can use for the parts of the root r and r', — ir(l + y^ — 3) and 

— ir' (1 — ^ — 3), and — ir (1 — ^ — ^ and — \t' (1 + V — 3); and we can 
use these parts in no other combination, as any other would not give a real 
quantity. Thus we cannot have y = t* + t> = r-ir(l + V^^)» since w> 
would then be — r[ir(l + \/~--3)], which is an imaginary quantity, and hence 

not equal to — ■^, as it should be. 

We will give a few examples to which the student may apply Cardan's pra 
cess. 

Examples. 

Solve the following, finding one of the roots by Cardan's process, 
and then depressing the equation by division, solve the resulting 
quadratic. 



Digitized by VjOOQ IC 



DESOARTES'S SOLUTION OF BIQUADRATICS. 251 

1. a;* - 9a; + 28 = 0.* 

2. ic* — 3a:* + 4 = 0. (See first step in general solution.) 

3. ic* - 6a; + 4 = 0. 

4. a;* + 6a; — 2 = 0. 

5. a; + J + 3 ^/abx = a. 

6. a;^ + 3a;* + 9a; - 13 = 0. 

7. a;' - 9a;* + 6a; - 2 = 0. 

8. a;* - 6a;* + 13a; - 10 = 0. 

9. a;* - 48a; = 128. 

10. a;^ + 2a; = 12. 

11. 2* - 32^ - 2;2* - 8 = O.f 

12. y» - 6/ + 13.y = 12. 

13. 2a;» - 12a;* + 36a; = 44. 

^. Va 4- X , Va 4-a; VI; 

14. 1 = . 

a X c 

15. a;* - 8a;* + 19a; - 12 = 0. 

SuG. — An attempt to solve the last by Cardan's process will give roots 
apparently imaginary, although it is easy to see that the roots are all real, and 
commensurable. 



Descartes's Solution of Biquadratics. 

282. Frob. — To resolve the general biquadratic equation x* + 

ax' + bx* + dx 4- e = 0. 

Solution. — The first step in the process is to transform the equation into one 
wanting the 3d power of the unknown quantity. This is done in the usual way 
(see Cardan's method of resolving cubics) ; i. e., by putting a?=y + 2, substituting, 
collecting the coeflacients with reference to y, and, putting the coefficient of y^ 
equal to 0, finding the value of z. This value of z substituted in the given 
equation will give the form 

y* + my* + ny + r = 0. 
2. Assume y* + my* + ny + r = {y* + cy + f)(y* + ey •{' g), and deter- 

* It is better for the Btudent to nBe Cardan^s proceM than to substitnte in the formula. Thns 
for af» - 9a; + 28 = 0, we have, by putting x = y + z» y^ + z* + (Zyz - 9) (» + y) + 28 = ; 

and making 8yz - 9 = 0, or « =-, y* + -^ + 28=0. Whence y= -1, and -8, and » = - = -3, and 
-1. .•.ip = y+«= -4. Then (x« -9ar + 28) -•-(aH-4) = a;« -4a; + 7=0; whence a?=2± V^. 

t An equation of the form x9M + aa:^ + bopi* + e = can be reduced to a cable of the form 
y*^my+n=0, by putting a;»=y- Ja. 
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mine the quantities c, e, f, and g, 8o that they will fulfill the required conditiona 
Thus, expanding we have 



y* + my* + ny + r = y* + c 

+ 6 



+ 9 



+ eg 



y+f9\ 



whence, as the members are identical, 

c + 6 = 0, f ^ce-^g — m, ef + cg = n, and fg = r. 
From the first we see that 6= — e. Substituting this value, we have 

(1) f^6* + g = m; (3) e(f--g) = n; and (3) fg^r. 

From (1) and (2) we have g = ife* — - + m\ and /= i(a* + - + mf ; 

which substituted in (3) give (e* + - + mj (e* — - + mj = e* + 2m«» 

n* 
J + m* = 4r, or 

6« + 2m«* + (m« - 4r)tf« - n* = 0. (4) 

Now (4) can be reduced to a cubic in terms of ei by putting «•= e, — |m (see 
foot-note on preceding page). This cubic equation will have at least one redl 
root (238), and this will give real values to ^i^and hence to 6, c,/, and g. 
Wherefore, tf Cardan's method gives a practical solution cf (4), we can resolve the 
biquadratic. 

283 » ScH. — ^It will be observed that this resolution of a biquadratic in- 
volves the resolution of a cubic, and hence is subject to the difficulty attend- 
ing the irreducible case of cubics. We will give a single example, to which 
the student can apply the process of Descartes. 

Ex.— Find by Descartes's method the roots of a:*— 10a?— 20a; — 16 
= 0. 



Recurring Equations. 

284, A Itecv/tring Equation is an equation such that the 
coefficients equidistant from the first and last are numerically equal, 

when the equation is in the complete form Aaf+ Bof"'^+ Caf*-^ 

i = ; and the signs of the corresponding terms are either all alike, 
or all unlike; i. e., the coefficients of the first half recur in an inverse 
order in the second half of the function. 

III. 12aj* + 8aJ* — 5aj' — 6«» -h 3aj + 12 = is a recurring equation. 
^jj» + 5aj»-' + Cfc»»-« - - - - Or* + 5a; + -4 = is the type of such equations. 

285* Prop* !• — The roots of a recurring equation are recipro- 

cols of each other: i. e., if 9, is a root, - is also, and so of each 

a 

of the roots. 
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Dem. — If a satisfied the equation 

Aaf' + -Baj^> + Cfc*-* • Oc* -k- Bx + A = 0, 

- will also satisfy it, for the former when substituted gives 

Aa* + Ba^-^ + (7a^-» Ca* + Ba + A = Qi 

and the latter gives 

ABC OB. 

5; + S^, + ^«---- -« + ^ + ^ =0, 

whieh, by multiplying by «" becomes 

A + Ba+ Ca* - ' ' - Ca^^ + Po^' + Aa^ = 0, 
a result identical with that obtained when a is substituted. 

286* ScH. — ^From this relation among the roots of recurring equations, 
they are often called Bedproecd EquaUom, 

287 • Cor. 1. — If the degree of the eqiuztion is odd th^ correspond- 
ing coefficients may aU hatye like, or all unlike^ signs ; but, if the 
degree is EVEi^ they micst have like signs unless the middle term is 
wanting, in which case they may have unlike signs^ and the roots 
still be reciprocal. , 

That the signs may be unlike in the cases specified is evident since, if in such 

cases a is a root, and we substitute - instead of a, dear of fractions, and change 

all the signs, we shall have the same result as if a had been substituted. Thus, 

if substituting a gives J.a*+ Ba*—Ca^-\-Ca^—Ba—A=0, substituting - will 

give -j+ — I 3 + T -4 = 0; whence clearing of fractions and changing 

all the signs we have — A — Ba + Ca* — Ca^ + Ba* + Aa^ = 0, a result iden- 
tical with the former. The fact concerning the equation of an even degree is 
shown in a similar manner. Notice that aU the corresponding coefficients must 
have like signs or all unlike signs, 

288* Cor. 2. — A recurring equation may always be reduced to a 
form having the coefficient of the highest power of the unknown 
quantity^ and the absolute term each 1, since by definition these are 
numerically equal. 



289. Pvop* 2. — A recurring equation of an odd degree has one 
of its roots —1 if the signs of the corresponding terms are alike^ and 
■\-\if they are unlike. 

Dem.— Having aj"±-4a5*-> ± Baf'-'^± Cfc«-« - - - - ± Gr' ± Bx* ± ^a; ± 1 = 0,» 

* The sign of a;* can always be made 4-. The ambigaoas signs are to be taken -h or —, ac- 
cording to the hypothesis. 
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taking the BignB of the corresponding terms alike we can write 

(aj- + 1) ± Az(!jf-* + 1) ± Ba?«(aj»-« + 1) ± Cx^oe*-* + 1) + etc. = 0, 
which is divisible bj a; + 1 (Part I., 119), wherefore — 1 is a root {231), 
Taking the signs of the corresponding terms unlike, we can write 
(af - 1) ± Ax(r^* - 1) ± Baj*(a!— * - 1) ± Cfe»(a?— • - 1) + etc. = 0, 
which is divisible bj aj — 1 (Pabt I., 119), wherefore + 1 is a root {231). 



290. Prop. 3. — A recurring equation of an even degree, whose 
corresponding terms have opposite signs, has one root + 1, and one 
root —1. 

Dem.— Having (x^ ± Aa^'^ ± Bx^-^ ± W'^-* - . . . t Cfc* T Bx* T Ax 
— 1 = 0, taking the signs of the corresponding terms unlike, and remembering 
that the middle term, which would have no corresponding term, is wanting 
{287), we can write 

{x^ -\)±Ax («»— « - 1) ± Baj«(aj2— ^ - 1) ± Cx\7^'^ - 1) + etc. = 0, 
which is divisible bj a?* — 1 (Pabt I., 119) ; wherefore «• — 1 = 0, and 
aj = + 1 and — 1. 



291. JPvop. 4. — A recurring equation of an even degree above 
the second, may he reduced to an equation of half that degree, when 
the signs of the corresponding terms are alike. 

Dem.— Having aj»»±^a!*'—»±52J«»-«±Ca^"-» ... - ±jfaf . . . ±C7^±Ba?±Ax 
+ 1=0, taking the signs of the corresponding terms alike, we can write 

(ar»" + 1) ± A{x^-^ ■\-x)± B(aj»»-« + x*) ± C{x^-^ + «») + etc. = ; 
whence, dividing by af , we have 



X(* + I) ±Jf=0. 

Now putting a? + - = y, we can write (aJ + -) = aj* + 2 + -j =y«, 

X \ X/ X 

1 / IX'* 111 1 

whence aj*+-r = y* — 2. \x-\- -) =aj'+3aj*- +3aj-r + -- =«•+■— 

X* ^ \ X/ XX* X* x^ 

+ s(x +-} = y*. whence a?' + —3 = y' — dy. 
(x* + \y= X* + 2 + \ = {y*- 2)«, whence «* + -i = (y« - 2)« - 2. 

\ X / X X 

(x + -V =«« + 5aj* i + 10a;»-i + 10a;« \ + 5x^ + i = a;« + \ 
\ x/ XX* x^ X* a:" x'^ 

+ 5 (a;' + ^3) + 10 ^aj + ^^ = y», whence x" + ^^ = y« _ 5(y3 _ 3y) _ iQy. 
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(x^ j^ ly = x^+ 2 + i =(y3_3y)», whence «« + ^^g = (y'-8y)«-2. 

\ X / X X 

Whence we see that any term of the form a?" + — may be expressed in terms 

aj* 

of y, and will involve no higher power than y". Therefore the original equa- 
tion, which is of the 27ith degree, can by this substitution be transformed into 
an equation in y, of the nth degree. 

Examples. 

Solve the following recurring equations by applying the foregoing 
principles : 

1. a^ - 5ar» + 6a;* - 5a; H- 1 = 0. 

2. a^- 11a;* + 17a;» + 17a;» - 11a; + 1 = 0. 

3. 6af - 11a;* - 33ar» + 33a;» + 11a; - 6 = 0. 

4. l + a^=a{l-{- xy. 

5. a;' - 2ar^ + a;* H- a;* - 2a;' H- 1 = 0. 

6. Sx* - 16a;* - 25:?^ - 16a;» + 8 = 0. 

7. 4a;* - 24ar^ + 57:^ - 732;* -f 57a;» - 24a; + 4 = 0. 
S. a^-h 4aa;» - 19aV + 4a'a; + a* = 0. 

9. a;*H-a;'H-a;*-f-a; + l = 0. 
10. 1 + a;* = i(l + ^Y- 



Binomial Equations and the Eoots of Unity. 

292. A binomial Bquation is one of the form a;" ± « = 0. 
Such equations may be considered as recurring equations and solved 
accordingly. 

III. — ^Having ar» ± a = 0, put a?" = ay* ; whence ay» ± a = 0, or y* ± 1 = 0, 
which is recurring. 

Examples. 

1. a;« ± 5 = 0. 3. a;* ± 2 = 0, 5. a;« =fc 11 = 0. 

2. a;* ± 3 = 0. 4. a;* ± 7 = 0. 6. a;» ± 1 = 0. 

7. What are the two square roots of 1 ? The three cube roots of 
1 ? The four fourth-roots of 1 ? The five fifth-roots of 1 ? The 
six sixth-roots of 1 ? 

SuG. — The solution of these questions consists in resolving «• — 1 = 0, 
«' — 1 = 0, a* — 1 = 0, etc. The five fifth-roots of 1 are 

1, j( V5-1 ± V-IO-2V5), and - 1 ( V5 + 1 ± V-IO+2V5). 

293. ScH. — It will be observed that the form «' ± 1 = is omitted 
above. Now «^ — 1 = has one root 1. The equation can therefore be 
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depressed to a recurring equation of the 6th degree, having all its signs + . 
This can be reduced to a cubic by (291), «^ + 1 = has one root a? = — 1, 
and can be reduced to a recurring equation of the 6th degree having its 
signs alternately + and — . This can be resolved into one of the 3'rd degree 
by (291). Hence the complete resolution of jc' ± 1 = depends on the 
resolution of a cubic. 

x^±a = can be resolved by putting «'=y, whence we have y^±a = 0. 
Solving this for y we have 8 roots. Call them at, at, a^. Hence to com- 
plete the solution we have to resolve the three cubics «'±ai=0, a?* ±af =0, 
«• ± a, = 0. 



Expo:n^ntial Equations. 

294. JSxponentitjU liquations are equations in which the 
unknown quantity or quantities are involved in the exponents. 

1 

III. flF + d^=6, c^=zd, a* = 43, ^ = 3, y» = 256, a^=100, and 
^ — y*=:m are exponential equations. 

29S» IProhm 1. — To solve an escponential eqication of the form 
a' = m. 

Solution. — Taking the logarithms of both members we have x log a = log m 

lofiT m 
(180, 181) ; whence x = j^ — . Therefore finding the logarithms of m and 

a from a table of logarithms, and dividing the former by the latter, we find x. 

296. Proh. 2. — To solve an ea^nential eqiuztion of the form 
x*= m. 

Solution. — Taking the logarithms of both members we have x log x = logm. 
Then find log m from the table, and determine x by inspection from the table 8o 
that X X log X shall equal log m exactly or approximately.* 

Examples. 
1. Find the value of x in the equation 3" = 2546. 

a 1 o 1 OK.1/J log 2546 3.405858 ^^^^ 

Solution, a; log 3 = log 2546. .\xz= °^ ^ = 477^21 ^ 

2 to 6. Solve the following: (24)>'=18742; 2^=2673; (11)»=2681; 
2'= 10; 5^=1; (12)*' = 1. 

1. Find the value of x in the equation of = 3561. 

* The method of solving such equations by Doable Position is entirely useless, since a table 
of logarithms is necessary for that method, and having snch a table at hand, the approximations 
can be made to any extent likely to be desired, more readily by simple Inspection than by com- 
puting the errors by Doable Position. Moreover, the method here given affords an exc^lent 
exercise in the ase of the tables. 
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ScttiUnoK.— We have « log « = log 3561 = 8.561572. Now looking in a table 
of logarithms, we soon see that x must be near 5, since 5 log 5 = 5 x .698970 
= 3.494850. Thus we see that a? >5. Trying 5.1 we have 5.1 log 5.1=3.608607, 
/. X < 5.1. Therefore we try 5.05. 5.05 log 5.05 = 3.55161955, which coincides so 
nearly with the required value of x log x, that undoubtedly the lOOths figure is 
4. Again, for a nearer approximation try 5.049, as the value of a; is very near 
5.05. 5.049 log 5.049 = 8.550482. Hence we see that x = 5.049 + . 

8 to 16. Solve the following as above: af = 100; af=7; ar« = 21; 

a:*'-40af =200; 3** + 3'=100; a«-4- = 2*; a*'-«=c?; oTlT 

Of 

= c. 

16 to 21. Solve the following: tS' ^ 'f^ and ^ — y^\ a^ = jf, and 
of = if I w*-''=w, and x + y = q\ 2''3* = 600, and 2x = dy; 
6**- = 256; (et* - 2a*y + h')"^' = (a - J)- {a + b)-K 

22. Given the fundamental formulaa of Geometrical Progression, 
viz., I t=z ar^\ and S = —37^ , to find the following : 

^ ^ log ; - log g ^ ^ , ^ ^ log [g + (r - 1)S] - log a ^ 
log r ' log r ' 

log? -log a 1 ^^ ^_ logl-log[lr-{r-l)8] 

*"- log (iS-a) -log (8-1) + ^' """^ "*- log r + ^• 

23. Given the two fundamental formnlse of Gomponnd Interest, 
viz., a = p(l + r )',* and i — a — p, to find the following : 

_ \og{p + i)-\ogp , _ log a- log J> . , ,, V 

* - log(l + r) ' ' - log (1+ r) ' ^""^ ^^ + '^^ 



^ log(p + t)-logj> . log ( 1 + r ) = log « - log j> . 

t t 

. loff « — log (a — t) , /^ . log a — log (a — %) 
*= log(l+V) > log(l+r)=-l ^gi 2. 

Note. — Many problems in Compound Interest, Annuities, and kindred sub- 
jects are most expeditiously solved by means of logarithms. The student who 
has not a table of logarithms at hand may either omit the foUowing examples 
in this section, or content himself with selecting the proper formula and teUing 
how it is applied to the solution of the particular example. 

24. What is the amount of $100 at 7^ annual compound interest 

* This formula is obtained thns : letting r represent the rate for time 1, expressed decimally, 
i «., if the rate is 7 per ct, r=:.07, or -^ , we have for time 1 (as 1 year), a=p+jw=p(l-f-r) ; 

for time 2, a=p(l+r)-fci>r(l+»')=p(l+r)« ; tor tina« ^ a=j><l +r)« ^priX -»-r)«=p(l + r)a ; there- 
fore for time A a=|Kl +»')'• 
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for 10 years? What if the interest is compounded semi-annually ? 
What if quarterly ? What in each case if the rate is 10^ ? K 6^ ? 
If 3^ ? 

Suo's. — We have a=p{l-j- r)*, whence log a = log p-ht log (1 + r) = log 
100 + 20 log 1.085, for interest at 7% compounded semi-annually. 

25. In what time will a sum of money double itself at 10^ com- 
pounded semi-annually? At 7^ compounded annually? In what 
time triple ? Quadruple ? 

Bug. a=2p = iKH-^)'.wlien<»3 = (l+ry,and< = =-^^|-,. 

iog(i-i-r; 

26. In what time will $10 amount to $100 at 8^ compounded 
annually ? 

27. What is the present worth of $2000 due -3 years hence, without 
interest, if money is worth 10^ compound interest ? 

Bug. — The predent worth is a sum which, put at compound interest at lOj^, 
will amount to $2000 in 3 years. Hence 2000 = p (1.1)^, p standing for present 
worth. Whence log p = log 2000 — 8 log (1.1). * 

28. A soldier's pension of $350 per annum is 5 years in arrears. 
Allowing 5^ compound interest, what is now due him ? 

Bug's. — The 5th, or last year's unpaid pension has no interest on it, as it is 
just due. The 4th, or next to the last, has 1 year's interest due, and hence 
amounts to 350 (1.05) . The 8d year's pension has 2 years' interest due, and hence 
amounts to 850 (1.05)«. Thus the total is found to be 350+350 (1.05) +350 (1.05)* 
+ 350(1.05)» + 850(1.05)S or 850 {1 + (1.05) + (1.05)« + (1.05)» + (1.05)*}. 

29. Letting 8 represent the amount of an annuity a, in arrears 
for t years, compound interest being allowed, at r^, show that 

r 

30. What is the present worth of an annuity of $200 for 7 years, 
money being worth 5^ compound interest ? 

Bug. — Evidently, a sum which, put at 5^ compound interest, will amount to 
the same sum in 7 years, as the annuity will. 



31. Letting P be the present worth of an annuity a, for time t, at 
i compound interest, show that P = - . ^^— 

the annuity is perpetual (runs forever), P = -. 



Digitized by VjOOQ IC 



EXPONENTIAL EQUATIONS. 259 

8m.-When t = ..P = ±M0^ = e.<^ = -^, « tt evidently 

ebould, since such an annuity is worth a present sum which will yield an 
ftnnoal interest equal to the annuity. 

32. What is the present worth of a perpetual annuity of $360, 
money being worth 7^^ compound interest ? If money is worth 
10^ compound interest ? 

33. What is the present worth of an annual pension of $125, 
which commences 3 years hence * (first payment to be made 4 years 
hence), wid runs 10 years, money being worth 10^ . compound 
interest ? 

Sua. — Evidently, the difference between the present worth of such a pension 
for 13 years, and for 3 years. 

34. An annuity a, which commences T years hence, and runs t 
years at r^ compound interest, gives 

When the annuity is perpetual after the time T, we have 

P = - (1 -f r)- ^. Student give proof 

36. Two sons are left, one with the immediate possession of an 
estate worth $12000, and the other with a perpetual annuity of $800 
in reversion after 7 years: money being worth 5^ compound in- 
terest, which has the more valuable inheritance, and how much ? 

36. What annual payment will meet principal and interest of a 
debt of $2000 at 8^ compound interest in 6 years ? 

Bug's. — ^The amount of $3000 at 8% compound interest for 5 years = the 
amount of the annuity a for the same rate and time. 

37. Show that if i> is a debt at compound interest at r^, 5 an 
annual payment, and / the number of years required to liquidate 

thedebM = ^"g^""^,Tg^T^"^■ 
log (1 4- r) 

38. The debt of a certain State is $20,000,000, bearing annual 
interest at 4^^. A sinking fund of $2,000,000 annually is set apart 
to meet it. How long will it require to extinguish the debt ? How 
long if instead of paying the $2,000,000 annually on the debt, it is 
invested at 6^ compound interest ? 

* An annuity which commences after some specified time ia said to be in reversion. 
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39. A £EU*mer has paid tlO per annum for newspapers, which he 
considers have increased his net annual income at least ^. For 10 
years during which his net income has been $500 annually, money 
has been worth 10^ compound interest What is the total net gain 
to be credited to his investment in newspapers? 

40. A boy commenced smoking when 15 years old. For the first 
5 years he smoked 2 6-cent cigars each day. For the next 20 years, 
8 10-cent cigars per day. Now had he abstained from smoking and 
inrested at the end of each six months the amount thus sare^at 10^ 
annual o(Mnpound interest, how mudi would he have accumulated &om 
this source at the age of 40 ? 

41. A man pays a premium of 1104 per annum on a life policy of 
$4200 for 20 years before his death. Money being worth 10^ com- 
pound interest, does the insurance company gain or lose, and how 
much? 



OHAPTEE IT. 



niSCUSSION, OB INTERBBETATION, OP EQUATIONS. 



297. To Discuss, or Interpret, an JEquation or 
an Algebraic Expression, is to determine its significance for 
the yarious values, absolute or relative, which may be attributed to 
the quantities entering into it, with special reference to noting any 
changes of values which give changes in the general significance* 

Such discussions may be divided into two classes : 1st. The dis- 
cussion of equations or expressions with reference to their constants ; 
and 2d. The discussion of equations or expressions with reference to 
their variables. 

The following principles are of constant use in such discussions : * 

298. Prop. — A fraction^ when compared with a finite quantity, 
becomes : 

* These principles, and in fact most of this chapter, haye been considered previoasly, but 
are collected here for review and eenneeted stady. 
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1. Equal to 0, when its numerator is and its denominator finite, 
and token its numerator is finite and its denominator <x> . 

2. Eqital to oo , when its numerator is finite and its denominator 0, 
und when its numerat(yr is go and its denominator finite, 

3. It assumes an indeterminate form when numerator and denom- 
inator are both 0, and when they are both oo .* 

Dbm . — TheBe facts appear when we consider tliat the value of a fraction de- 
pends upon the relative ma^^tudes of numerator and denominator. 

1. Let a be any constant and x a variable, then the fraction - diminishes as 

a 

X diminishes, and becomes when a; is 0. Again, the fraction - diminishes as 

X increases, and when x becomes oo , i. «., greater than any assignable magni- 

a 
tude, — becomes less than anj assignable magnitude or infinitesimal, and is to 

be regarded as in comparkK>n with finite quantities. (See 14:2 and 151^ Dem., 
and foot-note.) 

X 

2. As ^ increases, the fraction - increases, and hence when x becomes infinite 

a 

a 
the value of the fraction is infinite. Also as x diminishes the value of - in- 

X 

creases ; hence when x bec(»nes infinitely small, or 0, the value of the fraction 
exceeds any assignable limits, and is therefore oo . 

X 

S. Finally, if x and y are variables, - diminishes as x diminishes, and increases 

y 

as y diminishes. What then does it become when a; = 0, and y = ? t. e., what is 



the value of — ? Simple arithmetic would lead us to suppose that ^ was abso- 

hitdy indeterminate, i. «., that it might have any value whatever assigned to it, 



for - = 5, since = 5x0 = 0;- =7, since = 7 x = 0, etc. But a closer 


inspection will enable us to see that the symbol - is not necessarily indetermi- 
nate, or rather that the expression which takes this form for particular values of 
its components, has not necessarily an indefinite number of values for these 

X 

values of its components. Thus, what the value of - will be when x and y each 

y 

diminish to will evidently depend upon the relative values of x and y at 
first, and which diminishes the faster. Suppose, for example, that y = ^\ 

then — = — . Now, suppose x to diminish ; the denominator will diminish 5 
y 5x 

* By this 18 meant that r and — may have a variety of valnea, not that they necesBarily 
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times aa faat aa the numerator, and whatever the yalue of x, the value of the 

z X 
fraction will be 1. So if y = 7aj, — = —• , which is | for any value of x. Henoe 

y Ix 

^,^,ajO«l ajOajl 

when x = 0, and y = 0, we have -=-•=--=-, or— = - = —=:--, or 

' y05aj5 y 7x 7 

X 
- = - = any other value depending upon the relative values of x and y. So, 

X CO X CO X 

also, if a? = 00 , and y = oo , - = — ; but if y = Qx, we have — = — = — 
y <30 y 00 6s 

1 £B 00 (E 1 

= - . And so if y = 10a?, we have - = — = — - = —- . Thus we see that the 
6 9 » y 00 l(te 10 

mere fact that numerator and denominator become 0, or become oo , does not de- 
termine the value of the fraction, i. e., gives it an indeterminate form. 

299* A Heal Number or Quantity is one which may be 
conceived as lying somewhere in the series of numbers or quantities 
between — oo and H- oo inclusiye. 

III. — Thus, if we conceive a series of numbers varying both ways from 0, i. 6. 
positively and negatively to oo , we have 

- 00 .... - 4, - 3, -2, - 1, 0, + 1, + 2, + 3, + 4, . . - . + 00. 

Now a real number is one which may be conceived as situated somewhere 
within these limits ; it may be +, — , integral, fractional, commensurable, or 
incommensurable. Thus + 15624 and — 15624 will evidently be found in this 
series. + V" ™«^y he conceived as somewhere between + 5 and + 6, though iU 
easaet locality could not be fixed by the arithmetical conception of discontinuous 
number. So, also, — ^^ is somewhere between — 5 and — 6. Again + VEia 
somewhere between + 2 and + 3, though, as above, we cannot locate it exactly 
by the arithmetical conception. 

The following Oeamstrical lUustrtUion is more complete than the arithmetical. 
Thus let two indefinite lines, as CD and AB, intersect (cross) each other, as at O, 
Now let parallel, equidistant lines be drawn between them. Call the one at a 

c 




+ 1, that at b will be +2, at c +3, etc. So, also, the line at a' being —1, that at 
b' will be —2, at c' —3, etc. Now conceive one of these lines to start from an 
infinite distance at the left and move toward the right. When at an infinite 
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distance to the left of O its value would be — oo , and in passing to O it would 
pass tlirough all possible negative values. In passing O it becomes at O, 
changes sign to + as it passes, and moving on to infinity to the right, passes 
through all possible positive valties. Hence we see how aU real values are em- 
braced between — oo and + oo inclusive.* 

300. An Imaginary ISfumher or Quantity is one 

which cannot be conceived as lying anywhere between the limits of 
— 00 and + 00 , as explained above. The algebraic form of such a 
quantity is an expression involving an even root of a negative quan- 
tity.f (See Part L, 218.) 



Examples. 

y -r 

1. What are the values of x and y in the expressions x = , , 

a — a 

y = — y when h = b' and a and a' are unequal ? When b=V 

a — a ^ 

and a=^ a!t When a = ci and b and V are unequal ? What are the 
signs of x and y when b>V and a > a', the essential signs of a, a\ 
b, and V being + ? When b>V and a<a!t If a' and b are essen- 
tially negative, and a = a', and b = b\ what are the values of x and 
y ? If a' and V are each ? 

_> ___ „ 

2. What general relation between a and ci renders :; ; = ? 

1 + aa 

What renders it oo ? 

Solution. — To render z >= 0, we must have a' — a = 0, and \ ■\-aa' 

1 + aa' 

finite or infinite ; or else we must have 1 H- aa' = 00 , while a' —a is finite or 

» ft 
(298), Now a'— a = gives a' = a; whence :; ; = :; r- which is for 

any value of a finite or infinite. Hence the relation a' ■=. a fulfills the first re- 
quirement. Let us now see if l+oa'=oo will also fulfill this requirement. This 
gives aa' —^i since subtracting 1 from 00 would not make it other than oo . 

Thus we have o' = — . Hence for all finite values of a (including 0) a' is 00 , 

♦ For example, the student who is acquainted with the elements of geometry knows how to 
construct a line which is exactly equal to v^ (Gbom., Part I., 110). This line he can locate 
between + % and + 8, and also between - 2 and - 8, since >/5 is both + and -. 

t Transcendental functions afford other forms of imaginary expressions ; for example, 
sin"' 2, sec~* )^, log (-120), log (-m), etc. But our limits forbid the consideration of the in- 
terpretation of imaginaries, except in the most restricted sense, as indicating incompatibility 
with the arithmetical sense of the problem. 
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and ^ ""^. = — ; = -, which can only be when a = oo. Therefore the 
l+aa' oaf a 

pmrtieuiar values a' = oo = a = oo , render . , = ; but no general Talues 

do. 

Airain. in order that z r = oo , we must have 1 H- oa' = 0, and a' — a 

finite or infinite ; or else we must have o' — a = oo , and \ + aa' finite or 0. 

XT . » A -, 1 a' -a ^a' a'«H-l «'« + 1 

Nowl + aa=0 gives a=-^; j-j-^ = —^ = -,_, = __ = oo 

^ a' 
for any value of a* finite or Infinite. Therefore the general relation a= ; 

between a and a' renders i •, =00.+ Let us now see if the relation a'— a=ao 

will do the same. Now if a' — a = oo , one or the other {a' or a) must be oo . 

Let af=cD. We then have r , = — -, = -, which can only 1^ 00 when a=0. 

\-^aa aa a 

Hence the particular values «'= 00 and a = rtrnder ; = 00 , but no gen- 
eral values meet the requirement unless o = ;. 

1 — /y/r' 

3. What general relation between a and a' renders —, = ? 

° a + a 

What renders it oo ? 

4. In the expression y = — 2a; + 4 =fc V^ — 4^? — 5, how many 
values has y, in general, for any particular value of a; ? For what 
value or values of x has y but one value ? For what values of a is y 
real? For what imaginary? For what values of a; is y positive? 
For what negative ? 

Solution. — Writing the expression thus, y = — (2ic — 4) ± ^x* — Ax — 6, 
we see that the value of y is made up of two parts, viz., a rational part — (2aj— 4), 

and a radical part /y/aj* — 4flj — 5. But the radical part may be taken with 
either the + or the — sign. Hence, in general, for any particular value of x 
there are two values ofy. 2d. But if such a value is given to a; as to render the 
radical part 0, for this value of x, y will have but one value, viz., the rational 
part. But the conditien ^aj* — 4aj — 5 = gives a; = 5 and — 1. Thus for 

♦ This redaction ie made by dropping a and 1, since the snbtractlon of a finite from an In- 
finite, or the addition of a finite to an infinite, does not change the character of the infinite. 
Thus, In this case, to assume that dropping a and 1 afiiected the relation between numerator and 
denominator, would be to assign to a and 1 some values with respect to the infinite a'. But 
this is contrary to the definition of an infinite. 

t It Is to be observed that the relation a = — ; requires that a and a' have difitsrent essen- 
tial signs; while the relation a' = a requires that they have the same essential signs. 
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« = 5, y = — 6, but one value ; and for a? s= — 1, y = + 6, also but one value. 
3d. To ascertain for what values of x, y is realt we observe that y is real when 
a' — 4aj — 5 is positive, and imaginary when «• — 4aj — 5 is negative. Now 
for X positive a;* — (4a; + 5) is + when x* > 4c + 5 ; and for x negative, we 
have a;* + 4» — 5, which is positive when «• + 4aj > 6. The former inequality 
gives a;* — 4a; + 4 > 9, or a; > 5 ; and the latter gives «• + 4a; + 4 > 9, or « > 1. 
Hence, for positive values of x greater than 5, y is real, and for negative values 
of X numerically greater than 1, y is real. The 4th inquiry is answered by this : 
y is imaginary for all values of x between —1 and +5. 5th. To ascertain what 
+ values of x render y +, and what — , we observe that — (2aj— 4)± ^a;*— 4a;— 5 
can only be + when the + sign of the radical part is taken and when 

\/aj* — 4a5 — 5 > ^a? — 4. This gives aj < 2 ± \/^^, t. «., an imaginary 
quantity. Hence y is never + for x +. Taking the negative sign of the 
radical we see that both parts of the value of y are — , and consequently y is 
real and negative for all + values of x which render y real, i. e., for values 
greater than 5. Finally, for a; — we have y = 2aj + 4 ± y'a;* + 4a; — 5. Now 
when we take the + sign of the radical both parts are + ; hence this value of 
y is always +. When we take the — sign of the radical y is negative if 
2a; 4- 4 < /y/a;* + 4a; — 5. But this gives a; < — 2 ± ^/^-Z. Hence y is never 
negative for any negative value of x. Therefore both values of y are positive 
and real for all negative values of x numerically greater than 1. 

5 to 22. Discuss as above the values of y m the following ; t. e., 
1st. Show how many values y has in general, and whether they are 
equal or unequal ; 2d. For what particular value or values of x, y 
has but one value ; 3d. For what values of a;, y is real, and for what 
imaginary ; 4th. For what values of a;, y is +, and for what — ; 6th. 
Also determine what values of x render y infinite : 



(5.) y» 4- 2xy - 2a;* - 4y ~ a; -f 10 = 0;' 

(6.) y* — 2a;y -f 2a;' — 2y -f 2a; = ; 

(7.) y* + 2a;y + a;« - 6y -f 9 = 0; 

(8.) y« + 2a;y -f 3a;» - 4a; = ; 

(9.) y^ — 2xy -f 3a;' -f 2// — 4a; — 3 = ; 

(10.) y^ -f %xy -^ 3a;* - 4a; = ; 

(11.) y* — 2a;y + a;* -f JB = ; 



(16.) y«-2a;y-2 = 0; 

(17.) y* - 2a;y + 2y + 4:c - 8 = 0; 



♦ In all cases solve the equation for y in the first place. In this example 
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(la) 4y* + 4a:* + 2y-.3a; + 12 = 0; 

(19.) 3y*-8ic»=12; 

(20.) 12y* + 4c* = 20; 

(21.) a^+y*= 16; 

(22.) a:*-y« = 20. 

23. Discuss the equation ay^ — of -{• (J — c) a:* + Sea: = 0, as above, 
when b> c\ also when c>h. 



Suo*8. y = ± -J V^a?' — (6 — c) «*— 6ca;. Whence we see that y has two values 

a* 

for every value of a?, numerically equal, but with opposite signs, y is 0, when 

a?* — (& — c)aj* — 6ca; = ; i. e,, when a? = 0* a; = 6, and — e. Again y is real for 

X +, when «• > (6 — c)a?* + ftca?, or »• > (6 — c) a; + 6c ; which gives x>b. For 

aj — , we have y = ± — ry^— a?* — (6 — c) a;* + 6ca?, which gives y real when 

or 
«•+(& — <j) aj* < bex, which gives x numerically less than c, i. e., greater than 

— c. Hence y is imaginary for all values of x between and + b, and real for 
all values of x from + 6 to +oo . So also y is real for all values of x from to 

— c, and imaginary for all values of x from — c to — oo . 

x—b 

24. Discuss as above y' = (a; — a)' , showing thafc in general 

•2/ 

y has two values numerically equal but with opposite signs ; that it 
is for a; = a, and x=b; is imaginary from a; = to a; = A (except 
when x = at b being greater than a) ; real from a; = Jtoa;=+<», 
and real for all negative values of x, i. c, from a; = Otoa;= — oo; 
and that for x = 0, y = ± <x>, and for x = +oo, y = ± oo ; also for 
a;= — 00, y=±oo. 

25. Show from the equation y + a^y = x, that y = when x = 0, 
H-oo, and — oo ; also that y has but one value for any particular 
value of a;; that it is -f when a; is +, and — when a; is — ; and that 
y increases numerically as x passes from to +l,and from to —1, 
but that it diminishes numerically as x passes from + 1 to + oo> 
and also from — 1 to — oo . 

26. Discuss y*x = 4a' (2a — x) with reference to y as a function 
of X, as above. 

27. Show that in the equation y* — 3aa;y + a:* = 0, y has three 
real values between the limits a; = 0, and x = a V4> and only one 
real value between the limits a; = a v^ 4 and a; = +00, and also be- 
tween the limits a; = Oanda; = — 00. 

SuG. — This is done by means of Cardan's formula. (See 280.) 
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• SOI. Arithmetical Iio^erpretations op Negattvb and 
Imaginary Solutions. 

1. A is 20 years old, and B 16. When will A be twice as old 
asB? 

SuQ*s.— We have 20 + aj = 2 (16 + «) ; whence a? = — 12. The arithmetical 
interpretation of this result is that A wiU n&oer be twice as old as B, but that he 
was twice as old 12 years ago, i. e., when he was 8 and B 4 

2. A is a years old, and B,h. When will A be w times as old as 
B ? For n> 1 what are the possible relative values of a and b con- 
sistently with the arithmetical sense of the problem ? Interpret for 
a> nb, a = nb, a < nb when n>l. Also forn = 1, a > nby a < nbj 
and a = nb. 

3. Two couriers, A and B, are traveling the same road in the 
same direction, the former at rate a, the latter at rate 5. They are 
at two places c miles apart at the same time. Where and when are 
they together ? 

Solution and Discussion. — Let XY represent the road which the couriers 
are traveling in the direction from X to Y^ and A and B the stations which thejf 



pass at the same time, A being at A when B is at B, and D or D' the place at 
which they are together. Call the distance from B to the place at which they 
are together ±x, -\- x when D is beyond B, and — x when it is on the hither 
side of A and B, as at D'. Then the distance from A to the point at which they 
are together is c + (± «). Now disregarding the essential sign of x, and leaving 
it to be determined in the sequel, we have 

Distance A travels from A = c + a?, 
Distance B travels from B = x\ 

Time from passing A and B to the time they are together — — and - . 

But these are equal. Hence we are to discuss the equation 

c + X X he - ac 

= - , or a; = r , and c + a? = r • 

a b a — b a — b 



The points to be noticed in the discussion are, (1) when a>h, (2) when a<b, 
(3) when a = b,e being greater than in each case but not oo . Also the like 
cases when c = 0. 

WTien c> ObiU not CO, 

We have, for a > 6, xpodti'oe, which shows that the point at which they are 
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together ia at the right of B, i e., in the direction which they are traveling. 
The time, x ( or K is pontive, which shows that they are together <0er 

|>a88ing A and B. 

For a <b, X is negative, and e + x, which equals _, , is also negative. 

This shows that they were together at a point at the left of A, that is, before 
they reached the stations A and B. With this the expressions for the time also 

agree. Thus t becomes — r- , and is also negative, since in this case x>c. 

o a 

xxn, ^ be bo ,, ae ae i.. i..-,. 

When a = b,x=i r = -^ =00 , and c + « = =- = -jr- =00 ; which indi- 

a — o * a — Q I) 

cates that they are never together. 

When c=0. 

In this case x = 7 = 0, and c + aj = r = 0, for a and b unequal, indi- 

a—o a—o 

eating that they are together when they are at A and B. This is evidently cor- 

bc 

rect, since A and B coincide in this case. When a = b,x=. = - , and 

a — 

c -f aj = — , which shows that they are altoaya together, ^ being a symbol of in- 

determination which in this instance may have any value whatever, as we see 
from the nature of the problem. 

302. ScH. — The student should not understand that the symbol - 

always indicates that the quantity which takes this form has an indefinite 
number of values. It is frequently so, but not necessarily. The indeter- 
mination may be only apparent, and what the value of the expression is 
must be determined from other considerations. The Calculus affords the 
most elegant general methods of evaluating such expressions. But the 

1 /J.3 Q 

simple processes of Algebra will often suffice. Thus for a? = 1, -^^ — = ^. 

1 /p3 J /p3 

But -z = 1+ a; + a;*, which, fof a? = 1, is 3. Hence -:; = 3, for a;=l. 

1—x ' 1—x 

Here the apparent indetermination arises from the fact that the particular 

assumption (that aj = 1) causes the two quantities between which we wish 

the ratio, viz., the numerator and denominator, to disappear. Let the 

1 — aj* 
student find that ^ l. g^ a = ^^ ^^' a; = 1. (See also 298^ 3d part of 

demonstration.) 

4. Two couriers starting at the same time from the two points 
A and B, c miles apart, travel toward each other at the rates a 
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and h respectively. Discuss the problem with reference to the place 
and time of meeting. (Consider when « > J, « < 5, and a = h) 

5. Two couriers, A and B, are traveling the same road in the 
same direction, the former at rate a, and the latter n times as fast. 
They are at two places c miles apart at the same time. Discuss the 
problem with reference to place and time of meeting as in Ex. 3, 
adding the considerations, w > 1, w < 1, w = 1, w = 0. 

6. Divide 10 into two parts whose product shall be 40. 

Solution and Discussion.— Let x and y be the parts, then a; h- y = 10, 
xy = 40, and « = 6 ± y"— 15, y = 6 T ^/^^. These results we find to be 
imaginary. This signifies that the problem in its arithmetical signification is 
impossible : this indeed is evident on the face of it. Bat, although impossible 
in the arithmetical sense, the values thus found do satisfy the formal, or alge- 
braic sense. Thus the sum of 5 -t- /y/— 15 and 5 — /y/— 15 is 10, and the 
product 40. 

7. The sum of two numbers is required to be a, and the product 
i : what is the maximum value of h which will render the problem 
possible in the arithmetical sense? What are the parts for this 
value of 5 ? 

8. Divide a into two parts, such that the sum of their squares 
shall be a minimum. 

Sug's. — ^Let X and a—x be the parts, and m the minimum sum. Then 
aj* -h (a — xY = 2aj* — 2ax + a' = w; 



whence x = \a ± \ ^ ^i^^ a*. From this we see that if 2wK a*, x is 
imaginary. Hence the least value which we can have is 2m = a^, or m = (a'. 

9. Divide a into two parts, such that the sum of the square roots 
shall be a maximum. 

10. Let d be the difference between two numbers : required that 
the square of the greater, divided by the less, shall be a minimum. 

11. Let a and i be two numbers of which a is the greater, to find 
a number such that if a be added to this number, and h be sub- 
tracted from it, the product of this sum and this difference, divided 
by the square of the number, shall be a maximum. 

Bug's. — ^Let n be the number, and m the required maximum quotient. Then 
by the conditions ^ — =-^ = m, whence we find 



^ - - 2(1 - w) "*" 2(1 -w) 
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From iUis we see that tbe greatest yalae which m can have and render n Teal 
is m = 7x • Thifl gives n = - 5- : = r . 

12. To find the point on a line passing through two lights at 
which the illumination will be the same from each light. 

Solution.— Let A and B be the two lights, and XY the line passing thiough 

5c 1 S "^ ^ V 

them. Let a be the intensity of the light A at a unit's distance from it, b the 
intensity of B at a unit's distance from it, e the distance between the two lights, 
OS AB, and x the distance of the point of equal illumination from the light A, as 
AD (or AD'). Then, as we learn from Physics that the illuminating effect of a Jight 
varies inversely as the square of the distance from it, we have for the illumina- 
tion of the point D by light A -^ , and for the illumination of the same point 

h 

by light B, r| . But by the conditions of the problem these effects are 

{c — aj) 

equal ; hence we have the equation to be discussed ; viz., 

— — ^ 
i* "" (c - aj)« • 

This rives ^ — ^ = -; or = ± 4/ - = — r^ . 

a^ a' X ^ ^ ^a 

c ^ ± \/Tt e a/ a ± \/~b 
or 1 = — 5L- ; or - = -^ zr^—- ; 

or, finaUy, aj = c ^ — , and aj = c — =^- =, 

which are the values of a; to be discussed. 
Discussion. — I. Let c be finite and > 0. 

1. When a>ft, x=c .— ^ .- >ic, since J^ ^ > i for a > 6. This 

Ya+Y& ^ a:\- ^/ b 

is as it should be, since for a > b the point of equal illumination will evidently 
be nearer to B than to A. Again, the other value of x gives a? = c — — — > c, 

since — -p=^ p- is H- and > 1, when a > 6. Hence we learn that there is a 

point beyond B, as at D', where the illumination is the same from each light. 
If we assume y^=2/y^, AD = | c, and AD' = 2<j. 

2, It is evidently unnecessary to consider the case when a < 6, since this would 
only situate the points of equal illumination with reference to A as the preced- 
ing discussion does with reference to B. 
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3. Whena = ^aj==c— A^!^^ = ic,Bince V5_:= V^=l. This 

is as it should be, since it is evident that in this case the point of equal illumina- 
tion is midway between the lights. Again, for the second value of x, we have 

A/a • 

X =c — —^ — = 00 . This is also evidently correct ; for when the lights are 

ya— ^b 
of equal intensity there can l)e no point beyond B, for example, at which the illu- 
mination from A will be equal to that from B, except when x = co, for which 
the illumination is for each light. [Let the student give the reason.] 

II. When c = G In this case the original equation —^ = rr becomes 

X {C — X) 

-r = -; , whence a=b. We then have x=e — ^ — = ; and x =c — ~- — — 

C\/cL 

= — z=^ — = x. The former shows that there is a point of equal illumina- 

tion where the lights are (when c = they are together), and the latter shows 
that any point in the line is equally illuminated by each light. Both these con- 
clusions are evidently correct.* 



* In discussing this problem, some have committed the error of considering that, since for 

c = and a and b unequal, x = e ——z — = 0, therefore there is a point of equal illumination 

ya± yb 
at the point where the lights are situated I This is evidently absurd, since the hypothesis is 
that the lights are of uneqiud intensity. The error consists in not perceiving that the 

hypothesis, c = 0, excludes the hypothesis, a and b unequal That the hypotheses a^b are 
excluded by the hypotheses &zs and that there is a point of equal illumination, is self-evident 
Perhaps the student may think that these conditionrare no more inconsistent than those in 1. 8, 
above, viz., c finite, a=&, and a point of equal illumination ; and that, if in the former case we in- 
terpret x = e ^— — = 00 as indicating a pomt of equal illumination at a; = <», we should in 

this interpret x = — ^^ ^ — = as indicating a point of equal illumination at the place 

^ a- V^ 
where the lights are situated. But the closing remark in L 3 will dear up this difficulty. 
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SECTION I. 

SERIES. 

303* A Series is a succession of related quantities each of 
which, except the first or a certain number of the first, depends upon 
the next preceding, or a certain number of the next preceding, 
according to a common law. Each of the quantities is called a 
Term of the Series. 

III. — ^A Progression, as 1, 8, 5, 7, etc., or 3, 6, 12, 24, etc., is a series in which 
each term after the first depends upon the next preceding according to a common 
law. The numbers 1, 8, 7, 11, 21, 39, 71, 131, etc., Constitute a series in which 
each term after the third is the svm of the three next preceding. The numbers 
2, 3, 5, 17, 88, 1513, etc., constitute a series in which each term after the first 
three is the product of the ttoo next preceding + the third preceding. 

304* A Recurring Series is a series in which each term 
after the first n is equal to the sum of the products of each of the 7^ 
preceding terms multiplied respectively by certain quantities which 
remain the same throughout the series. These multipliers with 
their respective signs constitute the Scale of Melation. 

III. 1, 4r, 9a;', 16a;', etc., is a recurring series whose Scale of relation is 
x'\ —Sx*, Sx, since (1 x x^) + (4» x [ — 8aj«]) + {9x* x 3aj) = 16aj*. The next 
term after IQx^ would be (4» x aj») + (9aj* x [ - Sx*]) + (16a;» x Zx) = SSte*. 
The next would be 36»*. 

305. An Infinite Series is one which has an infinite number 
of terms. Such a series is said to be Convergent when the successive 
terms decrease according to such a law as to make the sum finite ; 
otherwise it is called Divergent. 

III. a, y^s, y^^, Yjiijrsy etc., to infinity, is an infinite, converging series 
whose sum is J. That -ft- + tJtt + t Att + n^hrs + etc., to infinity *= 4 is evi« 
dent, since by division we have i =.3333 + = -ft 4- jhs + tAif + etc. 

* The expression " to infinity " is nsnally omitted, as being sufficiently indicated by " etc.; * 
and« in fact, either the + sign at the end or the ** etc." may be omitted. 
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306. To jRevert a Series involving an nnknown quantity 
is to express the value of that unknown quantity in terms of 
another quantity which is assumed as the sum of the first series, or 
as involved in that sum. Thus the general problem is, having 
given /(y) = ax + Ix^ -V C7? •\- etc., to express x in terms of y, t. e., 
to find a;=/(y). 

III. — Thus to revert the series a? + Soj* + 5a;' + 7a;* + ^x^ + etc., is to express 
the value of x in another series involving y when y = a; + 8a;* + 5a;' + 7a;* 
+ 9a;* 4- etc., or when 1 — 2y + 5y* = a; + 3a;* + 5a;' + 7a;* + 9a;* + etc., etc. 

30K* The First Order of Differences of a series is the 
series of terms obtained by subtracting the 1st term of the given 
series from the 2d, the 2d from the 3d, the 3d from the 4th, etc. 
The Second Order is obtained from the first as the first is from the 
primitive series, the Tliird Order is obtained in like manner from 
the second ; etc. 

These several series are called the Successive Orders of Differences. 

III. — ^Having the series 

1, 8, 27, 64, 125, eta, we obtain 

1st order of diff's, 7, 19, 37, 61, etc., 

2d " " *' 12, 18, 24, etc., 

3d " " " 6, 6, etc., 

4th '* " " 0, etc. 

308. Interpolation is the process of finding intermediate 
functions between given non-consecutive functions of a series, 
without the labor of computing them from the fundamental formula 
of the series. 

III. — ^The logarithms of the natural numbers 1, 2, 3, 4, 5, 6, 7, 8, etc., con- 
stitute a series of functions. Now knowing these, interpolation teaches how to 
find intermediate logarithms, as log 4.3, 4.5, 4.6, etc., or 2.7, 2.73, 3.102, 7.025, 
etc., without the labor of computing them from the fundamental formula of 
the series {192). 

[Note. — The student must guard against the notion that every series is a 
recurring series. Any succession of numbers related to each other by a common 
law, as, for example, the logarithms of the natural numbers, is a series, as well 
as the more simple arithmetical, geometrical, and other recurring successions.] 

309. Some of the more important problems concerning infinite 
series are : To find the scale of relation of a series; Tp find the wth 
(any) term of a series ; To determine whether a series is convergent 
or divergent ; To find the sum of a convergent series, or of n terms 
of any series ; To revert a series ; and, To interpolate terms between 
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given terms. To these problems we shall give attention after 
haying demonstrated the following lemma, which is of use in the 
solution of several of them« 



310m Lemma. — TJie first term of th^ nth order of differences 

, .n(n - 1) n(n - 1) (n - 2) , . , . 
M a -* nb H — ^—5 — -a ^ ~ ^ d+etc^ wJien n w eoen^ and 

, n(n — 1) . n(n — l)(n — 2), ^ , . ,, 

—a 4- nb ^— ^ — ^c4- — ^^ ^ ^d— etc.,«/?A€w n w odd; a, 

b, c, d, etc^ being successive terms of the series. 

Dbm. — Letting a, h, e, d, e,f, etc., be the series, we have 

Ist Order of dlffs, b — a, e — b, d — c, e — d, /— e, etc., 
2d ** •* *' c-26 + 0, d-2(j + 6, <j-2dH-c,/-2« + d, etc, 
8d ** •• ** d-8c + 36-a, « — 3d + 8c-6,/— 8« + 3d— <j, etc., 
4th " " " <J-4d+ 6<5-46 + a,/— 4« + 6d-4c + 6,etc., 
5th " •* ** /-5« + 10d-10c + 56-a, etc. 

Now by inspection we observe that, nmnerically, the coefficients in these 
terms follow the law of the coefficients in the development of a binomial. Thus 
the coefficients in any term of the 2d order of differences, as in (; — 26 + a, are 
the same as in the square of a binomial ; those in any term of the 3d order, as 
in d— 3c + 36— a, are the same as in the cube of a binomial, etc. Hence, revers- 
ing the order of the simple terms in the first terms of the successive orders, and 
representing the first term of the first order by i), , the first term of the 2d order 
by i>», the 1st term of the 3d order by 2>3, etc., we have, for the even orders, 

2), = a — 26 + c, 

2>4 = a — 46 + 6c — 4d + 6. 

Hence, by induction, we have, for the 1st term of the nth order, when n is ev&n, 

_ .^n(n-l) n(?i-l)(n-2) , 

Z>, = a — w6 + -^-5 — '-c i j-^^ d + etc. 

Again, for the odd orders, we have 

2>, = — a + 6, 

i>3 = -a + 36-3c + d, 

^6 = - a + 56 - 10c + lOd - 5« +/. 

Hence, by induction, when n is odd, the first term of the nth order is 

_ . n{n — 1) n{n — 1) (n — 2) , ^ ^ 

D, = — a + w6 ^^ — - c + -^ ;^ ' d - etc.* 

4 o 



* ThQ author does not deem it expedient to take the time and space to demonstrate more 
rigorously this law ; nor does he fully sympathize with the idea that induction is in no case a 
satisfactory mathematical argupient, 
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311. Cov. — It will be observed that in order to find the \8t term 
of the first order of differences, we must have 2 terms of the series 
given; to find the \st term of the 2d order, 3 terms ; to find the \st 
term of the Sd order, 4 terms ; and, in general, to find the \st term 
of the nth order we must know n 4- 1 terms of the series. 

Examples. 

1. Find the 1st term of the 3d order of differences in the series 
7, 12, 21, 36, 62, etc. Also the 1st term of the 4th order. 

SuG*8. — Fop the 8d order we liave 

2)3 = -a + 86-8c + d=-7 + 312-8.21 + 86 = 2. 
For tlie 4th order, 

2>4 = a-4d + 6c-4d + « = 7-4.12 + 621-4.36 + 62 = 3. 

2 to 6. Find the first terms of the orders of differences specified in 
the following : 

(2.) 2d, 3d, and 4th, in 1, 8, 27, 64, 125, etc 
(3.) 3d, and 5th, in 1, 3, 3», 3», 3^ 3*, etc. 
(4.) 5th, in 1, J, i, i, ^, ^, etc. 
(5.) 5th, in 1, 6, 21, 56, 126, 252, etc. 
(6.) 6th, in 3, 6, 11, 17, 24, 36, 50, etc. 



312. Pvoh. 1. — To find the Scale of Helation in a recurring 
infinite series when a sufficient number of terms is given. 

Solution. — 1st. When each term after the first depends on the next preceding. 

— Let m represent the scale of relation. Then h = ma {304). Whence w = -. 

a 

2d. WTien eajch term, after the fi/rst tvx> depends on the two terms next preceding 

it, — Letting m, n be the scale of relation, we have e=ma+iib, and d^m^b + nc 

/o^>#\ ^xrr. c^ —bd , ad — be 

(304:), Whence m = i-i, and n = r?. 

ac — b* ac — b* 

Sd. When ectch term after the first three depends on the three terms next preced- 
ing it, — ^Letting m, n, r represent the scale, we have d = ma + nb + re, e=mb 
+ nc + rd, and/= mc + nd •\- re. From these three equations the values of 
m, n, and r can be found. 

4th, We can evidently proceed in a similar manner when the dependence is 
upon any number of preceding terms. 

313, Sen. — ^In applying this method, if we assume that the dependence 
is upon more terms than it really is, one or more of the terms of the scale 
will reduce to 0. If we assume the dependence to be on too few terms, the 
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error will appear in attemptiiig to ftpply the sciQ^ when fonftd. If ^e 
attempt to apply the method to a series which is not recurring, the error 
will appear in the form which the scale assumes, or when we attempt to 
apply it. 

When the dependence is npon two terms^ any two equations of the series 
e^ma-^vibjd^inb+neje^fne + ndy f— md ^ nt^ etc., will give the same 
Mlue$ for m and n. So also if the dependence is upon three terms, any three 
equations of the series d=zma + nb +rc, e = mb + ne-\-rd,f=me + nd-^rey 
g ^ md -k- ne -^ r/j eta, will give the game talua to m^ n, and r; etc<| etc. 

• 

There is nd general method of determining that a series is absolutely not 
recurring. The best practical method of procedure is to assume ^rst that 
the dependence is upon ttoo terms : if this docs not give a scale which will 
extend the series, try whether the dependence is not upon three terms, then 
upon four, etc. Of course, applying this process to an infinite series would 
not determine that the series was absolutely not recurring. 

Examples. 

1. Find the scale of relation in the series 1, 12, 48, 384, 1920, etc 

Sug's. — Assuming that the dependence is upon two terms, we have 48 = m 
+ 12w, and 884 = 12m + 48» ; whence m = 24, and n = 2. Now Bince 1920 
= 24-48 + 2 384, we conclude that + 24, + 2, is the scale. 

2. Find the scale of relation in the series 1, 6xy 12ai^, 48a;', 120.r*, 
etc 

Bug's.— We have 12a;* = m + ftm,and 48aj' = Qxm + 12a;*7* ; whence m=Qx*, 
and n=x. Now, as 120aj* = to* • 12aj* + x • 48aj*, we conclude that the scale of 
relation is + to*, + aj. 

3. Find the scale of relation in the series 1, 4a;, 6ar*, lla;*, 28a;*, 63a;*, 
and extend the series two terms. 

Bcale of relation, 4- 3a;*, — ai*, +2a;. 
Next two terms, 131a;*, 283a;'. 

4 to 11. Find the scale of relation in the following, and extend 
each series 2 or 3 terms : 

(4.) 1, a;, 2a;', 2a;*, 3a;*, 8.r\ Ax\ 4x\ etc. 

(5.) 1, 3, 18, 64, 243, 729, 291G, 8748, etc 

(6.) 1, X, 5x', 13.r\ 41ar*, 121ar», 365a;^ etc 

(7.) 1, 4, 12, 32, 80, etc 

(8.) 3, 5a;, 7x\ 13a;*, 23a,'*, 45ar^, etc 

(o) 1 ^"^a: —X' - — a;* etc 
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(10.) h 4, 10, 20, 35, 56 84, 120, etc. 
(11.) 1, 4, 8, 13, 19, 26, 34, etc. 



314. Frob. 2. — To find the xdh term of a series when a siif- 
fideM number of terms is given. 

Solution. — The best metliod of doing this depends upon the character of 
tlie series. We give the following : 

lat. The formula ^ = a + (ti — l)d, and I = ar*^-^, resolve the problem for 
arithmetical and geometrical series, I being any term. 

2d. The scale of relation may be determined by PiiOB. 1, and the series 
extended to the nth. tenn by means of it. 

3d. But the first terms of the successive orders of differences afford one of 
the most elegant and general methods. Thus from (SIO) we have 

J9, = — aH-6; /. b=a-\-Di ; 

Dt=z a—2b-\-c; .-. c=aH-2i>,H-D2 ;♦ 

J93=— aH-36— 3<JH-d ; .*. d=a+9Di H-SDj+Da; f 

2)4= a+Ab—Qc-^-Ad—e; .*. €=«+42>,+6Z>jH-4i>3+i)4 ; 

J>e=-aH-5&-10cH-10(i-6«+/; .'. /=d+5i)r+102>,H-10Z>3 4-5i)4-f i)«. 
etc., etc., etc 

Whence, by induction, we have, in general, the nth term = a + (71 — 1)7>, 

(n - l){n - 2) ^ (w - l)(n - 2)(n - 3) „ , ,„, ,^ , 
+ i jj '- Dt + \o ' -^3 + e*c., till the term containing 

i I O 

I>n-\ is reached, or till an order of differences is reached of which each term 
is 0. It is only in the latter case that the method is practically useful, since to 
determine the first terms of the 7i — 1 successive orders of differences, requires 
that n terms of the series be known. 



Examples. 

1 to 5. Solve the following by means of the scale of relation : 

(1.) Find the 8th term of 1, 2a;, 8a;', 282;^, 100a;*, etc. 

(2.) Find the 9th term of 1, Zx, bo?, W, 9a;*, 11a;*, etc 

(3.) Find the 10th term of 1, 3a:, 2a;«, -a^y- Sa^s - ^A etc. 

(4.) Find the 12th term of 3, 5, 7, 13, 23, 45, etc. 

(5.) Find the 11th term of 1, 1, 5, 13, 41, 121, etc. 

6 to 12. Solve the following by means of the successive orders of 
differences : 

(6.) The 12th term of 1, 5, 15, 35, 70, 126, etc. 

* c = - a + 26 + Dj = - a + 2(a + D,) + Z>j = a + 2Z), + D,. 

t d = a - 86 + 3o + D, = a - 3(a + 2>i) + 8(a + 2Z>, + D,) + 2>, =s a + 3Z>, + 3/>, + X>,. 



Digitized by VjOOQ IC 



278 APPENDIX. 

(7.) The 16th term of 1, 3, 6, 10, 15, 21, etc. Also the nth. 
(8.) The nth term of 1-2, 2-3, 3-4, 4-6, etc 
(9.) The 12th term of 1, 4a:, ^t?, lla;», 28a:*, 63a:*, etc.* 
(10.) Solve the first five given above by this method, when it 
will apply. Also deteimine the scale of relation in (6) to (9) in cases 
in which the series is recurring. 

(11.) Find the wth term of 1, 2«, 3*, 4', etc. 

(12.) Find the 9th term of 70, 252, 594, 114^ 1950, etc. 

13. Extend the following to 10 terms by the method of differences: 
1, 4, 8, 13, 19, etc. Also q?^ 4a:*, 8a:*, 13a:*, 19a:^ etc Also 1, 6, 20, 
60, 105, 196, etc, 

315. JProh. 3. — To determine whether a aeries w convergent or 
divergent. 

Solution. — 1st When the terms are aU +, If the eeries ia not decreasing, 
of course it cannot be convergent. Thus a + b-^c + d + e + etc. , if a <b 
<c <d <e, etc., is > a oo . Let us then consider the case when the terms are 
all + , and a>b>c>d>e, etc. We have 

8 =i a -{■ b -\- c -\- d -\- e -\- etc. = a(l +-+-+- + - + etc. ) 

\ a a a a / 

(^ b cb deb edcb ^ \ 
l+- + i-+-i-+ 3-i- + etc. ). 
a ba cba dcba / 

Now if -, r, -, 3, etc. <.p, 8 < a{l + p -{- p^ + p^ + p* + etc.), which, if 
a c (I 

a> 
p <l,z= :r—— . Therefore, An infinite series of positive terms is always conver- 
gent, if the ratio of ea>eh term to th^ preceding term is less than some assignable 
quantity which is itself less than I. 

2d. When the terms are alternately + and — , and decreasing. Let the series 
be a, — ft, + c, —d, + e, — etc. Now we may write 

8=(a — b) + {c — d) + (e —f) + etc. ; 
and also 8=a — (b ~- c) — (d — e) ^ etc. 

Since the terms are decreasing {c — d), («—/), etc., are +, and 8>a — b, 
Again, (6 — c), {d — e\ etc., are + , and 8 <a. Therefore, Any series of decreas- 
ing terms, which terms are alternately 4- and —, is convergent. 

3d. When the terms are alternately + and — , amd increasing, we have 
8 = a — b + c — d + e — / + g — etc. •=a^{b — c) — (d — e) — (f — g)^ etc. 
Now, since the terms are increasing, 6 — c, d — e,f — g, eta, are essentiallj 
negative. Representing these differences by —d, — di, — ^«, etc., we have 

♦ It is evident that the 12th term involves x to the 11th power, or contains a?". Hence W6 
have only to find the coefficient, or the 13th teem of the series 1, 4, 6, 11, 28, 63, etc. 
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S = a + d + di +dj + etc., a serieB which can be examined by the first procees 
given above. 

4th. The process of grouping the terms and thus forming a new series, as in 
the last case, is frequently serviceable in other cases than that there specified.* 



Examples. 

1. Determine whether 1 + - + zr^ + zttto + * -. o o .< + ^^c., is 
a convergent series. 

Bug's. — Here - = 1, t = s» - = o> t=t» etc. ; whence we see that each 
a b 2 c H d A 

of the ratios after the second is less than i, which is itself less than 1. Hence 

the series is converging. 

2. Determine whether l+i + i + i4- etc., is a converging series. 
3 to 6. Determine which of the following are converging : 

(3.) i + i + ^ + ^ + etc. 

(4.) 1+ — I-3 + I3 + ®^o«> ^ being > 1, i. e^ any decreasing 
geometrical progression. 

^^•^ 838 "^ 10^21 "^ 12^24 "*" 14:27 "*" ^*''' 
3 4 5 

^^•^ 1:2:2 "^ 2:3:2"' ■'' s:?:!"' "^ ®*^- 

X^ CC^ 2?* 3^ X^ 

7. For what values of a; is a; — — + ^ — t+t — •7r4- etc., 

/c o 4 5 o 

convergent, and for what divergent ? 

Bug's.— For aj 5 1 we have a series with the terms alternately + and — , 
and decreasing. Hence, by (315^ 2d), the series is convergent. Again, to 

examine the series for « > 1, it may be written ^ ~ -q- + ^ (-q* ~" T ) 
+ 0^ /—- — -^ j + aj' I— — — j + etc. Now, for aj> 1, some one of the 

factors (-g---f). (t~t)' (y~f)' ''^'' «^d »ll '«11«^^ i* 

will become negative. Thus, if « = =, all following = — 5 will be negative. 

7 7 8 

* This is confeesedly quite an imperfect pre^eiitatlon of this problem ; but it is sufficient for 
nKMt purpoBes, and is as foil as our limits will allow. 
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The sum of that portion of the series preceding this first negative factor will be 
finite, since it will be composed of a finite number of finite terms. Let us now 
examine the infinite series which is composed of negative terms. Let a be 
the value of x for which we are examining the series, and y the exponent of x 

in the first negative term. Thia term is therefore a^l j. Now this 

may be taken as the general term of this portion of the series if we understand 
that a is constant and y variable. As y increases by 2 in each successive term, 

the first two terms of this series are w( ^ V o»+'f ^ ^ ) ; and 

the ratio of the second to the first is a« J V^'^^-f^ x J^%±iL[. 

( (y-i-2)(y + 3) y + l — ay) 

= <^*\ n ^''."I'^r/tr.ynJ^Z..'^" J . the limit of which, as y in. 
](1 -a)^* + (6 — 5a)y* + (11 — 6a)y + 6* ' ^ ^ 

creases to infinity, is a*. But as a > 1 , a* > 1, and this negative series is diver- 
gent and its sum is infinite. Hence the given seiles is convergent for a; < 1, and 
for all values of «> 1 it is dlveigent 



316. JProb. 4. — To find the mm of n term^ of a series. 

This problem, like many others concerning series, does not admit of a general 
solution. We specify the following cases : 

Case 1. — When the series is Akithmbtical or QEOMETmcAL^ either dif>ergent 

or convergent, for n finite, 8=in[2a + {n^l)d], or 8= — =-^ . For an 

r — 1 

infinite geometrical convergent series we have 8 = z . 

Case 2,— When the series is cm infinite, decreasing, kbcitbring series, to find 
the sum of the series (». e,, n being oo). Let the series be a+&+c+(f+e+ etc, 
and m, n the scale of relation, the dependence being upon two terms. Whence 
we have 

a = a, 

b =b, 

c = am + hn, 

d = bm + en, 

^ ^ cm + dn, 

f = dm + en. 



Putting 8=ra + 6 + c + c! + etc., 



and adding, this gives 8 = a + b ■{- 8m -\- (8 — a)n. 

Solving for ft we have ^^ a+&-fl^ ^ ^^^ 

** 1 — m — n 
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When the scale of relation conwfU of three terms, as m, n, r, we t ave 

a = a, 

b =b, 

c = c, 

d =1 am + hn + cr, 

e =bm -^ en + dr, 

f = cm + dn -\- er, 

g = dm + en + fr. 



Whence 8 ^ a + h + c •\- 13m -^^ {8 — a)n + {8 — a — hyr. 

A ji 1 - ^ a ^a + b + e — an— {a + h)r .^. 

And solving for 8, 8-= z ^ — . (2> 

1 — m — n — r 

When the scale of relation consists of four terms, as m, n, f, s, we can writ^ 
from analogy, 

rt a + b+ e -\- d — an — (a -i- by — (a -^ b + c)s ,^. 

jg r= ' " , (o) 

1 —m — n — r — s 

Case 3. — To find the sum of n terms of a series by the meth^ of differ- 
ences. — Let the series be a, b, c, d, e,f, etc, which we will call (A). 
Now if we write the series 

{B) 0,a,a + b, a + b + e, a + b + c + d, a + b + e+d + Cf etc., 

of which the series (A) is the first order of differences, it is evident that the 
{n + l)th term of (B) is the sum of n terms of the given series {A). By the 
formula for the nth. term (314, 3d), which is 

The«thtann=a4-(n-l)i). -H ^"-^f-'^> i>, + <^-^)<V,^)<"-«> A-H etc. 

« I o 

noticing that a, the first term, in 'series (B) is 0, that Di of series (B) is a of 
series (A), Dt of series (B) is 2>i of series (A), etc., we hiive, for thd sum of 
n terms of {A) 

On this formula we observe that when the orders of differences do not vanish, 
if the series is extended to the (n + l)th term the coefl^cient of that term will 
become 0, and the series will terminate. 

Moreover^ in cases in which the nth order of differences vanishes, the same 
number of terms of this formula will give the sum of any number of terms of 
the series above the nth. 

Case 4. — Upon the principle that any fraction of the form . ^ — r 

n{n + p) 

= - ( — ) ,* many series of fractional terms of the form —, — =■ — : 

p\n n ■{- p/ n{n + p] 

may be summed. 

nq+pq-nq __ pq 

n+p n{n+p) »(n + p)' 
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Alflo many eeries of fractional terms of the form -r r, ;r^ ni*y ^ 

^ n{n-k- p){n + 2p) 

summed from the fact that 



n(n+i>X^ + 2p) 2p<w(n + p) {n ■{■ p)(n + 2p)) 

When the fractional terms are of the form — — ^ . > . rr-^, the 

7i{n + p)(n + 2p)(n + 3p) 

summation may often be effected upon the principle that 

2 ^ J_i____? 2 I 

n{n + j?X» + 2pX»» + 8p) 8p < w(n + p)(n + 2p) (n + pX^ + 2!pX^ + 3p) f ' 

The practicability of this method depends upon our ability to find the differ- 
ence between two series. Thus, when the terms of the given series are of the 

form -7—^ — r , if we can find the difference between two series whose terms 
n(n+p) 

are of the form - , and — - — respectively, we can find the sum of the given 
n n + p 

series. But the method will be more readily comprehended in connection 

with its application. (See Ex's 15-80.) 

Examples. 
1 to 7. Find the sum of the following recurring series : 

(1.) 1 -h2x + Sa? + 2Sx' + 100a?* + etc. 

{%.) l + 2x + 3af + 6af -\- Sa^ + etc. 

(3.) 1 + dx + 6a^ -h 7a^ + etc. 

(4.) d + 6x + 7a^ -h ISx" + 23a:* + 45a^ + etc. 

(6.) 1 4- 1 + 5 4- 13 4- 41 + 121 4- etc 

(6.) 1 4- a: 4- 2a;» 4- 2a:» 4- 3a:* 4- 3a:* 4- 4a:« 4- 4a;' 4- etc 

.^. a ac , a(? . ^ ^ . l 



8 to 14. Find the sum of the following by the method of differences : 

(8.) 14-34-54-74-etc., to 20 terms; to w terms. 

(9.) 14-24-34-44-64-etc., to 60 terms; to n terms. 
(10.) 14-54-154-354-704-1264-etc., to30 terms; to w terms. 
(11.) 704-2524-594+1144 4- 1950 etc., to 25 terms; tow terms. 
(12.) 1 + 2* 4- 3* +4* 4- etc., to 12 terms; to 7i terms. 
(13.) 1 + 2« + 3' + 4* + etc , to n terms. 
(14.) l + 2» + 3» + 4» + etc, tow terms. 



15. Find the sum ^fi^ + o^ + Q:!^/:^^ ®*^*> ^7 *^® method 
given in Case 4. 
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SuG's.^If we put J) = 1, g = 1, and w = 1, 2, 3, 4, etc., snccessively, the 
general form of the term in this series is . ^ — . Thus we have 

For the 1st term, , ^ x = ./. ^ .. =1(1 - t^t)*='^ (^-l)l 
n{n-^p) 1(1 + 1) 1 U 1 + 1/ \ 2/ 

FctheMtenn, _^^ = ^ = J g _ ^J.= 1 g _ 1 ) ; 
Fo^theSdtenu. -^^ = ^^ = \ (l- ^;)*=1 Q-l) ■. 

Forthe4thtenn, , ^ x = ../ ,. = T (7- a^)*=^ (I "D '^ 
* n(n-\-p) 4(4 + 1) 1 \4 4 + 1/ \4 6/' 

etc., etc., etc. 
Putting 8 for the sum of the series and adding, we have 

,»=(l-i) + (i-4) + (i-i) + (i-.i) + etc. 
_ a + 1 + i + i + etc. )_ 
~1 -i-i-i-etc) -'• 

Note. — It will he seen that this method is only an ingenious device for de- 
composing the given infinite series into two infinite series, one of which destroys 
all but a finite portion of the other. 

16. Find the sum of j^ + ^ + 3^ + ^ + etc. 

17. Find the sum of n terms of each of the two preceding series. 
SuG. — ^We have for the nth term of the last series ^ = 1, i> = 2, w = 2n — 1, 

since 2n — 1 is the nth. odd number. Hence for the nth term 

n(n + p) 

= i(^1^2iriri)' We therefore have 



^-l 

1 



27» — 1 2n + 1 
n 



= -|0~2irn) 



2» + 1* 



18. Find the sum of r-r + j— + —-+—-+ etc. Also of n terms 

±•4 ^'O O'b 4»7 

of the same. 

19. Find the sum of j- — ^ + ——---■ + etc., to n terms. 

Id 00 OtJ au 
♦ SfaicebyCa8e4, -—l—-=l.(t'- -^\ 
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Suo'8.— It wUl beBeenthatthifl Beriesiflthesameasg-^ — ^-^ + fj-Q — gT^j 

+ etc Hence by making ^ = 2, 8, 4, 6, etc., successively, n = 3, 5, 7, 9, etc., 
saccesfliyely, and p = 2, we have 

t{(i-»)-(*-») + »-t)-(*-A-) + «*«-K o^ 
ill - (I + fi + (♦ + « - (* + 1) + A + «^-} 

Now the fonn of this last tenn is ^ **" ^ ; and if an eren number of terms of 

1(2 71 + 1 ) 

the given Beries ia taken, we have o W - 1 '^'' zn + S ) ' *^ ** intermediate 

terms destroying each other. Bnt if an odd number is taken, we have 

1{1 _ !L±1\ RnaUv as . ** "^ ^ - = - - „,„ ^ „, , we have for an even 

number of termsi{|-|-2-^^)f . - i " i^^flTS) ""^ '"' "^ '^ 
number, |{|-^ + ^^j}. or^^j^^. When «=co . we have 

-— = ; whence the sum is — . 

4(271 + 8) 12 

20. Find the sum of r-5 + 5-: + o-t + etc. 

1«3 2'4 o«5 

21. Find the sum of 7-5 — jt-t + 5-= — etc. 

1'3 2'4 O'O 

22. Find the sum of 3^ + gi^ + gig + etc. 

S0G.-This equals 1 (j^^ + 2^ + 574 + «*<=)• 

23. Find the snm of ji + ^i + gig + jg^^ + etc 

24. Find the sum of 7-5-5 + 5-0-7 4- oT^ + etc. 

l-2«3 2«3«4 t)«4»5 

gxjG's.— By putting p ±= 1, g = 4, 5, 6, etc., successively, and n = 1, 2, 3, etc., 

successively, these terms take the form , + rAln + ^p) * *^^ ^^^^ 

? =: Jl f ^ ? I , we may write the g^ven 

n{n + p)(n + 2p) 2p(n{n+p) (n -{- p)(n + 2p)) 

\: 

H(A-A)*(A-A)-(A-A)*-1 
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f 4 . 6 

3 ■*" a 

5 



12 + 273 + 3-i+ '>*''■ 



2 3 ~ 8-4 ~*"*'^ 



= l(^ + A + O + «*«•) = 1(3 + I) ("^ Ex. 15) = li. 

25. Find the sum of ^^ + ^^ + ^^ + etc. 

26. Find the sum of j^^ + ^^ + ^^ + etc. 

27. Find the snn. of j^^ + 3^^ + ^-|^ + ^^ + etc. 

28. Find the sum of ^^ + ^ + _J_ + etc 

SuG.— Consider that ? = J- i g 

n(/i + i?)(7H-2p)(7i + 8;?) 8p U(n+o)(w + 2«) 

9 ) 

29. Find the sum of , } ^ + — - — + - + etc 

1.3.5.7 ^ 3.5.7.9 ^ 5.7.9.11 ^ 

30. Find the sum of ^ ,^ ■ + -tt^ 4- 4- etc. 

3.6.9.12 ^ 6.9.12.15 ^ 9.12.15-18 ^ 

Note.— The above examples are taken from Young's Algebra, an excellent 
old English work to which American editors are much indebted. 



PiLmG Balls and Shells. 

317. In arsenals and navy-yards, cannon-balls and shells are 
piled on a level surface in neat and orderly piles of three different 
forms, viz., triangular, square, and ohlong. The figures below will 
sufficiently illustrate these forms : 



4 



TBIANOULAB PILE. SQUABB PILR. OBLOISra FILB. 

318. Prop. — The formula for the number of haUa or shells in a 
triangular pile having n balls or shells on a side of its lowest course Is 
in (n + 1) (n + 2). 
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Dem. — ^The stadent will be able to discoyer that, beginning at the top, the 
number of balls or ahelbi in each coarse is as follows : 

1, 1 + 2. 1+2 + 8, 1 + 2 + 3 + 4, etc., 

or 1, 3, 6, 10, 16, 21, etc. 

Sanuning this series to n terms hj the method of differences he will obtain the 
formula. 

319, Cor. — The number of courses in a triangular pile is equal 
to the number of balls or shells in one side of the lowest course ; and 
the number of balls or shells in the lowest course is 1 + 2 + 3+4 
- - - - n, or |(n' + n). 

320* Prop, — Ths formula for the number of balls or shells in 
a square pile having n balls or shells on a side of its lowest course is 
|n(n + l)(2n + l). 

The stadent should be able to demonstrate this as above. 

32 !• Cor. — The number of courses in a square pile is eqiuU to the 
number of balls or shells in one side of the lowest course ; and the 
number of balls or shells in the lowest course is 1 + 3 + 5 + 7 + 9 
2n — 1, or n*. 



322. Prop. — The formula for the number of balls or shells in 
an oblong pile having m balls or shells in the length of the base and 
n in the width is 

in (n + 1) (3m - n + 1). 

Dem. — Observe that there are as many courses as there are balls in the width 
of the base. Let m' be the number in the top row, whence we have for the 
number in the successive rows from the top downward, 

m', 2(m' -h 1), d(m' -h 2), 4(m' -h 8), 5(m' + 4), etc. 
Taking the successive differences, we find Di = w' -h 2, 2)t = 2, and D, = 0. 
Substituting in 

a^na-] ^ IJi H ^-^ JJf, 

„ , rUn — \), , „. . ri(w — l)(?i — 2) , . , ... 
we have 8 = m'n + -^--jr — - {m' 4- 2) +• -^ ^ '- , which readily 

to O 

reduces to /8^= j7i{(7H- l)(3w' +271-2)}. 

Now m being the number of balls or shells in the length of the base, we observe 
that m' = m — w + 1, which substituted in the previous equation gives 
8 = in(7i + l)(8m -n+V). 

ScH. — ^If we make w = w, this gives the formula for the square pile, as it 
should. 
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Examples. 

1. Find the number of balls in a triangular pile of 20 courses. 
In a triangular pile with 42 balls on one side of the lowest course. 
How many balls in the bottom course ? How many in one of the 
faces ? 

2. Find the number of shells in a square pile with 30 courses. 
With 23 balls in one side of the lowest course. With 2209 in the 
bottom course. How many balls in one face of each pile ? 

3. Find the number of balls in an oblong pile whose bottom 
course is 42 balls by 20. Whose top course contains 23 balls, and 
which has fifteen courses. 

4. How many shells remain in an incomplete triangular pile whose 
top course contains 28 shells, and whose bottom course has 15 shells 
on a side ? 

5. How many balls in an incomplete square pile whose top course 
is 8 balls on a side, and whose bottom course is 20 balls on a side ? 

6. How many shells in an incomplete oblong pile whose top 
course is 12 by 20, and whose bottom course is 52 shells in length ? 



Reversion of Series. 

323, Prob. — To revert a iSeries, 

Solution. — The problem is, having given 

/(y) = aa; -h 6a;« -h caj3 -h ete* + etc., (A) 

to express a; as a function of y, i. e., to obtain 

x = Ay-hBy' -\- Cy^ -h 2>y* + etc., {B) 

the essential thing in the solution being to find the values of the indeterminate 
coefficients A, B, G, 2>, etc. To do this, we form «*,«', a?*, etc., from (B) in 
terms of y, and substitute in the second member of (A). Whence we have 
f{y) =/' (y)* From this relation we can obtain the values of the indeterminates 
A, B, C, D, etc., in the ordinary way. 

Examples. 

1. Given y = a; + ^' 4- ^o;* 4- Ja^ 4- etc., to revert the series, i. e., 
to express the value of a; in a series involving y, 

. / 

* This notation means that both members are functions of y, but that they are not the same 
fanctlon: one is the /function, and the other the /' function. 



Digitized by VjOOQ IC 



288 APPENDIX. 

Suo'8.— ABSume w=:Ay + By* + Cy* + i)y* + etc 
Whence x* =A*y*-^ 2ABy* H- 2A0 I y* + etc. , 

-h B*\ 
»• = A^y* H- 3-4*5y* + etc., 
and «* = -4*y* 4- etc, these developments being extended 

an far as is necessary in order to determine four terms of the reverted 
series. 

Substituting these values in the g^ven series we have 



y = Ay-^B\y*'h 
+ MM -hAB 



y* + I) y* H- etc 

-h AG 

+ iB* 

-^A*B 

+ W* 

Whence ^ = 1, 5 + 4-4« = 0, C -h -45+i^» = 0, and D+AG+iB*+A*'B 
H- \A^ = 0. These give A = l, -&=-*. C= J, and 2> = - Z*. Therefore 

the reverted series is iP = y— -oy*+Toy*"~ Try* + ®*^ 

-^ 12 c 

2 to 6, Revert the following : 
(2.) y = a?4-a:* + a;'4-a^ + eta 
(3.) y = ic + 3a^ 4- 5a;* + 7aj* + 9a;* + etc, 
(4.) y = a; — ia;* + K - K + ^^c * 
(6.) y = 2a; + Ba;* + 4a;* + 5a;' 4- etc. 
(6.) y = 1 4- a; + ia;* + ,K + li^ + etc.f 

7. Required to express the value of y in teims of x from the 
relation 

y 4- ay' + Jy* 4- cy* 4- etc. = ma; 4- wa;* + pot? + S'a;* 4- etc. 



Interpolation. 

324. 'Prob. — Having given a aeries of functions a, b, c, d, e, 
etc,, to find a function intermediate between any two of this series^ 
which function shall conform to the law of the series. 

III.— Let the series of functions he the logarithms of 232,233, 234, 235, etc, 
viz., 2.865488, 2.867356, 2.839216, and 2.371068 ; let it he required to find the 
logarithm of 233.4, i. e., the function f of the way from 2.367366 to 2.369216. 

Solution. — The solution of this problem is simply an application of the 

* In this example it will be more expeditions to assume » = Jy + By* + (^ + etc, thongh it 
is not essential. 

t Transpose the 1, pnt s =s y - 1, and then revert the series s = s + ^«> + r^-e*+ 4-«* + etc. 

This in necessary, since the theory of Indeterminate Coefficients assumes that both \aiiables 
become at the same time ; i. «., that «=0, makes s=0. 
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formala for finding the nth term of a series hj the Method of DilEerences 
(314) ; viz.. 



The Tith term = a + (n — l)2>i + 



(n-l){n-2) 



I>f-^ 



(n'^l)(n-2)(n- 



i>8H-etc. 



2 ' ' [3 

But for our present purpose it is more convenient to replace the (n— 1) of the 

P 
formula, where n represents the number of the term sought, hy - , a fraction 

which indicates the distance of the term sought, from the first term used, 
this distance being measured hy calling the distance between any two given 
terms 1. Thus in the series a, b, e, d, e, etc., a term J of the way from & to c, 

would be reckoned at a distance If, or f from a, t. e., - would be f in this case. 

Q 
Now by this method of reckoning it is evident that the (n— 1) of the formula must 

be replaced by - , for n stands for the number of the term, which is one more 

9 
than the number of intervals between it and the first term. Thus the 4th 

term is 8 intervals from the first term. Making this substitution of - for n— 1 
the formula becomes 

Term tobe mterpolated=a4- ^2>i + 1 ^(^-l\Dt + ^ "(- -l) (~2)i>3+etc. 

325* ScH. 1. — On this formula we observe that when the series of func- 
tions is such that the differences vanish, i. e,, D^t Dz* D^, or some order 
becomes 0, the formula gives an absolutely correct result. But when the 
differences do not vanish, the result is only an approximation. However, 
such is the closeness of approximation, that for practical purposes only 
second differences are usually needed, although sometimes third and fourth 
become necessary. 

Examples. 

1. Finding from the tables the logarithms of 232, 233, 234, 235, 
to be 2.365488, 2.367356, 2.369216, and 2.371068, required to inter- 
polate the logarithm of 233.4. 

SOLUTION. 



ARGUMENTS.* 


FUNCTIONS. 


1st diff's. 


2d diff's. 


3d diff's. 


233 
233 
234 
235 


2.365488 
2.367856 
2.369216 
2.871068 


.001868 
.001860 
.001862 


-.000008 
-.000008 


.000000 



* In 8uch a case the number is called the Argument^ and its logarithm the ftinction. This 
m«ao8 simply that the logarithm is a functfon of the number (or argument). 
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In this ciae a = 2.365488, i>i = .001868, 2>, = -.000008, 2)a=0,and^ = g. 

Hence we have 

log 282 = a = 2.366488 

^ 2), = I (.001868) = .002615 



1 p [p 



?..(|-l)2>, = -^J (.000008) = - 



.000002 



.-. log 233.4 = 
Mctlj as it is in the tables. 



2.368101, which is ex- 



2. Finding from the table the logarithms of 61, 62, etc., interpo- 
late the logarithm of 62.23. 

S2Q. BcH. 2. — ^When second differences only are to be used, and four 
functions of the series are known, a convenient and excellent fonnula is 
obtained thus : Let the four functions be a, 5, c, d^ and let it be required to 

interpolate between & and c. Let ~ be the interval from 5 to the place of the 

term to be interpolated. Now if we compute from 5, instead of from a, the 
preceding formula will become 

The interpolated function =&-h^]i>i +2W"' ^y"^* [ * 

in which 2), is the second of the first differences, i. «., the one which falls 
between J and c ; or, in general, if we tabulate the differences as above, it 
Is the first difference which falls in the same horizontal line with the func- 
tion to be interpolated. Again, as the second differences are supposed to be 
different, it is best to take the arithmetical mean of the two, which mean 
will also fall in the same horizontal line with the interpolated function. 

3. Find by {326) the logarithm of 68.53 from the logarithms of 
67,68,69,70. (See table.) 



ARGUMENTS. 


FUNCTIONS. 


1st dipp's. 


2d dipp's. 


MF.AIT OP 
2d DIPP'S. 


67 

68 
♦ 


1.826075 
1.832509 


.006434 
.006840 
.006249 


-.000090 
"-.'000091' 


-.0000905 


69 
70 


1.838849 
1.845098 



Here we have h = log 68 = 1.832509, ?1 = ^5^, 2>, = .006340, and 

q 100 

i>j = — .0000905. The student should make the suhstitutions and compare 

with the table. • 



Digitized by VjOOQ IC 



INTEBPOLATION OP SERIES. 



291 



327 • ScH. 3. — But it is not for interpolating logarithms that this 
method is chiefly used. For this purpose the method given in (196) is 
preferable. The student will readily discover that the method of (J-06) 
is identical with that just given if only first differences are used. When 
great accuracy is required, and the tables used give the logarithms to 8 or 
10 places, it sometimes becomes necessary to use mean second differences, 
as above. It is, however, in Astronomy that Interpolation has its most im- 
portant applications. Thus, suppose the Right Ascension (analogous to 
terrestrial longitude) of a planet has been observed four times at intervals of. 
Bay one day. By interpolation we may find its Right Ascension at each interme- 
diate hour, or point of tune. In this problem the Right Ascension is thefuTiction, 
and the time is the a/rgu7nent. 

4. The Right Ascension of Jupiter to-day, July 1st, at noon, is 
10h.6m. 38.6s.; July 2d, at noon, it will be lOli. 6m. 18.86s.; on July 
3d, lOh. 6ni. 59.41s., and July 4th, lOh. 7ni. 40.24s. What will it be 
July 2d, at midnight ? 

SOLXJTION. 



ARGUMENTS.* 


FUNCTIONS.* 


IST DIFF'S. 


2d difp's. 


MEAN 
2d DIFF'S. 


Julyl. 
July 2. 
July 3. 
July 4. 


lOh, 6 m. 38.6 s. 
lOh. 6m. 18.86s. 
lOh. 6 m. 59.41s. 
lOh. 7 m. 40.24 s. 


40.26 s. 
40.65 s. 
40.83 s. 


0.29 s. 
0.28 s. 


0.285s. 



In this case —, = - 



h = lOh. 6m. 18.86s., Di = 40.55s., and i>, = 0.285s. 



q 2' 
The answer is lOh. 6m. 89.1s. 

5. To-day, July 1st, at noon, the moon's declination (distance 
from the celestial equator) is 6° 38' 10".8 north ; at 4 o'clock it will 
be 5° 45' 51".3 ; at 8 o'clock, 4° 53' 7".8; at midnight, 4° 0' 2".8; and 
at 4 o'clock in the morning it will be 3° 6' 38".7. Interpolate for 
the intermediate hours. 

* In this example the argument is the <tme, and the function is the Right Ascension, i. «., 
the Right Ascension is a Amction of the time. 
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SECTION II. 

PERMUTATIONS. 

8fiS. ComMnatityns are the Afferent gnmpa which cai^ be 
made of m things taken n in a group, n being less than in. 

III.— Taking the 5 lettere a, b, c, d, e, we have the 10 following combinan&M 
when the letters are taken 8 in a group, or, as it is usually expressed, taken 3 
and 8 : ode, oM, dbe, acd, ace, ode, bed, bee, bde, cde. Taken 2 and 2, we have the 
following 10 combinations : ab, etc, ad, ae, be, bd, be, ed, ee,de. It is to be noticed 
that no two eombinations eontain the same letters; i, e., they are different groups. 

329. JPermutations are the different orders in which things 
can succeed each other. 

III. —Thus the two letters a, b have the two permutations db, &a. The three 
letters a, b, e have the 6 permutations abc, acb, cab, bae, bca, cba, 

330. Arrangements are permutations of combinations. 

III. — Taking the 10 combinations of 5 letters taken 3 and 3, and permuting 
each combination, we get the arrangements of 6 letters taken 3 and 3. Thus 
the combination abe gives the 6 arrangements abc, a^db, cab, bac, bca, cba. In like 
manner each of the 10 combinations of 5 letters taken 3 and 3 will give 6 arrange- 
ments ; whence, in all, 5 letters taken 3 and 3 have 60 arrangements. 

331. Frop. — The number of Arrangements of m things taken 
n and n is 

m (m - 1) (m - 2) (m - 3) (m - n + 1). 

Dem. — Let us consider the number of arrangements which can be made of the 
m letters a, b, c, d, etc., taken 2 and 2. Letting a stand first, we can have ab, ae, 
ady etc., to m — 1 arrangements. Letting 6 stand first, we can have ba, be, bd, 
etc., tom — 1 arrangements. Thus taking each of the m letters in turn we can, 
have m — 1 arrangements in each case, or m (m — 1) arrangements in all. 

AgauveocA of these m (m — 1) 2 and 2 arrangements will give m —2 arrange- 
Dients 8 and 3, by placing before it each of the letters not involved in it. Thus 
we have m{m — l){m — 2) arrangements of m letters taken 3 and 3. 

Once more, each of these m (m — 1) (w — 2) 3 and 3 arrangements will give 
m — 3 arrangements 4 and 4, by placing before it each of the letters not involved 
in it. Thus we have m (w — 1) (w — 2) {m — 3) arrangements of m letters taken 
4 and 4. 

Finally, we observe the law ; i, e., the number of arrangements is equal to 
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the continued piodnct of m<7» — 1) (m — 2) (f?i — 8) ... - ji» — (n — 1)} or 

fn(m — 1) (m — 2) {m — S) - - - - (m — n + 1). 

332. CoE. 1. — The number of Permutations qfm. things is 

1.2.3.4 HL 

This is evident since arrangements become permutations when the number in 
a group is equal to the whole number considered ; i. e,, when n = m, 

333. Cor. 2. — If "p of them, letters are alike {as each a), q others 
ulikey r others alike, etc^ the number of permutations is 

1.2»3.4 ^ - - - m 

|£ X jq X |r X etc. * 

Thus consider the permutations of a, 6, c, d, viz., abed, haed, (uxS), heda, acbd, 
bead, abde, hade, ctdcb, bdca, etc Suppose b to become a, then since for any par- 
ticular position of e and d, as in abed, there are as many permutations of the four 
letters as there can be permutations of the two letters a and b, viz., 1x3; if b 
becomes a there will be 1 x 2 fewer permutations when these two letters are 

alike than when they are different, i. e., -—^r—^r— . 

1 • 2 

So, in general, if p of the letters are alike, there will be 1 • 2 • 3 - - - - ^, or 
[£ fewer permutations than if they are all different, etc. 

334. Cor. 3. — TTie number of Combinations of m things taken 
n and n is 

m (m — 1) (m — 2) (m — 3) - - - - (m — n + 1) 
1.2.3.4 n 

Since arrangements are permutations of combinations, the number of ar- 
rangements of m things taken n and n is equal to the number of combinations 
of m things taken n and n multiplied by the number of permutations of n 
things. Hence the number of combinations is equal to the number of arrange- 
ments of m things taken n and n divided by the number of permutations of n 
things. 

Examples. 

1. How many permutations can be made of the letters in the word 
marble? Of those in home? Of those in logarithms? 

2. How many arrangements can be made of 10 colors taken 3 and 
3? Of 7 colors taken 2 and 2? Taken 3 and 3? 4 and 4? 5 and 
5 ? 6 and 6 ? 7 and 7 ? How many mixtures in each case, irre- 
spective of proportions ? 

3. How many diiferent products can be made from the 9 digits 
taken 2 and 2? 3 and 3 ? 4and4? 5 and 5 ? 6and6? 7 and 
7? Sands? 9aud0? 
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4. How many different numbers can be represented by the 9 digits 
taken 2 and 2 ? 3 and 3 ? 4 and 4 ? etc 

6. In a certain district 3 representatives are to be elected, and there 
are 6 candidates. In how many different ways may a ticket be made 
up? 

6. There are 7 chemical elements which will unite with each other. 
How many ternary compounds can be made from them ? How many 
binary ? 

7. How many different sums of money can be paid with 1 cent, 1 
3-cent piece, 1 5-cent piece, 1 dime, 1 15-cent piece, 1 25-cent piece, 
and 1 50-cent piece ? 

Bug.— If taken 1 and 1, how many ? If 2 and 2, how many ? If 3 and 3, etc.? 
How many in all ? 

8. In how many ways can 12 ladies and 12 gentlemen arrange 
themselves in couples ? 

9. If you are to select 7 articles out of 12, how many different 
choices have you ? 

10. How many different sums can be made from 1, 2, 3, 4, 5, 6, 
taken 2 and 2 ? 

11. How many permutations can be made from the letters in the 
word possessions? (See 333 •) How many from the letters 
in the word consistencies? 

12. How many different signals can be made with 10 different- 
colored flags, by displaying them 1 at a time, 2 at a time, 3 at a time, 
etc., the relative positions of the flags with reference to each other 
not being taken into account ? 



Peobabilities. 

335. The Mathe^tnatical JProbdbUity of an event is the 
number of favorable opportunities divided by the whole number of 
opportunities. The Mathematical Improbability is the number of un- 
favorable opportunities divided by the whole number of opportunities. 

III. — A man draws a ball from a bag containing 5 white and 2 black balls ; 
the opportunities favorable to drawing a white ball are fioe, and the whole num- 
ber of opportunities is seven ; hence the mathematical probability of drawing 
a white baU is ^. The mathematical improbabiUty of drawing a white ball is % 
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Examples. 

1. I learn that from a vessel on which my friend had taken pass- 
age, one person has been lost overboard. There were 40 passengers, 
and 20 in the crew. What is the probability that my friend is safe ? 
What the improbability ? If I learn that a passenger is lost, what 
then is the probability that my friend is safe? What that he is 
lost? 

2. A man fires into a flock of birds of which 6 are white, 4 black, 
5 slate-colored, and 3 piebald. If he kills one, what is the probability 
of its being a black bird ? What the improbability of its being pie- 
bald ? How much more probable is it that he will kill a white than 
a piebald bird? A black than a piebald ? 

3. Twenty-three persons sit around a table. What is the proba- 
bility of any given couple sitting together ? 

III.— Call the two persons A and B, Then wherever A may sit, there are 23 
others who may sit beside him in one of two places (on his right or left). There 
are therefore 2 favorable and 20 unfavorable opportunities. 

4. What are the odds against the fourth of July coming on Sun- 
day in any year taken at random ? 

SuG. — The odds against an event is the ratio of the unfavorable to the favor- 
able opportunities. 

5. The moon changes about once in 7 days. What is the proba- 
bility that a change of weather will come within 3 days of a change 
in the moon ? 

6. The letters a, e, w, n, can be arranged so as to form four words, 
viz., mane, mean, name, amen. If they are arranged at random, 
what is the probability of their forming a word ? What the " odds 
againsf their forming a word ? 

7. Show that the probability that a leap-year will contain 63 Sun- 
days is f . 

8. Three balls are to be drawn from an urn which contains 5 black, 
3 red, and 2 white balls. What is the probability of drawing 2 
black balls and 1 red ? 

SuG's. — The first question is, How many opportunities in all ? That is, how 
many different groups {combinations) can be made of 10 balls taken 3 and 3. 
Second, How many opportunities favorable to drawing two black balls and one 
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red at the same time ? There are 5 black jballs, and these can be combined 2 and 

2 in — ^ , or 10, ways ; and as one of the three red balls can be obtained in 3 
1 ■ « 

ways, each one of these combined with one of the 10 ways of obtaining the 

black balls will give 10 x 3, or 80, favorable opportunities for selecting the balls 

as desired. The probability is therefore -?fo, or i. 

9. If from a lottery of 30 tickets, marked 1, 2, 3, etc., 4 tickets are 
drawn, what is the probability that 3 and 5 are among them P What 
are the odds against it ? 

Suo'8. — From 30 how many combinations of 4 and 4? From 28 how many 
combinations of 2 and 2 ? Odds against drawing 3 and 5, 143 to 2. 

10. A bag contains a $5 bill, $10 bill, and 6 blanks. What is the 
expectation of one drawing ? That is, what is one drawing worth ? 

Bug. — The probability that one draught will take the |5 bill is i, and hence 
is worth $|. The probability that the $10 note will be dra'wn is also i, and 
hence this expeeUOian is $V. The entire expectation is therefore $^, or 
$1.87i. Hence a gambler who should sell such chances at %% each, would in 
the long run make money. 

11. What is the expectation of a draught from a bag containing 5 
$2 bills, 4 $5 bills, 2 $10 bills, 1 $100 bill, and 50 blanks? 

12. In a given bag are 5 $2 bills, 3 $5 bills, and 6 blanks. What 
is the expectation of 2 draughts ? 

Bug's.— There are ' = 91 opiwrtunities, or ways in which 2 things can 
be drawn from 14 

K A. 

There are q — jr ways in which $2 bills ma/y be drawn. Hence the probability 
1 • <» 

of drawing 2 $2 bills is J^, and this expectancy is $ J?. 

In like manner the probability of drawing 2 $5 bills is ^, and this expect- 
ancy is $}f . 

The probability of drawing 2 blanks is Jf , and this expectancy 0. 

The probabiUty of drawing 1 $2 and 1 $5 bill is Ji, and this expectancy is 

$w. 

The probability of drawing 1 $2 bill and 1 blank is ^, and this expectancy 
i8$ft. 

The probability of drawing 1 $5 bill and 1 blank is Jf , and this expectancy 
is %n. 

The entire expectancy, or worth, of 2 draughts is therefore ff + J^+W^ + f? 
-h l^ dollars, or $3.57|. 

Observe that the sum of all the probabilities, i. «., if + ^\ + it + i^ 4- }?+iti 
is 1, as it should be. 
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That the probabilitj 6f drawing 1 $2 bill and 1 $5 is if, is seen thus : There 
are 6 opportunities favorable to drawing 1 $2 bill, and with each of these there 
are 3 opportunities favorable to drawing 1 $5 bilL 

13. There are 4 white balls and 3 black ones in one bag, and 2 
white ones and 7 black ones in another bag. What is the probability 
of drawing a white ball from each bag at the first draught from 
each? 

Solution. — There are in all 7 opportunities of drawing a ball from the first 
bag, and with each one of these there are 9 opportunities from the second 
bag ; hence there are 7 x 9, or 63 opportunities in all. Again, there are 4 favor- 
able opportunities for drawing a white ball from the first bag, and with each of 
these there are 2 favorable opportunities for drawing a white ball from the 
second bag ; i. e., there are in all 4 x 2, or 8, favorable opportunities. Hence 
the probability is /^. Notice that this compound probability is the product of the 
ttoo simple probabilities, 

14. The probability that A can solve a problem is f , and that £ 
can do the same is ^, what is the joint probability ? 

SuG's. — The student will observe that there are 4 possible results, viz. : 
1. Both may succeed, of which the probability is A^ ; 2. A may succeed and B fail, 
of which the probability is H ; 3. ^ may succeed and A fail, of which the prob- 
ability is ^; and 4 Both may fail, of which the probability is H. Now eitTier 
the first, second, or the third result will give a solution. Hence the probability 
of success is ^ + 4J + A = If » or f . 

This result may be more expeditiously obtained by considering that they 
will succeed if both do not fail. The probability of A*s failure is f, and of B's f . 
Hence the probability that both will fail is f x f, or ^; and the probability of 
success is 1—^, or ^. 

15. It may be said that on an average 10 persons will die during 
the next 10 years 

Out of every 62 whose present age is 30, 
« « 45 a « 40, 

" " 35 " " 50, 

« « 25 " " 60. 

What is the probability that a person who is 30 will live till he is 
60 ? What that a person who is 40 will live till he is 70 ? 

Sug's. — Let us examine the probability that the man who is 30 will die before 
Tie is 60. The probability that he dies before 40 is iJ, and that he lives to 40 
f f . Now the probability that a man who is 40 dies before 50 is iJ. Hence the 
probability is H o' ii that this man lives to 40 and dies between 40 and 50, or 
it is a of Jf that he lives to 50. Finally, the probability that he dies between 
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50 and 60 10 it of H of H> or it ifi ft of tt of H that he lives from 60 to Ca 
Hence the probability that a man who is 30 will die before he is 60 is 

H + JixH + J}x»xi#,orm; 

and, consequently, the probability that he will live is 1 — if J, or i^; i. e., it is 
a little more probable that a man who is 30 will die before he is 60, than that 
he will live to 60. 

IG. What is the probability that two persons, A and By aged re- 
spectively 30 and 40, will be alive 10 years hence ? 

Bug's. — Chance of A's being alive |}, of B*s H, of both H x H, or if}. 
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LOGARITHMS OF NUMBERS. 



N. 


Log. 


N. 


Log. 


N. 


Log. 


N. 


Log. 


1 


o*oooooo 


26 


1-414973 


61 


1.707570 


76 


I. 880814 


2 


o*3oio3o 


27 


1.431 364 


52 


f. 716003 


77 


I. 88649 I 


8 


0.477121 


28 


1. 447 1 58 


58 


1.724276 


73 


1.892095 


4 


o« 602060 


29 


1.462398 


54 


1.732394 


79 


1.897627 
1*903090 


5 


o» 698970 


80 


i»477»2i 


55 


1.740363 


80 


6 


0.778151 
0.845098 


81 


1.491362 


56 


I. 748188 


81 


I .908485 


7 


82 


i.5o5i5o 


67 


1.7J5875 


82 


1.913814 


8 


0*903090 


88 


I.5i85i4 


68 


1.763428 


88 


I. 919078 


9 
10 


0.954243 
I. 000000 


84 
85 


;:» 


59 
60 


1.770852 
1.778151 


84 
85 


1.924279 
1-929419 


11 


i.o4i3o3 

!:ro 


86 


i.5563o3 


61 


1.785330 


86 


1.934498 


12 


87 


1.568202 


62 


1.792392 


87 


1*939510 
1.944483 


18 


88 


1.579784 


63 


m]ti 


88 


14 


1.146128 


89 


1.591065 


64 


89 


1.949390 


15 


1.176091 


40 


1.602060 


65 


1.812913 


90 


1.954243 


16 


1*204120 


41 


1.612784 


66 


J:» 


91 


1.959041 
1.963788 


17 


i.23o44Q 
1.255273 
1.278754 


42 


1.623249 
1.633468 


67 


92 


18 


48 


68 


1.832509 


^3 


1.968483 


19 


44 


1.643453 


69 


1.838849 
1.845098 


94 


I.973128 


20 


i.3oio3o 


45 


1.653213 


70 


95 


1.977724 


21 


1.322210 
1.342423 


46 


1.662758 


71 


I. 851258 


96 


1.982271 


22 


47 


1.672098 
1.681241 


72 


1.857333 
1.863323 


97 


1.986772 


28 


1.361728 


43 


78 


98 


I. 991 226 


24 


1.38021 I 


49 


1.690196 


74 


1.869232 
I. 875061 


99 


1.995635 


25 


1.397940 


50 


1-698970 


75 


100 


2.000000 



Remark. — ^In the following Table, the Jirst tvH> figures^ m the first column of 
Logarithms, are to be prefixed to each of the numbers, in the same horizontal 
line, in the next nine columns; but when a point (•) occurs, a is to be put 
in its place, and the ttoo initial figures are to be taken from the next line below. 
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I/XJABTTHIIB OF ITUUBBBS. 



N. 





1 


2 


8 


4 


5 


6 


7 


8 


9 


D. 


100 


oooooo 


0434 


0868 


i3oi 


1734 


2166 


2598 


3029 


3461 


3891 


432 


101 


4321 


4751 


5i8i 


5609 
9876 


6o38 


6466 


6894 


7321 


7748 


8174 


428 


102 


86oo 


9026 
3259 


9451 
368o 


•3oo 


•724 


1147 


1570 


X993 


24i5 


424 


108 


012837 
7033 


4100 


4521 


4940 


536o 


5779 


'.III 


6616 


419 


104 


745i 


7868 


8284 


8700 
ad4i 


9116 

3252 


9532 
3664 


9947 
4075 


n 


416 


105 


021 iSo 

53o6 


i6o3 


2016 


2428 


4486 


412 


106 


5715 


6125 


6533 


6942 


7350 


Itl 


8164 


8571 


8978 


408 


107 


0384 
©33424 


m 


•195 


•600 


1004 


1408 


2216 


2619 


302I 


404 


108 


4227 
82ai 


4628 


5029 


5430 


5830 


623o 


6629 


7028 


400 


109 


7426 


7825 


8620 


9017 


9414 


9811 


•207 


•602 


•998 


396 


110 


041393 


1787 


218a 


a576 


^ 


3362 


3755 


4148 


4540 


4932 


3o3 


111 


5323 


5714 
9606 
3463 


oio5 


'4t 

4280 




7664 


8o53 


8442 


8b3o 


389 


112 
118 


9218 
053078 


^i 


4^i3 


i538 
5378 
91S5 


5760 


2309 
614a 


2694 
6524 


382 


114 


6905 


7286 


7666 


8046 


8426 


9563 


9943 


•320 


P,l 


115 


060608 


1075 
4832 


1452 


1829 


2206 


2582 


2958 
6699 


3333 


4o83 


116 


4458 


5206 


5586 


5o53 


6326 


7071 


7bi5 


372 


117 


8186 


8557 


8028 
627Z 


9298 


9668 


••38 


•407 
4o85 


2t 


1145 


i5i4 


369 


118 


071882 


2250 


2985 
6640 


3352 


3718 
7368 


4816 


5i82 


366 


119 


5547 


5912 


7004 


773i 


8094 


8457 


8819 


363 


120 
121 


079181 

082785 

636o 


q543 
3i44 


^ 


•266 
386i 


•6a6 
4219 


81 ^6 


1347 
4934 


1707 
529X 


3067 
9198 


3426 
6004 


360 

III 


122 


6716 


7071 


7426 


i3i5 


8490 


8845 


o552 
3o7i 


128 


0905 
09342a 


•258 


•611 


•963 


1667 


2018 


2370 


3721 


35i 


124 


3772 


4122 


i4o3 


4820 


5169 


55i8 


5866 


62i5 


6562 


343 


125 
126 


6010 
10037 I 


7257 
0715 


7604 
1059 


8298 
1747 


8644 
2091 


8900 
3434 


9335 

3777 


9681 
3119 


••26 
3462 


127 


3804 


4146 


4487 

7886 


4828 


5169 

8565 


55io 


5851 


6191 


653 1 


6871 
•253 


340 


128 


7210 


7540 
0926 


8227 


8903 


9241 


9579 


V4 


338 


129 


I 10590 


1263 


1599 


1934 


2270 


36o5 


2940 


3609 


335 


180 


113943 


m 


461 1 


4944 


5278 


56ii 


5943 


6276 
9586 


6608 


6940 


333 


131 


7271 


7934 


8265 


8595 


8926 


9256 


9915 


•245 


33o 


182 


120574 
3852 


0903 


I23l 


i56o 


1888 


2216 


2544 


287I 
6i3i 


3198 

6456 


3525 


328 


188 


4178 


45o4 


4830 


5i56 


5481 


5bo6 


6781 


325 


134 


TIOS 


U^ 


7753 


8076 


8399 


872a 


9045 


9368 


9690 


••12 


323 


135 


i3o334 


0977 


1298 


1619 


J?^? 


2260 


258o 


2900 


3219 
64o3 


321 


136. 


3539 


3858 


7354 


4496 


4814 


5451 


5769 


6086 


3i8 


187 


6721 


7037 


7671 


79?7 
ii36 


83o3 


8618 


8934 


9249 


9564 


3i5 


138 


•194 


•5o8 


•82a 


i45o 


1763 


2076 


2389 


58i8 


3i4 


139 
140 


3327 


3639 


3951 


4263 


4574 


4885 


5196 


5507 


3ii 


146128 


6438 


6748 
9835 


7o58 


7367 


7676 


7985 


8:^94 


86o3 


8911 


309 


141 


isltlsl 


9527 


•142 


•449 


•756 
38i5 


io63 


1370 


1676 


1982 


tl 


142 


2594 


2900 


32o5 


35io 


4120 


4424 


4728 


5o32 


148 


5336 


5640 


5943 


6246 


6549 


685a 


7154 


7457 


7759 


8061 


3o3 


1'4 


83(a 


8664 


8965 


9266 


9567 


9868 


•168 


•469 


^^ 


ro68 


3oi 


145 


i6i368 


1667 


1967 


2266 


2564 


2863 


3i6i 


3460 


4o55 


299 


146 


4353 


465o 


4917 


5244 


6541 


5838 


6i34 


643o 


6726 

9674 


7022 


'4? 


147 


7317 


7613 


8203 


8497 


879a 


9086 


9380 


^ 


143 


X70262 


0555 


1141 


1434 


1726 


2019 


23ll 


a6o3 


393 


149 


3i86 


3478 


3769 


4060 


435i 


4641 


493a 


522a 


65i3 


58oa 


291 


i:.0 


X76091 


638i 


6670 


6959 


7248 


7536 


7825 


8ii3 


8401 


1^ 


389 


131 


181S44 


9264 


9552 


9839 


•126 


•4i3 


35?? 


•985 
3839 


1373 


iti 


152 


2129 
4975 
7803 


24i5 


2700 


2985 
5825 


3270 


4123 


4407 


158 


4691 


6259 


5542 


6108 


6391 


6674 


6956 


7239 


283 


154 


7521 


8084 


8366 


8647 


8928 


9209 


9490 
2289 


2567 


••5T 


281 


155 


190332 


0612 


089a 
368r 


1171 


I45i 


1730 
45i4 


2010 


2846 


V,^' 


156 


3f25^ 


34o3 


3959 


4237 
7oo5 


4792 
7556 


5069 


5346 


5623 


157 


^?? 


6176 
8932 


6453 


6729 


7281 


7832 


8107 


8382 


276 


158 


9206 


9481 


9755 


••29 


•3o3 


33o? 


•85o 


1124 


274 


159 


201397 


1670 


1943 


2216 


2488 


3761 


3o33 


3577 


3848 


272 


N. 





1 


2 


8 


4 


6 


6 


7 


8 


9 
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N. 





1 


2 


8 


4 


6 


6 


y 


8 


9 


D. 


160 
161 
162 
168 
164 
165 
166 
167 
168 
169 


304120 
6826 

95i3 
212188 
4844 
7484 
220108 
2716 
5309 
7887 


4391 

2454 
5109 

7747 
0370 

8144 


4663 
7365 
••5i 
2720 
5373 
8010 
o63i 
3236 
5826 
8400 


4934 

B 

8273 
0892 
3496 
6084 

8657 


5204 

3252 

5902 
8536 
ii53 

6342 
8913 


5475 
8173 
•853 
35i8 
6166 
8798 
1414 
4oi5 
6600 
9170 


5746 
8441 
1121 
3783 
643o 
9060 
1675 
4274 
6858 
9426 


6016 

8710 

i388 
4049 
6694 
9323 

lilt 

7ii5 
9682 


6286 

%l 

43i4 

%l 

2196 
4792 

^8 


6556 
9247 
1921 
4679 
7221 
9846 
2456 
5o5i 
7630 
•193 


264 
262 
261 

IPs 

256 


170 
171 
173 
178 
174 
175 
176 
177 
178 
179 


8046 

55i3 

7973 

a5o42o 

2853 


0704 
325o 
5781 
8297 

im 
5759 
8219 
0664 
3096 


0060 
3604 
6o33 
8548 
1048 
3534 
6006 
8464 
0908 
3338 


I2l5 

3757 

628D 

8799 
1297 
3782 

6252 

8709 

Ii5i 
358o 


1470 
401 1 
6537 

ra 

4o3o 

B 

3822 


1724 
4264 
6789 
9299 
1795 

4277 
6745 

Vets 

4064 


1979 
4517 
7041 
9550 
2044 
4525 
6991 
9443 
i88i 
43o6 


2234 

4770 
7292 
9800 
2293 

9687 

2125 

4548 


2488 
5o23 
7544 
••5o 
2541 
5019 
7482 

^^ 

4790 


2742 

5276 
7795 
•Jog 
2790 
5266 
7728 
•176 
2610 
5o3i 


254 
253 
25a 
25o 
249 
243 
246 
245 
243 
24a 


180 
181 
182 
188 
154 
185 
186 
187 
1S8 
1S9 


255273 

. 7679 

260071 

245i 

4818 

95i3 

271842 
4i58 
6462 


55i4 
7018 
o3io 
2688 
5o54 
7406 
9746 
2074 
43^9 
6692 


5755 
81 58 
0548 
2925 
6290 
7641 

??^ 

4620 
6921 


ii 

6525 

7875 

•2l3 

2538 
485o 
7i5i 


6237 

8637 

1025 

8110 

•446 

2" 70 

5o3i 
7330 


5^77 

8877 
1263 
3636 

^t 

•679 
3ooi 
53ii 
7609 


6718 
9116 

i5oi 
3873 

6232 

8578 
•912 
3233 
5542 
7838 


6958 
9355 
1739 
4109 

6467 
8812 
1 144 

3464 


7198 
9594 

6702 
9046 

ill; 

6002 
8296 


'4lt 

2214 
4582 
6937 
9279 
1609 
3927 

6232 

8525 


241 
23o 

233 

237 

233 

234 
233 

232 

23o 

229 


ll'O 
191 
192 
198 
194 
195 
196 
197 
193 
199 


2L033 
33oi 
5557 
7802 

290035 

2256 

4466 

6665 
8853 


8982 
1261 
3527 
6782 
8026 

0257 
2478 
46S7 
6884 
9071 


921 1 

1488 
3753 
6007 
8249 
0480 
2699 
4907 
7104 
9289 


3979 

6232 

8473 

0702 

2920 

5127 

7323 
9507 


9667 
1942 
42o5 
6456 
8696 
0925 
3i4i 
5347 
7542 
9725 


9895 
2169 
443 1 
6681 
8920 

336J 
5567 
7761 
9943 


•123 

lit 

6905 

9143 
1369 
3584 
5787 

7979 
•161 


•35i 
2622 
4832 
7i3o 
9366 
1 591 
38o4 

8198 
•378 


•578 
2849 
5i07 
7354 

?^?? 

4025 
6226 
8416 
•595 


•806 
3o75 
5332 
7578 
9812 
2o34 
4246 
6446 
8635 
•8i3 


228 

227 
226 
225 
223 
222 
221 
220 


200 
201 
202 
203 
204 
205 
206 
207 
203 
209 


3oio3o 
3iq6 
535i 

3II754 

3867 
5970 

8o63 
320146 


1247 

3412 

5566 

1966 
4018 
6180 

8272 

o334 


1464' 
3628 

5781 
7924 
••56 

4289 
63oo 
8481 
o562 


I68I 

3844 

^, 

•268 
2389 
4499 

0769 


1898 
4059 
6211 
835i 
•43i 
2600 
4710 

0977 


2114 

4275 
6425 
8564 
•693 
^812 
4920 
7018 
Q106 
T184 


233i 
4491 
6639 
8778 
•906 
3o23 
5i3o 
7227 
9314 
1391 


2547 
4706 
6854 
8991 
1118 
3234 
5340 
7436 
9522 
1598 


2764 
4921 
7668 
9204 
i33o 
3445 
555i 
7646 

?^5 


2980 
5i36 
7282 

9417 
1 542 
3656 
5760 
7854 
9938 
2012 


2l5 
2l3 
212 
211 
210 

207 


210 
211 
212 
218 
214 
215 
216 
217 
218 
219 


322219 

4282 

6336- 

838o 

330414 
2438 
4454 
6460 
8456 

340444 


2426 
4488 
6541 
85a3 
0617 
2640 
4655 
6660 
8656 
0642 


2633 

8787 
0819 
2842 

4856 
6860 
8855 
0841 


2839 

'^ 

8991 

1022 

3o44 
5o57 
7060 
9054 
1039 


3046 
5io5 
7l55 
9194 

1225 
3246 

5257 
7260 
9253 
1237 


3252 

53io 

1427 
3447 

545d 
7459 
9451 
1435 


3458 
55i6 

2^ 
9601 

i63o 
1632 


3665 
5721 

XI 

i832 
385o 
5859 
7858 

9849 
i83o 


3871 
6926 

2o34 
4o5i 
6o5o 
8o58 
-47 
2028 


8176 
•211 

2236 

4253 
6260 
8257 
•246 

2225 


206 

205 

204 

203 
202 

202 
201 
200 

]^ 
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1 


2 


8 


4 


5 
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1 


2 


8 


4 


6 


6 


7 8 


9 


D. 


220 
221 
222 
228 
224 
225 
226 
227 
228 
222 


342423 

63?3 
83o5 
350248 
2i83 
4io8 
6026 


2630 
4589 
6549 
85oo 
0442 
2375 
43oi 
6217 
8125 

••25 


2817 
4785 

^^ 

0636 
2568 
4493 
6408 
83i6 

•2l5 


0829 

2761 
4685 

t^ 

•404 


3313 

5178 
7135 
9083 
1023 

2o54 
4876 

tl^ 
•593 


3409 

73]© 
9278 
1216 
3i47 
5o68 

8^86 
•783 


36o6 
5570 
7525 
9472 
1410 
3339 
5260 
7172 
9076 
•973 


38o3 
5766 
7720 
9666 
]6o3 
3533 

5433 

7363 
9266 
1161 


1796 
3724 
5643 
7554 
9456 
i35o 


4196 
6167 
8110 
••54 

5834 

^^ 
I539 


195 
194 
193 
193 
192 
191 

1% 


280 
281 
282 
288 
234 
285 
286 
287 
288 
289 


5488 

,356 

9216 

371068 

2912 

4748 


5675 
7542 

9401 
1253 

^. 


2io5 
3o88 
5862 

'^ 

1437 
3280 
5ii5 
6942 
8761 


2294 
4176 
6040 

791 5 

977a 
1622 
3464 
5298 

a 


2483 
4363 
6236 
fikoi 

^ 

3647 
5481 
7306 
9124 


2671 
455i 
6423 
8287 
•UJ 

IK 

5664 
7488 
9306 


2859 

nil 
8473 
•338 
2175 
401 5 

5846 
7610 
9487 


3048 
4926 

236o 
4198 
6029 
7855 
9668 


3236 
5ii3 
6o83 
8845 
•698 
2544 
4382 
6212 
8o34 
9849 


3424 
53oi 
7169 
9o3o 
•883 
2728 
4565 
6394 
8216 
••3o 


188 

184 
184 

i83 
182 
181 


240 
241 
242 
248 
244 
245 
246 
247 
248 
249 


3802II 
2017 
38i5 
56o6 

390035 
Hi 

6199 


0392 

n 

9343 

1113 

3873 
4627 

6374 


0573 
2377 

7746 

9320 
1288 

3o48 
4802 
6548 


6142 
3224 

4977 

6722 


0934 

%l 

6321 
8101 
9875 
1641 
3400 
5i52 
6896 


iii5 
2917 
4712 
6499 

5326 
7071 


1396 
•228 

if 

7245 


1476 
3277 
5070 
68i6 
8634 
•4o5 
2169 

ui 

7419 


i656 
3456 
5249 

•582 
2345 
4101 
585o 
7592 


\^ 

5428 
7212 
$989 

2321 
4277 
6025 
7766 


181 
180 

178 

174 


250 
251 
252 
258 
254 
255 
256 
257 
258 
259 


397Q40 

9674 

401401 

3l2I 

4834 
6540 
8240 
9?33 
41 1620 
33oo 


81 14 

3292 
5o65 
6710 
8410 
•102 
1788 
3467 


8287 
••20 
1745 
3464 
5176 
6881 
8579 

•271 

3?35 


8461 
•192 

mi 

5346 
705 1 

8749 
•440 
2124 
38o3 


8634 
•365 
2089 
3807 
5517 

7221 

2293 
3970 


8808 
•538 
2261 

Ull 

73oi 

^r 

2401 
4137 


8981 
•711 
2433 
4149 
5858 
7561 

2629 
43o5 


9154 

^83 
26o5 
4320 
6029 
773; 
9426 
1114 
2796 
4472 


9328 
io56 
2777 
4492 
6199 

1283 
2964 
4639 


9501 
1228 
2949 

4663 
6370 
8070 
9764 
i45i 
3i32 
4806 


172 
171 
171 

«67 


260 
261 
262 
268 
264 
265 
265 
267 
268 
269 


83oi 
9056 
421604 
3246 
4883 
65ii 
8i35 
9752 


5i4o 
6807 
8467 
•121 
1768 
3410 
5o45 
6674 
8297 
9914 


5307 

•286 

io33 
3574 
5208 
6836 

2i^ 


5474 

4 

•45i 

11 
§1; 

•236 


5641 
7306 
8964 
•616 
2261 
3901 
5534 
7161 
8783 
•398 


58o8 
7472 
9129 
•781 
2426 
4o65 
5697 
7324 
6044 
•559 


3690 
4228 

5860 
7486 
9106 
•720 


6141 
7804 
9460 

IIIO 

2754 
4392 
6023 
7648 
9268 
*88i 


63o8 

1275 
2918 
4555 
6186 
7811 
9429 
1042 


6474 
8i35 

9791 
14^9 
3083 
"4718 
6340 
19V 
9591 

I203 


i65 
i65 
164 
164 
i63 
162 
162 
161 


270 
271 
272 
278 
274 
275 
276 
277 
278 
J 279 

N. 


43i364 

nil 

4045 
56o4 


1 525 
3i3o 
4729 

6323 

7909 

?^^ 

2637 

4201 

5760 


1685 
3290 
4888 
6481 
8067 
9648 
1224 

59?? 


1846 
3450 
5o48 
6640 
8226 
9806 
i38i 
2950 
45i3 
6071 


2007 
36io 
5207 

3io6 
4669 
6326 


2167 

3770 
5367 

ttl 
•122 
1695 
3263 
4825 
6382 


2328 

3930 

5526 
8701 

i852 
3419 
4981 
6537 


2488 
4090 
5685 
7275 
8859 
•437 

35^ 
5i37 
6692 


2649 
4249 
5844 
7433 
9017 
•594 
2166 
3732 
5293 
6848 


2809 
4409 
6004 

7592 

9175 

•752 

2323 

3889 

5440 
7oo3 


161 
160 
159 

\i 
1 55 





1 


2 


8 


4 


5 


6 


7 


8 


9 
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ANSWERS. 



PARTI. 



[NoTK.— The fall-foced figures in connection with the namber of the page refer to the Arti- 
cles in the text. The numbers in parenthesis in the paragraph refer to the particular Example. 
* * * indicate that it is not thought expedient to give the answer.] 



AJDJDITION. 

(Page 13, 68.) 
(1.) -7a. (2.) 4a«-6«4-a*5+a6*+2&'-3a«. (8.) 15<ja«.jj«H-2&a«a;«+ 

7waj«y*. (4.) Ax^-x^+^^-^-^x^y-ab-x^-Z, (5.) x. (6.) 5c2-aj^H-2«*. 
(7.) (a-fc>8H-(m-5a)y (8.) (2<J4-2&4-3c-2<?-fe;::27i^-f(12a+47i+2)y*. 

(9.) {a+h-\-l)x^+q>-a-{-l)xy+(a--h+\)y^. (10.) {a+m\x+y)+{h-niX'-yy 
(11.) 3(w+w-2) Vi^. (12.) flWj"*+(3-m)y-i4-8(j. (18.) ii^a*-xK 

(14.) 0. (16.) Ja?*+iy"*-4a-«. (16.) {a-\-b+c) V»«^. (17.) 2(a-2m)x^ 
-f3(m-l)y«+8<». 



(Page 15, 73.) 

(2.) aj'+aj«-2aj-8. (8.) -2{x^+ax). (4.) 6aj^H-2aj^. (5.) 4c V- 

(6.) 10 Vl-\-x*-6ayK (7.) a(y«-.y)H-(10-a!) V^. (8.) &r(a;-6)-4 V^-f 2. 
(9.) 2Va^b''Vc^. (10). a-6+c4-^; 5a; a-&+c-tf; and 8a4-96. 



(11.) 



« « « 
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304 ANSWEllS. 

MULTir LIGATION. 

(Pagb 20, 87.) 
(1.) 72a»fea?»y«. (2.) 24m*+>af +•+«-'. (8.) lOOaj^y* ; and - Oa^i** 

(4.) m* ; 1 ; a« ; m^ ; a^ ; c**. (6.) 3a*+10a6-86*. (6.) x^+x*y*^y\ 
(7.) m«-Cm«nV+n«H-(?«. (8.) a«--o"+*+a-^«-a-+^+a*+^-«'. (9.) «*- 
(a4.ft_,.c+d)»» + (ab-^ac+hc-\-ad^hd'^c€l)t'^ - (oJc + oM + act? H- &«?> + «6«i. 
(10.) x^-y\ (11.) a^6-i+l. (12.) 20ad*+30a^--^^ -&"+•+' 

-10a/-'+p-^6»— -- -15a»+''-»-'. (18.) * ♦ *. (1*0 * * * 

(16.) -a*+2a«6«-&*+2(a«+6*)c«-c*. 

(Page 21, 88.) 
(8.) 6a*-10a»aJ-22a«a:«+46aaj»-20i*. (4.) 4a''-16a'6«-f 10a*&'+15a6* 

-256». (6.) a*-a;*. (6.) aj«-5aj*+10a;»-10aj«+5aj-l. 



I>iri8ION. 
(Pagb 24, 105.) 

(1.) n^;n.;m' ; -,: -,; <^': j &■) ^. "i^j. "s^- 

(3.) ♦ ♦ ♦. (4.) Last two, &»-««-J^— -6-J»+»;a5» ' -2ar"-~^ + 3aj— . 

(5 to 11.) ♦ * ♦. (12.) {x+y)\ (18.) • * *. (U.) * • *. (IS-) «+*• 
(16.) a*'^i^''+»c-o«'»+*»-»&*6"-f6''c^. (17.) «?»«»+a»«». (18.) wia;'H-7iaj*+ 
na;+w. (19.) ^aj«-2a;+A;. (20.) aj^-aj^y^+y^-ajV-y^H- A 

(Pagb 26, 100.) 

(2.) a5«-5^+4a«. (8.) 2a»+4««4-8«+16. (4.) By*-4x^. (6.) aj«-a;»|f 
+a.4y2_a.3y3^_a;2y4-.ry«+y6; aj«+y«. 

(Page 27, 107.) 

(8.) 2y*-V+12y«-8y4-2. (4.) ajS+aj^y+icV+afy+ajV+^'+y^J 

1 4. a; + a.* + a;' + aj* + aj« 4- aj« H-aj^ -f a>» etc. (5.) ♦ * *. («•) * * * 
(7.) * * *. 
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FACTOniNO. 
(Page 31, 122. 

ExAMFLBS in factoring are, in general, of such a nature that the answers can- 
not be given without destroying the utility of the problem ; hence only the fol- 
lowing are given: (28.) A;V*~*^ y « +*^ y « ~*^ y^ +*^ y » 
-Ic'rr^yK + mh^, (24.) a:^-a;^\ '^^' + x^y^-x\^ + x^y^-x^y^^^ + y^ , 

(26.) * * *; l-a=(l+ Va) (l- Va) ; 1 -h a ie divisible by 1-f i^, 1+ ^, 
etc. (21.)10a(^^^y. 



GREATEST OB HIGHEST COMMON JDIVISOB.. 

(Page 84, 124.) 
(1.) 12. (2.) 12. (8.) 8. (5.) 2A;»;*w«. (6.) 2a«d. (7.) x^y'h\ 



(8.)ic«y. (10.) 46«aj-46«. 



(Page 38, 129.) 



(8.) aj-1. (4.) aj+l. (5.) 2a-¥^. (6.) 2a-&. (7.) Mx*-2xy+y*). 
(8.) 2005'— 6aaj*-fl0aaj— 2a. 

(Page 38, ISO.) 
(1.) aj-i-6. (2.) 2{x-\-y\ 



LOWEST on LEAST COMMON MULTIPLE. 

(Page 39, 132.) 

(2.) {a+lY(a-hY, (8.) aj*-4. (4.) 4(a*--2a«4-l). (5.) 4959a»&*a;»y3 
(6.) l-18a+81a«. (8.) (a;'-39a;+70)(a;-10). (9.) (aj-l)(aJ4-2)(aj-3). 

(10.) (a»-4o«64-9o6*-10&')(a4-46). (11.) a;*-14c'-h71aj«-154aj-f 120. 

(12.) a?«+7aj*-10a;=»-70a;*-f9a;4-63. 
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906 AM8WEBS. 

JFBACTIONS. 

(Page 48, 167.) 

13 
a.) ♦ • *. (2.) * * *. (8) l+«-l-«* +«•+ etc. ; «*+10- -^^ ; 

+ etc ; a+x ; af+l+aj-*+«- *"+«-*•+ etc. ; l-7ia-«»+»*a-^-»*a-«* 
^.;i4^-»._;j»«-io«^ etc. (4.) 8 • 7-»a- V ; (m+w)-+» ; c*d— «»• ; 

«-«(a+6)M«-*)-'. (^•) iZi^ 2' 5 ' li^T' 26^ ' 

T-i^' ^^'^ ' ^^'^ ' ^ ' x{a*-x*) ' x(a^-x*)' 

/^«x 2(9a;«-16) 9a;«(ag-4) 8a<2-h3a; ) (.os«+ft. 

®^*^- ^^^'^ ar(9a;«-16)' ar(9aj«-10)' ar(9a;*-16)* ^^"^-^ oiw ' 

20b*y*+7c*x* ' 94-3ay* ' hdek-\-hdfg' m-n ' bdf-^be+cf' 

,^^,886/e 6(a;~7) 2 . ^ ^. 55+I . ^. 

a,3+27 ' ^' (l^-)-5M^iT-'«+^+ 5c • ^^^'^ a(6*-l) 



2 8g»+20a;»-32a;-235 ^17^ 2a+d+e y-px-^.. .^ 

?±-^ (18.) 0. (19.)^: 4; ^34m- ^W«^-^%"- = 

<^'; |. (28.)a-.+J; -i.; ^-g; ; l-a>« ; »-• (24-)^^'; 

(«»(»-.) 6J(.-,.))(aaM_36)' * i*' a» ac c« 6' 
^t-. £!±^. (25.) t:-^ (26.)l+««+^': 5^. 

91o« 1 7a»6^ 1 _L 
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(29.) !+«•+«*; 3(a+6); ^; -i— ; -.p^Z^L. (80.) m» 

2(a—b)* 

-m^nr^+rnvr^-Tr^; — - — -; a«-2ac+c«-6« ; 1. (81.) 1. 

(32.) 1. (88.) a-«-a-'&-i+&-«-a-»c-»-&-ic-»+c-«. (84.) ; 

/ISmS^- (^^•>- <««•>- «^->- (^^-^^^ 

2a«~aaj-ay; 1; (a*-6«)«. 



(Page 59, 190.) 

2. 9 9 25 1 w* 

(1.) W ; 4aV ; ^^; -^ax* » T^' 2' T* ^^'^ l-2aj+3aj«-2»» + aj*; 

4a«-12aa;3 + 9a;6. (8.) 9-12a5-2aj«+4B»+a}*; 27a56-27aj'»+9aj*-l; l-2aj* 

6W;5V^^3^^;_L^. - (6.) 2500.- ma^x^ ^ ^^ ; ^J^^; 
125a;*t/' d^ (1681)*.V* 

A- '^ 



125a;V' « (1681)^^-* 



r^ ' -^ . (6.) aj^+7aj63^4-21ajV+35ajV+85ajV+21«V+7iry«+y^ ; 

at b^q 
a;*~4ajV+6a;*y*-4fl^'+y*; 27aS-27a*ic4-9a«aj«-aj»; a;-*-6aj-«y4-15.t;-^y*-- 
35jB-8y' + 70aj-V* - etc. ; a?-* + Aar^y 4- 100?-^*+ 20a;-'y3 H- 35a;-8y* 4- etc. ; 

2.5* 8-5* 16-5* 128-5* * '^ °^ "^ ^ '''*' 

1 A 3a; 6«« lOa?^ 15aj* 
-row.., A •«. -rw. •««/ -r-' , ' w*\ m W* W* W* 

+ etc.); ***; *♦♦. (7.) ♦ * * * ♦. 



EVOLUTION. 
(Page 61, 1.95.) 

(1.) 2 . 2 . 3 . 59 = 472; 2 ■ 73=146; 5 ■ 7 • 67=2345 ; * ♦ *; ± {a - c • (a-f-6)} 
= ±(a«c-f a6c) ; * ♦ (8 to 6.) ♦ ♦ ♦ ♦. 
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(Page 65. 197.) 
To give the roots in problems in ©volution would be to destroy the benefit of 
the exercise ; hence they are omitted. 



heduction of hadicals. 

(Page 70, 207.) 
(l.)»»**. {«.)•; iVTS; ♦; ♦; *; i^; j^(a' -&')*; ♦♦*•♦♦; 

x*-¥<ty+y* yi5/a.t__-,t) in guch examples be careful to leave only integral 

5(aj+y) 
forms under the radical sign, in the reduced expression. (8 and 4.) * * * *. 

V\= K (6.) ♦ * ♦. a»(l -^)*=(«* -&')*• («•) V^ and V^ ; 

..... V^z^and Vi+^. (7.) •••• (8.)y<^;****;^— •• 

2(V26+ VaO + Vie); 114^-4V15; 5 . 

\ 

g'+gVa'+g* . 2a,t+i_2a!V5ri:ij -(aj+VS*::!)'; «»+»+ Va!« +2*' +»»-!; 

2(_V6+V2+a); 2^3+<^-8^g . {\Q.) x^ ^x^^ +x<y^ ^<^^ 

^ '6 

+**V+ x«/+ x'^V+ <«'^y^+ :«V^+ «^y*+ **y^+ <.v+ **y^+ ^^y"^ 

+/^ ; ( V8 + ■/a - V5) (3 - 2 VO). (11 to 18.) ♦ ♦ ». 



COMBINATION OF RADICALS. 

(Page 74, »J7.) 

ri.)»»». (2.)««*j ^; -. (8,4.5.)»»». (6.)Vm: 



Digitized by VjOOQIC " 



▲NBWBB& 809 

iV'iSbTF^; 3V^; 80; 124^. (7.) 41 ; x-\-y; 246+684^ 

_4i/5-36 4^; 8V'20-12y^- VI80 + 12. (8.) JV'lO; 4-^9; 

V^^; i^. (9.) V+iV2; 2«V^; iV6"+V2; fti^; j/jJ 

g>fe5i; _J_Vi5"; 6-2 Vf; 27(a-«)V5=i; a*-8a6*W6-&* 
41%; (12.) 2+3^5"; 2^3+ SVT; aVJ- VSi ; ' **♦. 



IMAGINARY QUANTITIES. 

(Page 78, 2;95.) 

(2.)12(V3+1)/=T; 19a V^; {4b^^dc)V^. (4.) (1^± iP7) 4^^. 
(SOll''^; 12(^3"- l)V3i; llai^^; (a '^ ^ c Vd) 'T^i, 

(6.)lV:=T. (7.) 54^2 y^; 161^4^3; It^; V^V^. 

(Page 79, ;?25.) 
6-7V=T, and 9V=1-1; 2aH-(4^+ V7)i^=T, and (iT- VT)!^^!. 



muijTiplication ani> involution of 
imaginabie8. 

(Page 80, 226.) 
(2.)-a;y; -12Vi5"; -6 tls. (8.)12VltV^. (4.) 39-2 4^=11 
(5, 6.) • * • (7.) 288 VS V=T ; 972^2 V^. (8.) a^m 



DIVISION OF IMAQINABIES. 

(Page 81, 227.) 
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.PART II. 



SIMPLE EQUATIONS. 

(Page 87, 28.) 

(l.)13; 24i 28i; 8ft; 8; 4; ^^-^; -; -^^ ; 2.9; 2S?. 

be-b* ^ njq-p) 5g(2&-a) 8fl&'+46»-12a'& 2k« . 

^2> * + — i"- » ^' m ' 8c-d ' da'+ab^ae-hbc ' 28i>+5flr« ' 

adfh^Ufh^bdeh+W9 . 8. 0; 8. (8.)g; 4, 4; 4i. (4.) 81; 



A '^ \ sO 



c«-26c;" 16;" 5; 4((»-l); 8; 1; 6; 6; 3; ±^^^; -J 4;^ 
V— 5— r '*t^ VftTi/ r (1^+1)'' 26^ ^' 7' 

r "* "v^r) ' ""^T"' 16' 4 



Za r,^ 



APPLICATIONS OF SIMPLE EQUATIONS. 
(Page 90, 33.). 

(1.) ^'s 84. ^-s 42. Cs 14 (2.) A'b:^^^, B'b^^^^^^ , 

Cb J— ? (8.) 80. 18. (*.) ^. ^-. (e)35- 

1+n+mn ^ ^ 

(14,817.951.1268.2219; ^, ^. ^. ^^. (15.) 90; 

a+b /i/,x»»» wpa-pa +«»>-»<» +WC n7^ I- ^'"'^ 

p+2-m-n - <l«->* • m+»-mp+p ' ^"•'^' a-^b+e' 

(18.) 19. 80; £^. «-^^. (19.) 73. 77; ^=2£ . 

a-7n5+w<! 2^j g (21.) J^ , J^ . (24.) 20. 40, 60; 161 

2to «»+» m+n 

m, 50; 141. 28^. 42^ (26.) 1200. (27.) 50. (28.) 5712. 
(80.) 50. 
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SIMPLE EQUATIONS WITH TWO UNKNOWN 
QUANTITIES. 

(Page 96, 42.) 

(1.) aj=10. y=3. (2.) 19, 2.t (8.) 16, 35. (4.) 7, 2. (6.) 7, 17. 

(6.) 2, 2. (7.) 12, 9. (8.) -2, 19. (9.) -2, 1. (10.) ^J » ^. 

(14.) (a+&)^ (a-6)«. (16.) 10, 5. (16.) 18, 12. (17.) - , ^ . 

(18.)g. S- (19.)i. i.^ (20.m5; 6,8; 7.10; ^-73=0; 
y«-22y +120=0; y8-4^6 4.l4y*-2Qy«+9=0. 

APPLICATIONS. 
(Page 98, 42.) 
(1.) 18}, 31J. (2.) 8. (3.) 20, 8. (4.) 5000, 5000. (6.) *. (6.) 24. 
(7.) 29, 32. (8.) 5000, 6. (9.) P'^'^^n-gmn pm n^gn-pm 



SIMPLE EQUATIONS WITH MORE THAN TWO 
UNKNOWN QUANTITIES. 

(Page 101, 43.) 

(2.) 4, 3, 2. (8.) 2, 3, 4. (4.) 24, 60, 120. (6.) 64, 72, 84. (6.) 3, 2, 1. 

r? ^ 25 55 65 (»^ ^'+"'-^' «'+g'-^' «'+&'-c« .^. 7 

(7.) 25, 55, 65. (8.) g^^— , go^ ' 2a6 * ^^'^ "6 ' 

-I' S; (1^)|' h ^- (11.) 2a, 26,2c. (12.)^^-^, 

____! 1 .^ov 26<5 2ac 2ab ,^ -. .„ ^ 

(6-0) ih^c) ' (c-a) (c-ft) • ^^^-^ " STc • " STi ' a+6 * ^*^ ' * 

7, 4. (15.) 2, 1, 3, -1, -2. (16.) 3, 4, 5, 1, 2. (17.) 6+c-a, a+c-6, 
a-h6— c. 

t The valaeB of tho unknown quantities are given in the order x^ y, z^ etc. 
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APPLICATIONS. 
(Paob 102.) 
(2.) $2, 20 cents. 10 cents. (».) fiaOOO at 4jr. etc (4.)~. ^, ^, 

~ . (5.) 142857. (6.) 26, 9, 5. (7.) 140, 60, 45, 80. (8.) 18 ft, 84|, 
28^,80. 



BATJO. 

(Page 105, SO.) 

,-.«! 85a hm , ^.1 ^4 a 

(l.)2; -: j; -; x-hy; jj ; -; a-6. (2.) ^ ; 2; j; ^; 

a«:6«; 27:125; a»:6»; 6:4; ^3:^7; Vm:V»; 3:4; V'J : Vy. 
(5.) The former. (7.) 4:1. 



P^OPO^TJO-y.— APPLICATIONS. 
(Page 111.) 

(8.)13,26,39. (4.)8,6. (5.)^-^-^, ^-£. (6.) 120, 160, 200. 

(7.) 8:9. (8.) 262. (9.) 56,84,70. (10.) 20. (11.) 150. (12.) 300. 
(14.) 8h. 49,irm., 3h. mfyai^ Zh. 16Am. (15.) Every li^ hours, -ft hours, 
and 1-fr ; or 11 times in 12h., 22 times, and 11 times. (10.) No ; since it takes 
the minute hand liV hours to gain a round, and ft- to gain half a round. 

(17.)8:45A.«. (18.)l8t.3^. 5::^. etc.; M. ^3^. S^jf' «*<=•' 

a-hm t sj-a^Hnt 2«-haH-wie 8--a---mt ^s—a—mt 

M^m' M-^mT' "Hr^'HT * ^^'' '^i^W m--M ' ^^''•' 

f— <g+jy< 2g— <g+3ft <j » » 

•m^ , ^^ , exc. . 



ARITHMETICAL rBOGBESSION. 

(Page 117, 83.) 

(1.) 83, 903. (2.) -39, -384. (3.) ?^ , ^^Sgtl). (4.) 0, !^. 



Digitized by 



Gc»gle 



(5.) 193 . 243 . . 298 . 343 . ■ 393 • 4^. (7.) -4«, | . (8.) 100. (9.) 5^t?, 
2 ' "T~- 



QBOMETfilCAL PBOGBESSION. 
(Page 120, 90.) 
(1.) 46875, 58593. (2.) 6, 18, 54, 162, 486. (8) 16384, 21845H. (4.) -^, 
-i|. (6.)i,|,H.ii. («.)¥; .3; }3; it (10.) -A[(-«)"-iJ; 



(Page 124, d^?.) 
(«.> (r«<e. (12.) 18. (IB.) «=i/35*. 



HARMONIC ritOrOBTION AND rROQBESSION. 

(Page 126, 100.) 
(6.)i,A,A. 



rUBE QUADBATICS. 
(Page 128, 10«.) 



(1.) ±4. (^) ±6. (8.) ±V2aft--ft». (4.) ±V6. (5.) ±iaV3. 
(6.) ±6. (7.) ±y-l^. (8.) ±V38. (9.) ±^V5. (io.)±8v::^. 

(11.) ^*V3io. (12.) ±i. (18.) ;^=. a4.) ^^^^^'. 

APPLICATIONS, 
a.) 12.80. (2.)*-laV3. (8.) ^p=== , y^^^f. ' 

*y^ f4 14550 (6) - 7^— . -^— (6.) 5.67+, 

18.13—, 40.51 + . CO 149,247.2 + miles from the surface of the earth (8.) 840. 
/, ^ 1^*^ fr«m A. (!«.) 4^ * «"« *!»« l""*^' ^"• 
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AFFECTED QUADRATICS. 
(Page 133, 114:.) 
(1.) 8. -3. (2.) 6. 2. (S.) a(2± i^fl). (4.) 8, -1. (6.) 2 ± 4^^=ii; 
(«.)1, -a. (7.) 2.-1. (8.) 7, 4. (».)-, -. (ll.)3,-6t. 

6U/ etc 

(12.) 5. -Jf . (18.) "-^ . (14.) I. A. (16.) ll|f i. 6. (1«.) 2. -}. 

^"•^T' 7- (18.) t(-l ± VISS). (19.) 4, J. (20.) ia(-3 ± V=7> 

(21.) ± t VT. (22.) 8. -J. (28.) '''~^^^' . »• (24) 4, -5. 

(26.) 12. 4. (26.) 4, \. (27.) 7.12+, -5.73+. (28.) 4a(l±3 V^^. 

(29.)1.,H-. (80.) 5. 3. 3f - :>_c^^-|. 

HIGHER EQUATIONS SOLVED AS QUADRATICS. 

(Paoe 136. 1««.) 
(1.) ±3, ±8 V^. (2.) 2 ; the other four roots not required. (3.) ± m^, 
(4.) 27. (5.) 121. (6.) 64. (7.) 6^. (8.) ± 8. (9.) ± 4^^, ± ^2. 
(10.) V'K-l ± V^+i). (11.) 4, V^. (12.) |25(-^ * Vi^^4T«)[ ^' 

(18.) V'Ca ± Vd^+i)\ (14.) 243, (-28)1 (15.) 16, aj||1. 

^^^•^ 14^** 4^&Ml^)} '. (17.) 8, ^\ (18.) 5^8, J/^- (!»•) 1' 
1, 1 ± 2 V\h. (20.) 9. -12. (21.) 3, -i, i(5 ± Vl329). (22.) 4, 69. 

(28.) i(l ± V5). (24.) |(l ± VI). (25.) 3, 4, 4(-8 ± 4^55). (26.) 2, U, 

i(7 ± 4/38). (27.) Q^^wc^^> ' (28.) 6, -1, 2 ± V^^U. (29.) 5, -2, 

i(3± 4^=15). (80.) 2, 3,1. (81.)2, -},i(l±4/:i43). (82.) 1, -3, -3. 
(88.) 2, 2 ± 4^^. • (84.) 5, 4 ± 4^ (85.) -2. -1, -5. (86.) 6, 20, 3. 
(87.) 6, 4, 5. (88.) 1. 1, -2, -2. (89.) 4, 1, 3, 2. (40.) 3, -1, 1 ± 4^=:6. 
(41.) 5, -4. 3, -2. (42.) 3, -3, i(-13 ± 4^^155). (48.) 4, 3. i(7± ^69). 
(44.) 9, 4. 4(-3± V^), (45.) +1, -1, ± V^ ; -1, i(l ± 4^^) ; 1, 

i(_l±VZ:3); 1,-1, ±4/^; ^^~^ ; ± 4^=1, 4( * 4^ ± ^^^ ; 
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i(± V2±V^ ± V-3 ± 4/2). 



(49.)}± iV-3 ± y'SC^). (50.) i(l ± i^). (51.) 2, -i, 4(3 ± V^05). 
(52.) 1, 1, -2. -2. (53.) f (-1 ± VS). (54.) ± J^ i -5-^— + i^^Tp^ l , 

(56.) 0, i, f -1, +2, -2. (57.) h i (-1± V335), ±1, ±VK-11±V85). 



8IMULTANEOV8 QUAI>BATICS. 

(Page 142, l;^7.) 

(1.) 05=3, -HJiF=-4, W. (2.) aj=± l/f ; y=2T V^, (g.) ^5=2 ; 

(5.) aj=±3, ±f V^ ; y=±2, ±i V2, 

y=±i TjVlo. (7.) aj=±3, t8; y=±5. 

+ 1^14. (9.)a;=±fl^; y=±|i^2i. (10.) a; =±1, 

^- H3: (^^-^ *= ^tS- ±i^; y=±6, ±j^jj^ 

^^^=47; y=±3, TJ5P 4/^=47. (13.) « = 4, 2, 

fi|4, i(-13 T y^). (14.) a;=4, -2, 0; y=2, -4, 0. 

(16.) « = ±34/2; p=±V2. (17.)« = 9, 4; 



y=2. (4.) aj=±7r ±4; y=±4,±7 
(6.) a;=±2, ±i 
(8.) a;=±f'/i4; 

(12.) a; =±10, 

i(-i3 ± Vm) ; 

(16.)« = 2,3; y 




y = 4, 9. (18.) X = 11, id ± V^^m) ; y = 3, i(- 15 ± 4^=^). 

jl92^2.=25^^0^=45,0^ (20.)aj=±V2; y = 2TV2. (210? = O,2; 

.y=-Zl^- (22.)aj = l,4; y = 4,l. (23.) « = 1, 3, 2 T 5 1^^ ; y = 3, 
1, 2 ± 5 V^IT. (24.) (r = 5, -2, i(3 ± V=67); y = 2, -5, i(-3 ± V^^^ 
(25.) a?= ± 3, ± 2; y= ± 2, ± 3. (26.) aj= ± 2, ± 1, T 2i''=T, ± 4^^ ; 

y=±l, ±2, ±)r=i^^2\^=l. (27.)a; = V^i(4/2-l); y= 4> /,_ ~. 

^ V2(i^2-l) 
/oc \ ^ _ ^<^ ,, 2a5c 2aJ<j 

^^^•)^-a.4-5c-a6' ^= a64-6c-ac > ^ = a6^ac-&c ' (29.) ^.= ± 3, 

y=±2, e=±l. (30.)aj = ±2, y=±4, 2=±6. (31.)a; = l, y = 2, 
2 = 3. (32.)a;=±Jj?, T^VZl, ±5, ^4^:11; y=±^, ±¥4^^ 
±4, ±54/=l. (33.)a;=±f4!^, ±3, ±34/3^; y= ± 4!^2, ± 1, 

± V^. (34.) a;=8,0;y=8,0. (35.) a;=2, 8 ; y=8, 2. (36.) a;=10T44^, 
10^14^15; y = 10±44^,10±f4/l5. (37.) aj= ± gi^IlB, ±^4^133; 
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±aVTl; y=±jt^,0. (88.) a? = 4. 9i -8 T 4 1^^^ ; y = 9, 4. 
-3±4V^=10. (89.)« = A(l5±6t^,5,l; y = A(25 ± 10 -Z^), 3, f • 
(40.) «= f ; y=16. (41.) a5=4, 1. ; y=8, 0. (4«.) 05=2744, 8 ; y=9604, 4. 

APPLICATIONS. 
(1.) 8. (2.) 18, t20L (ft.) 10 and 3 days, 120 and 3^ mUes. (4.) 12, 36. 

(6.) 14, IOl («:) 6 milefl aa hour. (7.) 4 and 5. (9.) i\r- ^;^ J* 

/Vi4m-l)p:fV^\ ^^^ J ^^^ ^(^ _^ ^y (^^^) j^ ^^ 5^ 7^ (jl.) a, 

\ Vfii— 1 / 

8, 4. 5, 6. (12.) 3, 6, 12. (18.) 2, 4, 8. (14.) 5, 10, 20, 40. (15.) 2, 4, 

8. (16.) 6, 8, 10, 12. (17.) 1, 2, 4, 8. (18.) 108, 144, 192, 266. (19.) 72, 

68, 66. (20.) 7, 3. (21.) 25. (22.) $960, $1120. (28.) 248. 
(24.) 6 aad 7 per cent (25.) 8 and 14> 



INEQ UALITIES^ 
(Pasb 160, 1^4.) 
(8.) 11 and ^, (0.) Any number bet«reen 15 and 20. 



PART III. 



BIFFEMINTIA tlON. 
(Page 157, 156.) 
(8.) VSbx^da - 6toto + Adx. (4 ) 2-4axto> 35a5«(faj + ^Gx'^da. 

(7 to 12.) ^y^^ ^^j; 2^*^^+^; 3a5V^3^-H2^'^ 

-f6(te; (5a>*-12»»H-12a5«-2aj)(to; (a;-2a5«4-l)dic. (18tol7.) 15(a»+fljT«*<^; 

I (3a;-2)*(to ; 4(2-»»)-««to ; 5 • (1^ ^ 22.) - tj-^ ., 

2(l+a;)' "^ 

"^ . _ 8<to . g^<^ . i^l (28.) When x > \s f^ter; also 

"(iT^' (1+aj)*' (\+xY' (l+xY ^ ^ 

faster when aj <i and > -^ . When x = — p , they both change at the same 
3 T 2 8 y 2 

rate. When x < — ;= , y changes slower than x, 

■ 3 y% 
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INDETERMINATE COEFFICIEN T8.—I>EYEU)FMENT OF 

FUNCTIONS. 

(Page 161, 16J.) 

(3.) l-i««-ix*-etc. ; x-x*+x^-x*-\-etc. ; | + |^aj-+- ^x* + ^x^ 

H-etc. ; l+i«+Ja;*+TVB'+i^^*4-etc. (4.) 2H-2aj— Sju*— Saj'— a;*— etc.; 

1^2,,^3^.^6a.3 + 9a.* + etc.; ^ - ^ -^ | - g^ + ^^.- eta 

(5.) l-iaj-iaj«-A«'-etc.; l+fa?-i««+-g*ra5-*-etc. 

DECOMPOSITION OF FRACTIONS. 
(Page .164, JlCy.) 

« ^. _5 2_ 8 1 _5 ^ 7 

(Ztoo.) g^^_2j 3(aj+l)' 2(a;-2) 2a;' aj-4 aj-3' 2(aj-4) 

^ ^ ,-z^-.^.. atoll.): ' ' ' 



2(a;-2) ' 2(aj+l) aj+2^ 2(«+3) * ^' ***' (a;-l)^ («-l)* a-1 ' 

2 3 11121 1 7 



(a;+3)' («H-3)* ^ aj+3 ' aj* aj* ^ a? ^ 4(l-a;) 2(H-a;)* 4(1 +a;)' 

1 1 1__ __l 2_^ 1 2__ 

4(a;-l) 4(aj+l) 2(aj*+l) ' 25(aj-2)« 125(aj-2) "*■ 25(a;+3)« "^ 125(aJ4-3) * 
/12i«i«^ 1 g^-g . 2 3(a;+4) 11. 1^2 ^. 

1 (_1_ 1_ a;-2 _ a;+2 ) 1 1 

elaj-l aJH-1 "^ aj*-aj+l aj*+aj+lP 4a\a+x) 4a^a-x) 

1_^ ^ 1 1 _18 2 10^ 

■^2««(a*+aj«)' (a-'h)(x-a) (a-b^ix-by aj-3 aj-1 a?-2* 



THE BINOMIAL FOBMULA. 

(Page 167, 171.) 
(1 to 6.) a6_6a''6+15a*6*-20a»6»H-15a«6*-6a6«+&6 ; aj»-7aj6y+21ajV 

- 35ajV H- SSaj'y* - 31a?*y» h- 7ajy6 - y^ . «»- na^>aj + ^^^^^ «— »aj« 

7i(7i-l)(ri-2) _. , ?i(7i-l)(7i-2)(ri-3) _ ^ ^ ^ « . . .* 

- -^^^^ ~ oT-^x^ -j-- ^\. ^^ -a— *aj*-etc; l4-4aj+6aj«+4a;=* 

15 If 

^x*; l-5y+lQy«-l()y»+6y*-y» ; l-7iy+ -^^y*^-^ ^ -V* 

^ Mr.--l)(n^2)(n^S) ^^^^^^ (7 to 11.) ** * **. (18, U to 17.) * * * *• 
(18 to 20.) a*-ia-V-ta-^**-Aa^^a;«-etc. ; ^ + ^g, + £ 
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H- ^^ + etc ; a«+4a«o*+6a*64-4a«o*+c«. (28.) -^Sira'^^ft", 

LOQABITHM8. 

(Paob 179, 199.) 

(l.> 4, 6, ♦ * ♦. (2.) -2, * ♦ ♦. (8.) 4, * ♦. (6.) To the 8291147th 
power, and the 1000000th root eztiacted. (6.) The 1000000th root of the 
8414689th power. (7 to 9.) * * * *. (10.) .28108, .17677, * * (11.) 4449419, 
4.627084,1.890210. aS.) 12.42, .00010031, 18.8625, 1.8358. (14.) f logo; 
+iPog (lH-a?)H-log (1-aj)], V}og cH-log x- log 6-log y), J[log («-a)+log («— ft) 

H-log («— c)— log «], 4[log aj+log (1— «)]— } log y ; - (m log o+p log6— « log c), 
i log c— - log d+ - [log(7?n-a;)+log (i»— a;)]— m log a+n log d. (18.) — j^- 

mdx 9mdx mdx mdx /<**% oa^mHA a Antm 

— , -^. - --, g^^^^p^y (19.) .665712, 4.49134. 



SUCCESSIVE DIFFERENTIATION. 

(Pagb 182, 204.) 
(2.) 12{W&*. (5.) * * *. (7.) 2[(aj-ft)+(aj-c)+(a;-a)](to*. 



niFFEBENTIAL COEFFICIENTS. 
(Pagb 185, ;?07.) 
(6.) 10aj*+12»*-10aj, 40aj»+36aj«-10, 120aj«-+-72aj. 24flaj+72, 240; * ♦ * *. 



tATLOWS FOBMtTLA. 

(Page 188, 212.) 

(2.) ♦ ♦ ♦. «*+iaj"*y-taj"*y«+Ti5aj"*y*-Tii«"V+»J^"V-etc. ; «-• 
+2aj-»yH-8ar-VH-4»-*y'4-5ar-6y*-l-6j-V+etc. ; aj~*-!arV+J»~*y« 

-*?«'^y^H-iH«"^y*-f*t«"^y"+etc. Pagb 189, (2.) 3aj«-2aj«'+(15aj*-4aj)A 
+(80!B»-2)A«+30a^A»+15a^*+8A». 
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INDETERMINATE EQUATIONS. 

(Page: 192^ 218^) 

«)i»>i:::J:«:S;'S: ">■"- 

= 5, 14, ^, 32, 41, 60, 59, 68, 77,86,95,104,118,123,131,140,149. 
a;=215,202,189il76,163>160il«7,134,lll,98,,85, 72, 59^ 48,. 33, 20, 7. 

//7^i2'=^^' ^- M iy= S- mi*^'=** ^» ^''''®**'- (y=2, 119, 236, etc. 

^ ' \ aj=17, 28. ^ ^ ( aj=20. ^^ ( a;=56, 173, 290, etc. ^^^ 1 aj=3, 131, 259, etc. 

APPLICATIONS. 
(2.) Yes ; 15, 163, 9. (4.) No ; yes, in an infinite number of ways ; 4 3-6hil- 
ling pieces and 192 guineas ; possible ; possible ; possible. (5.) 190. 



INDETERMINATE EQUATIONS BETWEEN THREE 
QUANTITIES. 

(Paob 194, 219.y 

(z= 1, 2, 3, 4, 5, 6, 11, 12, 13, 14. 
(2.)^y=ll, 9, 7, 5, 3, 1, 8, 6, 4, 2. (8.) 69 sets of valueei 

(aj=ia, 11, 12, 18. 14, 15, 1, 2, 3, 4. 
r4W-li3^=^' 4,6,8,10.) ^_o ^2/= 1, 3,5,7,9.) -^o < 2/= 2,4,6, 8.) 
^*'f ^-V (a.=15, 12, 9, 6, 3.y lar=14, 11, 8, 5, 2. ) (aj=10,7,4, 1.) 

,^4 \ y=l, 3, 5. ) ^^5 iy=2, 4. ) ^^ |y=l, 3. ) 
(a;=9,6,3.f U=t5,2.f ^ar=4, l.f 

• (Page 194, 220.) 
(1.) e=7, y=2, aj=10. (2.) «=15, 30, y=82, 40, as=15, 50. (8.) None. 

APPLICATIONS. 

(1.) 8 of 1st, 6 of 2d, 2 of 3d, and in 9 other ways ; 23 and 2, 16 and 5, 9 and 
8, 2 and 11. (2.) |4, $2, $7 ; infinite variety of prices. (8.) 6, 3, 1, 16. 

(4.) Number of the 8d kind equals twice the number of the 1st kind, plus the 
number of the 2d kind; 1 of Ist, 6 of 2d, 8 of 3d kind. (5.) 40, 60, 24. 
(6.) 66, 10, 85 is one result in integers. There are an infinite number of other 
ways. (7.) * *. (8.) e = 10, y = 1, a; = 13, 
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LOCI OF EQUATIONS. 

A LARGE nnmber of these constructions are exhibited in the text, and to give 
more would be to destroy the possibility of the student's deriving any benefit 
from the exerdse. 



HIGHER JS?0 r:iiTJOJV&— TRANSFORMATION. 
(Page 205, 228.) 
(2.) Multiply by y*, and then put y=aj*". Finally put x= ■=- , etc. 
It is not deemed expedient to give farther explanations. 

(Page 214, 249.) 

(2 to 34.) To give the roots of these equations would destroy the practical 
value of the examples. 

(Page 216, 250.) 

(1.) a;»-2aj*-llaj+12=0. (2.) a;*-2aj»-5aj«+4flJH-6=0. (3.) ♦♦♦. 

(4.) aj»-aj*-7a;-|-15=0. (5.) * * * (6.) 30a;»-17aj»-lla;H-6=0. 

(7 to 10.) ♦***♦*. (11.) aj«-l(te»-+-3aB*-66a;»-73aj«H-66a;+39=0. 



EQUATIONS WITH INCOMMENSURABLE BOOTS. 

(Pages 216-247.) 

To give the answers to these examples would be to destroy their value to the 
student. 



CABDAN'S JPBOCESS. 

(Page 251, 281.) 

(2.) -1,2,2. (8.)2, -1±V3. (4.)Vl-f^2, and the roots of 
a;* + (^-t^)aj 4- (vl-t^)V6 = 0, which are -\{Pi-^hi) 
± |/-i4!^-}^4-3. (5.) [a^^h^y, |-iUi-64)±i(a*+54) 4^f ^ 
(6.) 1, -2 ± 3 V^, (7.) * * *. (8.) 2, 2 ± V^, (9.) 8. -4, -4. 

(10.) * * ♦. (11.) * * ♦. (12.) ♦ * *. (IS.) One root is 2.32748+. 

(14.) -fL 
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BESCAMTES^S JPMOCESS^ 

(Page 353^ 28S.) 
Ex. 4, -2, -1 + V^, and -1 - V^. 



BECUBBIXG EQUATIONS. 

(Page 255, 291.) 

a.) 3±V3,i(l±Vi:3). (2.) -l,i(9±V77),i(3±V5). (3.) 1,3, 

J,-2,-i. (40 ~l,im±Vi^rin, in which ^ = ^"^^1-^^ ' 

(5.) -1, 1, 1, -1, —1, ^ (1 ± VHs). (6.) 2, J^- J7» ± Vjm^ - 1, in which 

w» = J(-5±V6). (7.)2,i,2„4,i(l±V=:3. (8.)|(8±V5), |(-7±3V5). 

(9.) i(V5- 1 ± V-10-2^V5)i - J (V6 -h 1 T V-lO + aVS). (10.) Jm 
± Vim« — 1, in which wi=* 2<1 ± VS). 



BINOMIAL EQUATIONS. 

(PAgk 255, ;8f9^.) 
(I tb 6.) See answei: to (45), page 158, and multiply them respectively by 
i% i^, h, H ^. (7.) See w^above. 



EXPONENTIAL EQUATIONS. 
(PiUGB 256, ;%l^) 

(2 to 6.) 3.0957+, 11.384+, 3J292+, 0, 0. (8.)' 8.59^+. {^.) 2.3Wr+ 

(10.) 2.879+. (11.) 3.233+. (12.) 2.001+. (13.) ^^g^^^^^'+^) 



log a 






.) 8(8+l og5) 



2 log 2+3 log 3 

2-^gf§ra- <2«) «-^^-l-^^- (21.)i5g^. (24.) 1196.71, 
$198.98, $200.17, $259.37, $265.33, $268.51, $180.61, $181.43, $13483. 
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(26.) 7.1a. 10J84, 1«.23, 30.48 years. (2«.) 29.91 years. (27.) $1502.6a 

(28.) $1988.97. (SO.) $1157.28. (82.) $4794.52, $3500. (38.) $577.06. 

(85.) The former by $629.08. (86.) $500.91. (88.) 13.58 years. (39.) $796.87. 
(40.) $8229.70. (41.) Oains $1756.60. 



APPENDIX. 



(Page 275, 311.) 
(2.) 12, 6, 0. (8.) 8, 82. (4.) -A- (5.) 1. (6.) -14. 

(Page 276, 313.) 

(4.) _a.3^ ^x*, +«. 6aj«, 5aj». (5.) -27, +9, +3. 32805, 98415. 

(6.) +3aj*,+2aj. 1093aJ^ 3281a?V (7.) -4, +4. .192, 448. (8.) -2x\ +ar*, 

H-2r. 87«», 178aj». (9.) -jx. ^x\-^ x\ (10.) -1, 4-4, -6, +4. 

56, 84, 120. (11.) +1, -3, +3. 26, 34, 43. 

(Page 277, 314.) 
(1.) 4516aJ^ (2.) IW, (8.) -xK (4.) 2733. (5.) 29525. (6.) 1365. 
(7.) 20. ?ii^\ (8.) n(n+l). (9.) 6396a;". (10.) 4-1, -5, 

4-10, -10, 4-5. +1, -3, +3. 4-1, -3, 4-3. 4-3aJ^ -«*, 4-2aj. (11.) n*, 

(12.) 8694. (18.) 26, 34, 43, 53, 64. 26aj», 34aj", 4a»» 53aj« 64a^. 196, 336, 
540, 835, 1210, 1716. 

(Page 279, 315.) 
(2.) No. (8 to 6.) Yes. 

(Page 282, 316.) 

f^s l-« /ox 1+g? ,0, 14-a; .J. 3-g-6a;« 

^^•^ l-3aj-2i« • ^^'^ l-x-x* ' ^^'^ (1=^ • ^ ^^ l-2«-a;«4-2aj' * 



>.) 00. 



(«•) i^A-xra • C-).-^- (8-)400;»'. (Wms; 



1— a;— a;*4-aj' ' &4-ca5 



!^^±1) . (10.) 278256 ; ^^-M0^*+3g^+507.»^24n ^^ ^ ^ ^^,3^55^ . 
8 • t^^> ^^^^* T "^ "2 "^ "3 " 80* 
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(lB.) ^"^y^^> . iU)^^^. (16.) 1. (18.)g. 

K^'-^-^-JTTs)- »^-)»- (21.) i. (22.) v.. (28.) 1. 

(25.) ,%. <26.) i. (27.) A. (28.) A. (29.) ^. (80.) rf,-^. 



PILING BALLS AND SHELLS. 

(Page 287, 322.) 

(1.) 1540, 13244, 903. (2.) 9455, 4324, 35720, 465, 276, 1128. (8.) 7490, 
3880. (4.) 624 (5.) 2730. (6.) 36256. 

REVERSION OF SERIES. 
(Page 288, S2S.) 

(2.) aj = y-y«+y5-y* + etc. (8.) a? = y - 3y« + 18y* - 67y* + etc. 

(4.) a! = y + iy' + A3^« + ^W + etc. (6.) a; = iy- Ay' + t^* ~ eta 

(6.) aj=(y-l)-i(y-l)« +4(y- 1)^-4(3^-1)* + etc. (7.) a? = f[ + (^^'"^>y' 



f7l 



[6 m* — mp— 2yi(am' — n)] y ^ 
+ « — 4* etc. 



INTERPOLATION. 
(Page 290, 325.) 
(2.) 1.794. (6.) (* * *). 



PERMUTATIONS. 

(Page 293, 334.) 

(1.) 720, 24, 3,628,800. (2.) 720, 42, 210, 840, 2520, 6040, 5040. 120, 21, 

35, 35, 21, 7, 1. (8.) 36, 84. 126, 126, 84, 36, 1. (4.) 72, 504, 3024. (5.) 20. 

(6.) 35, 21. (7.) 127. (8.) 479,001,600. (9.) 792. (10.) 15. 
(ll.)166,320. 64,864,800. (12.) 1023. 

PROBABILITIES. 

(Page 295, 335.) 

(1.) H, iftr ; ?8, -At. (2.) f, i 2:1, 4:3. (4.) 6 to 1. (6.) (* * *> 
(6.)t, 5tol. ai.)|24f. 



Digitized by VjOOQ IC 



7 il2^ijui y^Tcui^H^-^- 

1/ \^i'CLy^i;K:^£^i'=(^'^^l(y^^) 



_ (^ 



A f' 



( AAA.) (ow _ / ) - - - -WA-Mi-;?, 



,vy - ,, ;' I 



/^-/ 



-^Co 



.-t/, 



r\^\^ * 'Na. "7^ // 14 -/ 



4 



i ' ' 



' -^ '3->.''' V * J 



Digitized by 



tbc5§le 



Digitized by VjOOQ IC 



/ / - 



/ ;', 



■ ■ I I ) 



\ 
/ 



Digitized by LjOOQ IC 



Digitized by VjOOQ IC 





Sheldon d: Company s 2extSooks. 

SHAW'S NE^A/' SERIES 

OM 

ENGLISH AND AMEEIOAN UTEEATUEE. 



J. 

Stiauf^a New History of English and Ame»*ican lAU 
evature. This book has been prepared witli the 

greatest care by Prof. Truman J. Backus, of Vassar College, 
using OM a basis Shaw's Manual, edited by Dr. William Smith. 
The following are the leading features of the book : 

1. It has been pat lato the tnodern text-booh form. 
iS. It U priuied In large, clear type. 

3. Many paris of the book, which were not very dear, have been entirely 
retcrltien. 

4. The history of great Autliors is marked by the use of larger-sized 
type, which iwhcates to the scholar at once the important names in English 
and American literature. 

5. It aUo contains diagrams, showing the easiest way to classify and 
retnetnber the eras in English literature. W e believe that this is ilie best 
text -book on this important subject ever offered to the American 
public 

JJ. 
Shawns Specitnens of American Literature^ and 
Literary Header, Greatly Enlarged. By Prof. Benj. 
N. Martin, D.D., L.H.D., Professor in the University of the City 
of New York. 1 vol. 12mo. 

This book contains specimens from all the chief American writers. Espe- 
cially those authors who have given tone and character to American 
literature are bo represented that scholars may obtain a justidea of their 
style. 

As a ZITERAHY READER for use in onr Higher Seminaries, it is 
believed that no superior booh can be found. 

III. 

Shawns Choice Specimens of English Literature. 

A Companion Volume to the New History of lAteratwre. Selected 
from the chief English writers, and arranged chronologically by 
Thos. B. Shaw and Wm. Smith, LL.D. Arranged and enlarged 
for American students by Benj. N. Martin, D.D., L.H.D., Prof, 
of Philosophy and Logic in the University of the City of New 
York. 1 vol. large 12mo. 

We shall still continue to publish 
Shaw's Complete Manual of English and American 
Literature. By Thos. B. Shaw, M.A., Wm. Smith, LL.D., 
author of Smith's Bible and Classical Dictionaries, and Prof. 
Henry T. Tuckerman. With copious notes and illustrations. 
1 vol. large 12mo, 540 pp. 
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FRENCH AND GERMAN. 



FBOF. EEETELS' NEW FBENCH SEBIES. 

The OrcU Method tvith the French. By Prof. Jean 
GuBTAVB Keetbls, Author of " Keetels' New Method with the 
French." In three parts, 12mo, doth, 

[The student w saved the expense of a la^ge hook in commencing 
the study. ^ 

The Oral Method of Teaching liying languages Ib 8i^)crior to all others in 
many respects. 

It teaches the pnpil to speak the hmgoage he is learning, and he hegins to do 
BO fVom the first lesson. * 

He never becomes tired of the book, becanse he feels that, with moderate 
efibrts, he is making constant and rapid progress. 

The lessqns are arranged so as to bring in one difllcnlty at a time. They are 
adapted to class purposes, and saitsble for large or small classes, and for 
scholars of all ages. 

The teacher, with this book in his hand, is never at a loss to profitably 
entertain his pnpils, without rendering their task irksome. 

In fine, the Oral Method works charmingly in a class. Teachers and pupils 
are equally pleased with it ; the latter all learn— the quick and the dull— each in 

Sroportion to his ability and application. It is our opinion that before long 
ic Oral Method will find its way into every school where French is taught. 
"I find that pupils understand and improve more rapidly under the Oral 
Method of Keetels^ instruction than any other heretofore used.^^— A. Taylob, 
Mntpood Seminary^ Qlenn'a FaUa, N, T, 

A New Method of Learning the French Language, 

By Jean Gustavb Kbbtkls, Professor of French and German 
in the Brooklyn Polytechnic Institnte. 12mo. 

A Key to tlie above^ By J. G. Keetei^. 

This work contains a clear and methodical expose of the principles of the 
language, on a plan entirely new. The arrangement is admirable. The les- 
sons are of a suitable length, and within the comprehension of all classes of 
students. The exercises are various, and well adapted to the purpose for 
which they are intended, of reading, writini?, and speaking the language. The 
Qrammar part is complete, and accompanied by questions and exercises on 
every subject. The book possesses many attractions for the teacher and stu- 
dent, and is destined to become a popular school-book. It has already been 
introduced into many of the principal schools and colleges in the country. 




Peissner's German Grammai^ 

A Comparative English- German Grammar ^ based on 
the aflftnity of the two languages. By Prof. Euas Peisbkeb, 
late of the University of Munich, and of Union College, Sche- 
nectady. New edition, revised. 316 peges. 
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